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PREFACE. 



About ten years ago I gave a course of lectures on Trigonometric Series, 
following closely the treatment of that subject in Riemanu's 'Tartielle 
Diiferentialgleichuiigen," to aecompany a short course on The Potential 
Function, given by Professor B. 0. Peirce. 

My ooui-ee has been g;radually modified .and extended until .it has become an 
iutrodiKtion to Spheiical Harmonics and Besael's and Lame's Functions. 

Two yeais ago my lecture notes were lithographed by my class for their 
own use and weie found so convenient that I have prepared them for 
publication hoping that they may prove useful to others as well as to my 
own. =!tuilents Meanwhile, Professor Peirce has published his lectures on 
" The Newtonian Potential "Function " (Boston, Ginn & Co.), and the two 
sets of lectures form a course (Math. 10) given regularly at Harvard, and 
intended as a partial introduction to modern Mathematical Physic's. 

Students taking this course are supposed to be familiar with so much of the 
infinitesimal calculus as is contained in my "Differential Calculus " (Boston, 
Ginn & Co.) and my "Integral Calculus" (second edition, same publishers), 
to which I refer in the present book as "Dif. Cal." and "Int. Cal," Here, 
as in the " Calculus," I speak of a " derivative " rather than a " differential 

coefficient," and use the notation I>^ instead of ^ for " partial derivative with 
respect to x." 

The course was at first, as I have said, an exposition of Riemann's "Partielle 
Differeiitialgleichungen." In extending it, I drew- largely from Ferrer's 
" Spherical Harmonics " and Heine's " Kngelfunctionen," and was somewhat 
indebted to Todhunter ("Functions of Laplace, Bessel, and Lam^"), Lord 
Eayleigh ("Theory of Sound"), and Forsyth ("Differential Equations ''). 

In preparing the notes for publication, I have been greatly aided by the 
criticisms and suggestions of my coUea^ies, Professor B. 0. Peirce and Dr. 
Maxime B8cher, and the latter has kindly contributed the brief historical 
sketch contained in Chapter IX, 

W. E. BYEKLY. 

CAMBRiDfiE, Mass., Sept. 1893. 
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CHAPTER I. 



INTRODUCTION. 



1, In many important problems in mathematical physics we are obliged 
to deal with ;partial differential equations of a comparatively simple fotm. 

Fop example, in the Analytical Theory of Heat we have for the change of 
tempetature of any solid due to the flow of heat within the solid, the equation 

Z),« = <.-(i)> + i)> + -D>).* W 

where u represents fche temperature at any point of the solid and t the time. 

In the simplest case, that of a' slab of infinite extent with parallel plane 
faces, where the temperature can be regarded as a function of one co&rdinate, 
[i] reduces to 

_D,M = «^Z)>, [II] 

a form of considerable importance in the consideration of the problem of the 
cooling of the earth's crust. 

In the problem of the permanent state of temperatures in a thin rectangular 
plate, the equation [i] becomes 

!),=« + i>>-0. [Ill] 

In pola,T or spherieal coordinates [i] is less simple, it is 

-».« = S \_I>,('-K.u)+ glj B,(™»-0,.) + ~ D|.]. [iv] 

In the case where the solid in question is a sphere and the temperature 
at any point depends merely on the distance of the point from the centre 
[IV] reduces to ^^^^^ ^ a,^D^(ru) . [v] 

In eylindrical coordinates [i] becomes 

D,u ^ a^\_D^u + -i?,w+^,Z>^M +_D>] . [vi] 

In considering the flow of heat in a cylinder, when the temperature at 

any point depends merely on the distance r of the point from the axis 

fvi] becomes „ „ .^„ . 1 ^ > 

■- -■ D,u^a\B^u-^Ll)^u). [TO] 

* Por the sake of brevity we rfiall often use the syflibol V^ for the operation B^^ +Dy^ +D,^: 
and with this notation equation [i] would be written Zi,u = a^ V^ u. 
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2 MTEODUCTION. [Akt. 1. , 

111 Acoustics in several problems we have the equation 

for instance, in considering the transverse or the longitudinal vibrations of a 
stretched elastic string, or the transmission of plane sound waves through 
the air. i 

If in considering the tranaverse vibrations of a stretched string we take 
account of the resistance of the air [viii] is replaced by 

D?y + 2kI>,y = a^Diy. [ix] 

In dealing with the vibrations of ■ a stretched elastic membrane, we have the 
equation 

or in cylindrical coordinates 

In the theory of I'oteniial we constantly meet Laplace's Equation 

-o." r+i>;r+i);r=o [m] 

or V"F = 

which in spjierkal coordinates becomes 

-^I'm'V) + al-, ACsin«D,F) + ji^i,.r] =0, [x,,,] 

and in oylindrioal coordinates 

D^r -\- ~ D^V -\- -iDlV+D^V^O. [xiv] 

In curvilinear coordinates it is 

where /, (xjy,z) =pi, f^ (x,y,d) = p, , /j (x,y,s) = p, 

represent a set of surfaces which cut one another at right angles, no matter 

what values are given to pi, p^, and p,'; and where 

V - {J>^piy- + g>ypiy + (ApO' 

W=ip,^P^Y + (D^p^Y + iJ),p^y 

V = {D^p^y -H {pvP^y.-\- (p.pi)% 

and, of course, must be expressed .in terms of p, , pa , and ps . 

If it happens that V^pi = 0, V^a ^ 0| and V^pa = 0, then Laplace's 
Equation [xv] assumes the very simple form 

•\^i>^y± h^'P^,r+. K^D^y= o. cxvi] 
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Chap. I.] particulae solutions, 3 

2. A differential eqitoMon is an eqaation contaimng derivatives or differen- 
tials with or without the ^irmiitive -variables from which they are derived. 

The general solution of a differential equation is the equation expressing the 
most general relation between the. primitive variables which is consistent with 
■the given differential equation and. which does not involve differentials or 
derivatives. A general solution will always contain arbHrart/ (i. e., undeter- 
mined) eonstoMts or arbitrary funetwns. 

A particular solution of a differential equation is a relation between the 
primitive variables which is consistent with the given differential equation, 
but which is less general than the general solution, although included in it. 

Theoretically, every particular solution can be obtained from the genei-al 
solution by substituting in the general solution particular values for the arbi- 
trary constants or particular functions for the arbitrary functions; but in 
practice it is often easy to obtain particular solutions directly from the differ- 
ential equation when it would be difficult or impossible to' obtain the general 
solution. 

3. If a problem requiring for its solution the solving of a differential equa- 
tion is determinate, there must always be given in addition to the differential 
equation enough outside conditions for the determination of all the arbitrary 
constants or arbitrary functions that enter into the general solution of the 
equation; and in dealing with such a problem, if the differential equation cam 
be readily solved the natural method of procedure is to obtain its general 
solution, and then to determine the constants or. functions by the aid of the 
given conditions. ' , " ,:. . 

It often happens, however, that the general solution of the differential equa- 
tion in question cannot be obtained, and then, since the problem if detenrmuiie 
will be solved if by any means a solution of the equation can be found which 
will also satisfy the given outside conditions, it is worth while to try to get 
jMrtioidar solutions and so to combine them as to form a result which shall 
satisfy the given conditions without ceasing to satisfy the differential equation. 

4. A differential equation is linear when it would be of the first degree if 
the dependent variable, and all its derivatives were regarded as algebraic 
unknown quantities. If it is linear and contains, no term which. does not 
involve the dependent variable or one of its derivatives, it is said to be linear 
and hoTHogemous. 

All the differential equations collected in Art, 1 are linear and .homogeneous. 

5. Jf a value of like dependent variable has been found which satisfieB a 
given homogeneous, linear, differential equatioTi, the product formed hy muMiply- 
ing this 'value by any constant will also be a, value of the dependent variable 
which will satisfy the equation. 



>y Google 



4 INTBODUCTION. [Akt. (!. 

For if all the terms of the given equation are transposed; to ■ the ftrsfr m'em- 
ber, the substitution of the first-named, value must reduce that member to 
zero; substituting the second value is equivalent to multiplying each term of 
the result of the first substitution by the same constant factor, which there- 
fore may be taken out as a factor of the whole first member. The remaining 
factor being zero, the product is zero and the equation is satisfied. 

If several values of the dependent variable have been foUnd each of which 
satisfies the given differencial equation, their sum wiU satisfy the equation; for 
if the sum of the values in question is substituted in the equation each tenn 
of the sum will give rise to a set of terms which must be equal to zero, and 
therefore the sum of these sets must be zero. 

6. It IS generally possible to get by some simple device particular solutions 
of such diffeiential equations as those we have collected in Art, 1. The 
object of the branch of mathematics with which we are about to deal is to 
find methods ot so combining these particulao- solutions as to satisfy any given 
conditions ■« Inch are consistent with the nature of the problem in question. 

This often requires us to be able to develop any given function of the varia- 
bles which enter into the expression of these conditions in terms of normal 
forms suited to the pioblem with which we happen to be dealing, and sug- 
gested by the toim of partuular solution that we are able to obtain for the 
differential equation 

These normal forms are frequently sines and , cosines, but they are often 
much moie comphoated functions known as Lgg^nd/re's Coe^eients, or Zonal 
Harmomes , Laplace's Co6£icients, or Spherical Harmonics ; Bessel's Functions, 
or Cylindrical Ha/rmonics ; Lame's Functions, or Ellipsoidal Harmonics, &c. 

7. As an illustration, let us take Fourier's problem of the permanent state 
of temperatures in a thin rectangular plate of breadth tt and of infinite length 
whose faces are impervious to heat. We shall suppose that the two long 
edges of the plate are kept at the constant temperature zero, that one of the 
short edges, which we shall call the base of the plate, is kept at the tempera- 
ture unity, and that the temperatures of points in the plate decrease indefi- 
nitely as we recede from the base; we shall attempt to find the temperature 
at any point of the plate. 

Let us take the base as the axis of X and one end of the base as the origin. 
Then to solve the problem we are to find the temperature u of any point from 
the equation D^.u^I>'^u = [iii] Art. 1 

subject to the conditions u^^Q when a; ;= (1) 

« = " t = w (2) 

« = « y=» (3) 

« = 1 » j, = 0. (4) 
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Chap. I.] RECTANGULAR PLATE, 5 

We shall begin, by getting a particular solution of [m], and we shall use 
a device ■which always succeeds when the equation is linear and homogeneoiua 
and has oonstwnt coefficients. 

Assume * u^ gnjz + pz^ where a and ^ are constants, substitute in [iii] and 
divide by e'-v+^^j and we have a^ + ^ = 0, If, then, this condition is satis- 
fied M = e"!'+P^ is a solution. 

Hence % = e"" '^'^' ■\ is a solution of [^m], no malrtier what value may be 
given to a. 

This form is objectionable, since it involves an imaginary. We can, how- 
ever, readily improve it. 

Take u^e'^e'i", a solution of [in], and m = e'^e"'^, another solution 
of [III]; add these values of it and divide the sum by 2 and we have 
e'" cos ax. (v. Int. Cal. Art. 35, [1].) Therefore by Art. 5 

is a solution of [m]- Take u = e°-ye'^ and u^e'-^e-'^, subtract the 
second value of m f rom the first and divide by 2i and we have e'^sinoa;. 
(v. Int. Cal. Axt. 35, [2]). Therefore by Art. 5 

M = 6-" sin ace (6) 

is a solution of [iii]. 

Let us now see if out of these particular solutions we can build up a solu- 
tion which will satisfy the conditions (1), (2), (3), and (4). 

Consider u^ e^^ smax. (6) 

It is zero when a; ^ for all values of a. It is zero when xt:= -rr if a is a 
whole number. It is zero when a = co if a is negative. If, then, we write 
u equal to a sum of terms of the form Ae'""" sin mx, where wi is a positive 
integer, we shall' have a solution of [iii] which satisfies conditions (1), (2) 
and (3). Let this solution be 

„^J,e-''sinfl:+^i,e-="sin2x+^86-'" sin3« + ^ie-* sin 4a; -1 (7) 

^i, A^, As, Ai, &c., being undetermined constants. 
When »/ =^ (7) reduces to 

f = It =; -4i sin a; + ^i sin 2x + A^ sin Sx -\- A^ sin 4x -\- • • • . (8) 

If now it is possible to develop unity into a series of the form (8), our 
problem is solved; we have only to substitute the coefficients of that series for 
A,, Aa, As, &c, in (7). 



* .This assumption must Ve regarded as purely tentative. It must be tested by substi- 
tuting in the equation, and is -justified if it lea ds to a solution. 
1 We ebaJl regularly use the symbol i for -/ -— 1. 
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6 INTRODUCTION, [ART. S. 

It will be proved later that 

1 = -/sin ;c + T7 sin 3a; + K sin 5a: + s- sin 7a; + ■ ■ ' ) 
for all values of x between and ir; hence onr req^uired solution is 

,, — _ !(■-!' sin T -1 fi—^ RiTi Si- -I fi—^ ain E-r -4 p-''" uin Tt -A- ■ • ■ \ i<f\ 

u — IB" Mill J! -]- n e bin OJi -|- - e - aiii jj; -t- „ e ' sin i j; -|- i iv) 

for this satisfies the differential equation and all the given conditions. 

If the given temperature of the base of the plate instead of being unity 
is a function of x, we can solve the problem as before if we can express the 
given function of ;c as a sum of terms of the form A sin m x, where m is a 
whole niunber. 

The problem of finding the value of the potential function at any point of 
a long, thin, rectangular conducting sheet, of breadth tt, through which an 
electric current is flowing, when the two long edges are kept at potential zero, 
and one short edge at potential unity, is mathematically identical with the 
problem we have just solved. 

Example. 

Taking the temperature of the base of the plate described above as 100° 
centigrade, and that of the sides of the plate as ", compute the temperatures 
of the points 

W(i,l)i(*)(i.2)iC<')(|.3), 

correct to the nearest degree. Ans. (a) 25°; (b) 13°; (c) 6°. 

8. As another illustration, we shall take the problem of the transverse 
vibrations of a stretched string fastened at the ends, initially distorted into 
some given curve and then allowed to swing. 

Let the length of the string be I. Take the poaifcion of equilibrium of the 
string as tihe axis of X, and one of the ends as the origin, and suppose the 
string initially distorted into a curve whose equation y.^f(x) is given. 

We have then to find an expression for y which will be a solution of the 



while satisfying the conditions 

^ = 

Ay- 

the last condition meanii^ merely that the string stia-ts from r 



y = a^D^f/ 


[vm] Art. 1, 


when a; — 


(1) 


:) - ( = 

" t = 0, 


(2) 
(S> 
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Chap. I.] VIBEATIBG STElNa. 7 

As in tlie last probltim let*-i/-^ e^"^^' and substitute in [viii]- Divide 

by e'^+P' and wfe have 0^^= a'a^ as the condition that our assumed value of 

y shaU satisfy the equation. _;_ „,t^ -, 

y — « {o) 

is, then, a solution of (viii) .whatever the value of a. 

It is more convenient to have a trigonometric than an exponential form to 
deal with, and we can readily obtain one by using an imaginary value for a in (6), 
Replace a by ai and (5) becomes y := ef^*'")"', a solution of [viii]. Replace 
a by — a* .and (5), becomes y^e"'**"'"*, another solution of [vm]. Add 
these values of y and divide by 2 and we have cos a(x ± ai). Subtract the 
second value of y from the first and divide by 2i and we have sin a(x ± at). 

y — cos a{x -\- at) 

y = cos a(x — at) 

y = sin a{x + at) 

y ^= sin a(x ~ at) 
are, then, solutions, of [viii]. - Writing y. successively eqtial to half the, sum 
of the first pair of values, half their difference, half the sum of the last 
pair of values, and half their difference, we get the very convenient particular 
solutions of [viii]. 

j/.:^.co8 ax 008 aat 

y := sin die sin aat 

y = sin ax cos aat 

y = cos ax ain aat 
If we take the third form 

y ^= sin ax cos aat 

it will satisfy conditions (1) and (4), no matter what.value may be given to 

a, and it will satisfy (2) if o =: —j- where m ia an integer. 

If then we take 

, . TTX vat , , . 2-n-x 2irat , , . 3inc 37r«( , 
y^A-i sin -J- cos -T-T + -^2 sm —^ cos — 1- A^ sm ■— j— cos — 1 (6) 

where Ai, Aj, Ag ■ ■ ■ are undetermined constants, we shall have a solution of 
[viii] which satisfies (1), (2), and (4). IVhen ( ^ it reduces to 

. . TTx , , ■ . ^TTx. , . . 3-rrx , 
y — Aiam-j- + A sin ^y- + A sm —j- -{-■.• (j) 

If now it is possible to develop f(x) into a series of the form (7), we can 
solve our problem completely. We have only to take the coefiicients of this 
series as values of Aj, Aj, Aj ... in (6), and we shall have a solution of 
[vuir) which satisfies all our given conditions. 



>y Google 



8 INTBODUOTIOS. [Aht. 9. 

In each of the preceding problems the normal function, in terms of which a 
given fimction haa to be expressed, is the sine of a simple multiple of the 
variable. It would be easy to modify the problem so that the normal form 
should be a cosine. 

We shall now take a couple of problems which are much inore complicated 
and where the normal function is an unfamiliar one. 

9. Let it be required to find the potential function due to a circular wire 
ring of small cross section and of given radius c, supposing the matter of the 
ring to attract according to the law of nature. 

We can readily find, by direct integration, the value of the potential function 
at any poijit of the axis of the ring. We get for it 

F=^. (1) 

where M is the miss of the ring, and x the distance of the point from the 
centre of the ring. 

liet us use spherical coordinates, taking the centre of the ring as origin and 
the axis of the ring as the polar axis. 

To obtain the value of the potential function at any point in space, we must 
satisfy the equation 

rD^ (rV) + -^^g Z>fl(3in ^ A V) + ^j^ .D^' V= 0, [xiii] Art. 1, 

subject to the condition 

M 
V= (,. + ^y ^hen ^-0. (1) 

From the symmetry of the ring, it is clear that the value of the potential 
function must be independent of tji, ao that £xiii] will reduce to 

rI>n'-r)+^llJ>,(smeD,r)=>0. (2) 

We must now try to get particular solutions of (2), and as the coefficients 
are not constant, we are driven to a new device. 

Let * V= r'"P, where P is a function of 6 only, and m is a positive integer, 
and substitute in (2), which becomes 

-(«, + 1>.P+ j^^ 2>,(sm»AP) =0. 
« See note on page 5 . 
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Ckap. I.] POTENTIAL DUE TO "WIKE EING. 9 

Divide by ■f" and use the notation of ordinary derivativea since P depends 
upon 6 only, and we have the equation 

1 •'{'^''S) 

from which to obtain P. 

Equation (3) can be simplified by changing the independent variable. Let 
X — cos fl and (3) beoomea 

si [<i -«■) f ]+»(»• + 1)^=»- « 

Assume * now that P can be expressed, as a sum or as a series of terms 
involving whole powers of x multiplied by constant coefficients. 
Let P = S a„ «" and substitute this value of P in -(4)—... We get 

S[»(»-l)..«— -«(«+l)..a,- + m(m+.l)V]=0, (6) 

where the symbol S' indicates that we are to form all the terms we can by 
taking successive whole numbers for n. 

As (5) must be true no matter what the salue of x, the coefficient of any 
given power of x, as for instance K*, must vanish- Heuee 

(k + 2)(S + 1)%+, - A(A +1)%+ m(m + l)<t^= (6) 

and «,+, = (ft + l)(A+2) ''^ " (^) 

If now any set of coefficients satisfying the relation (7) be taken, P ^ 2 a-t,^ 
wUl be a solution of (4). 

If k^^m, oj+s^'^i «t+4^0, &e. 

Since it will answer our purpose if we pick out the simplest set of coefficients 
tiiat wiU obey the condition (7), we can take a set ineluding a^ . 

Let us rewrite (7) in the form 

(A + 2)(fe + l) 

We get from (8), beginning with k = th — 2, 
m(m-l 
»— - 2. (2« -!)<•- 

m(m-l)(m-2)(m-3) 
*"■-* ~ 2.4.(2m— 1) (277i — 3) '*"' 

„(^-l)(„-2)(„-3)(„-4)(M-6) 
•— .— 2. 4. 6. (2m -1) (2m --3) (2m— 5) " 



(8) 
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10 INTRODUCTION, [Aei 

If m is "even we see thafc the set will emJ with ai,, if'Wia oddj-withai. 

±-~a^^ 2.(2m— l)"" "•" . 2.4.(2™ — 1) (2m — 3) ^ 
where a^ is entirely arbitrary, i8, then^ a -solution of (4). It is found i 
venient to take a„, equal to 

(2m — 1) (2m — 3) - - ■ 1 

and it can be shown that with this value of a^ .P= 1 when a; ^^ 1. 

P is a function of x and contains no higher powers of x than x™. I 
usual to write it as P„ (x). 

Wfc proceed to compute a few values of P^ (x) from the formula 

(2m-l)(2m-3)-..i r m(m-l) 

-^'" W - ^ ml ■ L* 2.(2m - 1) * 

, ^(m-l)(m-2)(^-3) ^_,_ T 

"^ 2.4.(2m — l)(2m~3) J' 

We have: 

P„(*) - 1 or P„(eos 0) ^ 1 

Pj(3;) = X " P,(COS 0) = C08fl 

P,(aT) = J (33,^ — 1) " P2(cos fl> = i (3 coe^fi — 1) 

p,(a;) =^(5x»-33;) " p8(cos tf) ^ i(5 cos^^ - 3 cosg) 

p,(4 = i{35:c' — 30a;^ + 3) or , 

P4(cos ^} = i(35 eos^fl - 30 cos^^ + 3) 
P,(K)r='^ (633;^— 703^+153;) or 

P6(eose) = J(63 cos^e — 70 003"^ + 15 cos^) . 

We have obtained P = F^ (x) aa a particular solution of (4) and 
P^:P^(eos^) as. a particular solution of (3); -P„(») or P„(cos 9) is a 
new function, known as a Legendv^s Coefficient, or aa a Surface Zonal Ifar- 
Toome, and occurs as a normal form in. many important' problems. 

r = j-^P^ (cos ff) is a particular solution of (2) and r™P^(cos S) is' some- 
times called a Solid Zonal Ha/rmonie. 

We can now proceed to the solution of our original problem. 

Y=A^i^P„ (cos 0) +^iJ-Pi(cos 6) + ^r'P,(cos ff) +^3»^P, (cos ff)-\ (11) 

where A^^, A^, A^, &c., are entirely arbitrary, is a solution of (2) (v. Art. 5). 
Wlien ^ = (11) reduces to 

r=^„ + Af+^ar^ + ^3'^4 , 

since, as we have said, P„ (x) ^ 1 when x=^l, or P^ (cos ^) = 1 when 9 = 0. 

By oin- condition (1) -j, 

when 9 = 0. (f+ry 



kio) 
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Chap. I.] ZONAL .HAEMONIGS. 11 

By the Binomial Theorem 

(^2 + ry—T\_ ' 2 c^ "^ 2.4 <!' 2.4.6 ^'^ "j 
provided r < c. Hence 

F-f [Po(cosfl)-gp,(cose)+g^,P,(cose)-^-J|^P,(eos6} + .--J(12) 

is our required solution if )■ < e ; for it is a solution of equation (2) and satis- 
fies condition (1). 

Example. 
Taking the mass of the ring as one pound and the radius of the ring as one 
foot, compute to two decimal places the value of the potential function due to 
the ring at the points 

(a) (r = .2,e = 0); (rf) (,- = .6,^ = 0); (/)(,■ =.6, fl = g); 

(P) (r=.2,e = iy, (e) (,- = .6,fl = g)i (?) (r = .6,^=g); 

(c) (r - .2, ^ = 'V ^««' ("') -98; (>>) -99; (") 1-01; (d) .86; 

^ ^^ (e) .90; (/) 1.00; {?) 1.10. 

The unit used is the potential due to a pound of mass concentrated at a point 
and attracting a second pound of mass concentrated at a point, the two points 
heing a foot apart. 

10. A slightly difEerent problem calling for development in terms of Zonal 
Haimonies is the following: 

- Required the permanent temperatures witjiin a solid sphere of radina 1, 
one half of the snrface being kept at the constant temperature zero, and the 
other half at the constant, temperature, unity. 

. Let us take the diameter perpendicular to the plane separating the unequally 
heated surfaces as our axis and let us use spherical coordinates. As in the 
last problem, we must solve the equation 

rD,%ru)+ ^I^I>e(siaePeu) + ii^^ -D* « = [x in] Art. 1 

which as before reduces to 

from the consideration that the temperatures must be independent of ^. 
Out equation of condition is 

. M = 1 from = to it = H and « = from e = ^ to fl — tt , (2) 
when r = 1. 
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12 INTRODUCTION. [Akt. 10. 

As we have seen u ^ r™P^(co8 ff) is a particular aolution of (1), m being 
any positive whole number, and 

u = Aa r°Po (cos 0) + A^ rFi (cos ff) + A, t^P^ (cos 0) + A„ t^P^ (cos 0) -{ (S) 

where A^, A^, A.^, A,,- ■ • are undetermined constante, is a solution of (1). 
When r = 1 (3) reduces to 

« = ^Po(eosi9) + -4,P,(cos0) +AA(cosi9) + ^,^8(003*1) H (4) 

If thenwe can develop our function of B which enters into equation (2) in 
a series of the form (4), we have only to take the coefficients of that series 
as the values of ^,^i,^, &c., ^n (3) and we shall have our reqilired solution. 

11. As a last example we shall take the problem of the vibration of a stretched 
circular membrane fastened at the circumference, that is, of an ordinary drum- 
head. We shall suppose the. membrane initially distorted' into any given form 
which has circular symmetry * about an axis through the centre perpendicular 
to the plane of the boundary, and then allowed to vibrate. 

Here we have to solve 

A^s = «= (a=^ + ^ ^.^ + p I>^^) [XI] Art. 1 
subject to the conditions 

s =/(r) when i = (1) 

2),s^0 " ( = (2) 

s-0 '■ r^a. (3) 



TVom the symmetry of the supposed initial distortion s must b 
ent of ^, therefore [x] reduces to 

i),=a = c* (d^z + \ D^z\ (4) 

and this is the equation for which we wish to find a particular solution. 

We shall employ a device not unlike that used in Art. 9. 

Assume t z^: B.T where .ffi is a function of r alone and 2" is a function of 
t alone. Substitute this value of s in (4) and we get 

BD?T= c?T {piB + - I)^n\ 



1 ^r _ 1 Idm 1- dR\ 



(5) 

The second member of (5) does not involve (, therefore its equal the first 
member must be independent of t. The first member of (5) does not involve 

• A function of the coordinates of a point has ciTCMlar gymm^ry ahoiit an axis when ita 
value is not afiected by rotating the point, through any angle atJOut the axis. A surface haa 
circular symmetry about an axis when it la a surface of resolution about the axis, 

t See note on page S. 
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Chap. 1.] VIBRATING- DKtTMHEAD. 13 

r; and conseq^uently since- it- containa neithet t nor r, it must be eonstanfc. Let 
it- equal ~ ^^ where fi of course is an undetermined constant. 
Then (5) breaks up into the two difEerential equations 

-^ + ^V5'-0 (6) 

(6) can be solved by fetmiliai' methods, and we get T = eos y-ct and T = sin /tei 
as simple particular solutions (v. Int. Cal. p. 319, § 21), 

To solve (7) is not so easy. We shall first simplify it by a change of inde- 
pendent- variable. Let »■ = -■ (7) becomes 
^R 1 dR 

Assume, as in Art. 9, that B, can be expressed in terms of whole powers of 
X. Let ,B = S a^x" and substitute in (8). We get 

2 \n{n - \)a,x--^ + m,^x^-^ + «„*"] = , 
an ,eqi.iation which must be true no matter what the value of tc. The coeffi- 
cient of any given power of a^, as 3^~^, must, then, vanish, and 

kih - 1)% + K + »*-2 = 
or Pot + at_a — 

whence we obtain B^.a = — A^d^ (9) 

as the only relation that need be satisfied by the coefftcients in order that 
^ =^ S OjiS;* shall be a solution of (8). 

If ft ^ 0, ffii_2 = 0, «t_4 = 0, &c. 

We can then begin with & = as our lowest subscript. 

From (9) % = — ^ ■ 

Then <*b — ~ 2 ^ 

% = - 2^56^ ' **■ 
Hence R = a^\\ — -^^r ^jja - -grjrgs H 1 

where «„ may be taken at pleasure, is a solution of (8), provided the series is 
convergent. 
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14 INXKODUCTION. [Aet. 11. 

Take ao = l, and then i^ = <7o(a;) where - 

J„(x) — 1 — 22 + 2^4^ — 2^.4^.6' + 2^.4^.6^8= ^^^^ 

is a solution of (8). 

J(,(x) is easily shown to be convergent for all values real or imaginary of x, 
since the series made up of the moduli of the terms of Jo{x) (v. Int. Cal. 
Art. 30) 

1 + 2^ + 32:42 + 2^.4^.6= "' ' 

where r is the modulus of x, is convergent for all values of r. For the ratio 
of the re + 1 st term of this series to the n th term is -— ^ and apptoaehes 
zero as its limit as n is indefinitely increased, no matter what the value of r. 
Therefore Jo(a;) is absolutely convergent. 

J(,(x) is a new and important form. Tt is called a Bessel's Function of the 
zero th order, or a Cylindrical Hwrmonic. 

EcLuation (8) was obtained from (7) by the substitution of a; = fir, therefore 

R = J,{iiT) = 1 - -gr- + 2^4= - -25;^;g3 + ■ ■ ■ 

is a solution of (7), no matter what the value of ^, and s ^ i/q {Z^'') "ios /xc* 
or a :=^n (/*)■) sin/tei is a solution of (4). 

ss^ Jg(^fir) COS fict satisfies .condition (2) whatever the value of /t. In 
order that it should also satisfy condition (3) /a must be so taken that 

MH = '>i (11) 

that is, jj, must be a root of (11) regarded as an equation in /j.. 

It can be shown that Jo(x) =^ lias an infinite number of real positive 
roots, any one of which can be obtained to any required degree of approximar 
tion without serious difleulty. Let x„ a%, aia, - ■ ■ be these roots. Then if 



, &c.. 



s = A^,7'^(/i.ir)<iOfi fij_ct + AiJo(/Hr) cos fiiCi + J^Jo(fisr)cosfiaet + - ■-. (12) 

where Ji, A2, A^, &c., are any constants, is a solution of (4) which satisfies 
conditions (2) and (3). 

When t = (12) reduces to 

* =A,J,{[,,r) +A,Jo(i^r) +A^M/i,r) + ■■■. (13) 

If then /(r) can be expressed as a series of the form just given, the solution 
oi' our problem can be obtained by substituting tlie ■ coefficients of that aeries 
for Ai, 4,, A^, &o., in (12). 
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DISCUSSION OP METHODS, 



The temperature of a long cylinder is . at first unity thioughout. The convex 
surface is then kept at the constant temperature zero. Show tliat the tem- 
perature .of any point in the cylinder at the expiration of the time t is 

where /tj, /*j, &e., are the roots of JhQmi) ^ 0, and where 

1 =AJ„(f^r) + A,J,(^t) -f AJ,(fi,r) + ■■■, 
(■ being the radius of the cylinder, 

12. Each of the five problems which we have taken up forces upon us the 
consideration of the development of a given function in terms of some normal 
form, and in two of thein the normal form suggested is. an unfamiliar function. 
It is clear, then, that a complete treatment of our subject will require the inves- 
tigation of the properties and relations of certain new and important functions, 
as well as the consideration of methods of developing in terms of them. 

13. In each of the problems just taken i\p we have to deal with a homo- 
geneous linear partial differential equation involving two independent vari- 
ables, and we are content if we can obtain particular solutions. In each case 
the assumption made in the last problem, that there exists a solution of the 
eq'jation in which the dependent variable is the product of two factors each of 
which involves but one of the independent variables, will reduce the question 
to solving two ordinary differential equations which can be treated separately. 

If these equations are familiar ones their solutions can be written down at 
once; if unfamiliar, the device uSed in problems 3 and 5 is often serviceable, 
namely, that of assuming that the dependent variable can be expressed as a 
sum or series of terms involving whole powers of the independent variable, 
and then determining the coefficients. 

Let us consider again the equations used in the first, second and third 
problems. 

(a) d;u + d;u = o (1) 

Assume u-^= X.Y where X involves x but not y, and Y involves y but not x. 

Substitute m (1), YDiX^XD^Y=0, 

or, since we are tiow dealiiig with functions of a single variable, 

1 ^x 1 (f r 



Xdx^ "^ Ydf 

1 ^Y _ 1 d^X 

'Y:df.~~Xl^- 



(2) 
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16 INTEODUCTION. [Art. 13. 

Since the first member of (2) does not contain x, and the second member 
does not contain y, and the two members must be identically equal, neither of 
them can contain either x or p, and each must be equal to a constant, say aH 

Tkeo ^-.=r = (3) 

and ^^^ + .-X=0, (4) 

and if (3) and (4) can be solved, we can solve (1). They have for their com- 
plete solutions y ^ j^^ j^ j5^_ .^ 

and X^Cainax+D cos ax . (v. Int. CaL p. 319, § 21.) 

Hence y^ e"" and F=^e~"» are particular solutions of (3), X^ainax 
and X= cos ax are particular solutions of (4), and consequently 

M = e"" sin aa; , u ^ e"" cos ax , m = e~"''sin are , and u = e~"''cosa« 
are particular solutions of (4). These agree with the results of Art. 7. 

(5) D?V = ""-O."!/ (1) 

Assume y =^ T.X where T is a function of ( only and X a function of x 
only; substitute in (1) and divide by a^TX. We get 

a^T d^ ~X dx"' (^) 

. -Y~J~T '^ a constant; call it — a'', and (2) breaks 
-^ + a^X^O (S) 

■^ + o»w'r=0. (4) 

The complete solutions of (3) and (4) are 

X== A sin ax -\- B cos ax 
and T= C ama<a + D cos aat, (v. Int. Gal. p. 319, § 21). 

2/ =^ sin ax cos aat, y ^ sin oa; sin aat, y = cos ax cos aai, y^toaax sin aat 
are particular solutions of (1), and agree with the results of Art. 8. 

(„) fi),>(rF) + i,i),(»n»i'.F) = 0. (1) 

Assume F= B.® where M involves r alone, and involves 6 alone; sub- 
stitute in (1), divide by R.®, and transpose; we get 

R dr' ~~ ©sin^ d$ ' ■<2) 
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Chaf. I.] SOLUTION AS A PEODUOT. 17 

Since by the reasoning used in (a) and (i>) each memlwr of (2) must be a con- 
stant, say a% we have 

^(rB) 
r^/ = a'B (3) 

/ d®\ 



and 



(3) can be expanded into 

<f£ dH 

•■"lj? + 2'-* --■■« = '>■ (6) 

(5) can be solved (v. Int. Cal. p. 321, § 23), and has for its ooraplete solution 
E^Ai^ + Br", 

■where m =^ — ^ + Va^+ i and n=^~ ^ ~ Va^+ i ■ 

Hence n=- — m — 1, and a^ may be written ?7i(m + 1), m. being wholly 
arbitrary; and 

B = Ar^ + Br-'"-^ . 



B = T"', and 


B=^.-, 


are, then, paiticulav solutions of 




d^B , dB 


m{m+l)B 


With the new value of a' (4) becomes 




. .(.n.-) 


m(m + 11® 



(J) 

■which has been treated in Art. 9 for the case where ire is a positive integer, 
and the particular solution ® = P^ (cos ff) has been obtained. 
Hence V = r^P„{cos0) 

and y=^:sm -PniCcts^) > 

m being a positive integer, are particular solutions of (1). The first of these 
was obtained in Art. 9, but the second is ne^w and exceedingly important. 

14. The method of obtaining a parfcioular solution of an ordinary linear 
differential equation, which we have used in Articles 9 and 11, is of very 
extensive application, and often leads to the general solution of the equation 
in question. 
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18 ISTBODUCTI0N. [Art. 14 

As a very simple example, let us take the equation Art 13 (a) (4), which 
we shall write 



Assume that there is a solution which can be expressed in terms of powers 
of x; that ia, let ^^^^a^x", where the coefficients are to be determined. 
Substitute this value for s in (1) and we get 

S[»(,-l>.«— + «•»,«•] =0. 

Since this ecLuation must be true from its form, without reference to the value 
of X, that is, since it must be an identical equation, the coefficient of each 
power of X must equal zero, and we' have 



(» + l)(» + 2).,„ + oX = 



is the only relation that need hold between the coefficients in order that 
a ^ S «„»;" should be a solution of (1). 

IfM + 2^=0 or TC + l^=0,«n ■will be zero and a„_a, (i„_i, &c., will be 
zero. In the first case the series will begin with a^ , in the second with ai . 



""■- {« + l)(» + 2)"-- 
If we tegin with oo we have 



- 0-, •. , 



= «,(l-^ + ^'--^+---) (2) 

£ = «o coa ax (3) 



is a particiilar solution of (1). 
If we begin with a, we have 



1. , flg =^ =-, «i , a^ ^=^ — 7? **! > ^'i ■ • • 

=»'(--Tr+Tr-Tf+-") « 
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is a solution of (1) ; fi, can Tse taken at pleasnre. Let ai=: a, (4) 



wbich, then, is a particular solution of (1): 

z^Aainax-\-B<io5ax (5) 

is, then, a solution of (1), and since it contains two arbitrary constants it is 
\ solution. 



16. As another example we will take the equation 
<Pz da 

which is in effect equation (6), Art. 13 (c), and let )m be a positive integer. 
Aasume s ^= 2 «„fl!" and substitute in (Ij. ■ We get 

S[,(» + l)-«(m + l)]o.a,- = 0. 
This is an identical eqnatiouj therefore 

[,(« + l)_„(„ + l)]„. = 0. 
Hence «„ =^ for' all values of n except those which make 

«(» + l)-~(m + l) = <), 
that is, for all values of n except w := wt and » =: — m — 1 . Then 

2 =^3!"' + 5a!-™-' (2) 

is the general solution of (1) and 

a^^x™ and «=-«+■] 

are particular solutions. If m is not a positive integer this method will not 
lead to a result, and we are driven back to that employed in Art. 13 (c). 

16. Let us now take the equation 

a;[(i-^«')s]+'»(''+i)' = <' CD 

which is in effect equation (4)) Art. 9, and is known as Legendre's Equation. 
(1) may be written 
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4«saia« :iiws.%a^a^ am& mhstitaie m 0). W« get 

S {n(n - 1)«„ x"-^ + [m(m + 1) - n(n + !}],.„*''} = . 
Hence (n + !)(« + 2)a„ + , + [m(m + 1) - n(n + 1)] «„ = , 

«" - - m(m + l)--«(^+l) '^•■ + - <-^> 

If a„ = 0, then a„_2 = 0, a„_j = 0,&o.; bufc(s„=0 if »i = — 2 or n = — l. 
For the first ease we have the secLuence of coefficients 

„ '(~+i) , 

m(m- 8) (,» + !) (at + 3) 

w(m - 2) (m - 4) (»^ + 1) (m + 3) (^ + 5) 
aj = ^^ ■ — ■ g| -^ a„ , &o. 

Let us take a.^, , which is arbitrary, as 1. Then ^ =pm i^-) ^liere 

r m(«. + 1) m(« - 2) (« + 1) (« + 3) -| 



Tor the second case we have the sequence of coefficients 

(».-!)(« + 2) 
«. = J] «. 

(„_l)(„-3)(m + 2)(m + 4) 

_ („ - 1) (m ^ 3) (m - 5) (» + 2) (« + 4) (m + S) 

a, ^ — — — —- yi — — ffli , ffic. 

Let us take », , whieh is arbitrary, as 1. Then s = q^(x) wliere 

r (^-l)(m + 2) (m^l)(m-3)(^ + 2)(m + -t) . -, 

is a solution of Legendre's Equation it' q^ (x) is a iinite sum or a convergeut 
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If mis a positive eVeii wliole !iiiaibet,^„(iE) will' teiffidflftte with the term 
containing x™, and is easily seen to be identical with 






[v. Art. 9 (9)] 



For all other values of 

The ratio of the (n 

tive eree Integer, 



^igaaejigs< 

term of p^ (x) to the rath, when m is not a posi- 

Its limiting: value, as n la moreafied, la a," and the series is therefore con- 
vergent if — 1 < a; < 1 It IB divergent for all other values of x. 

If m is a positive odd whole nOtiil>eP q^(3-') Will tBrminate wHQi the term 
containing x", and is easily seen to be identical 'W ith 



(-1) 






For all other values of m, q^(ct) is a aeries, and can be shoWn to be con- 
vergent if — 1 ■< a: < 1, and divergent for all other values of x. 

z = Ap^{x) + Bq^ix) (6) 

is the general solution of Legendre's Eq^uation if — 1 < « < 1, no matter 
what the value of m. From Art. 13 (c) it folloWS that 

V= r^p^ (cos ff) 

are particular solutions of 

no matter what the value of m, provided cos is neither one nor minus one. 

In the work we shall have to do with Laplace's and Legendre's Ec[uations, 
it is genetaliy possible to testl^ict m to being a positive integer, and hereafter 
We shall usually confine our attention to tMt oaae. 



(0 



0, 



>, Google 



^" INTRODUCTION. [Art, 16. 

"With tliis understanding let us return to (3), which may be rewritten 

"^'^ (n + l}(n + 2) ""■ 

If a„^j^O, then a„^., = 0, (r.„ + e = 0, &c.; 

but a^_^2 = ^ if K = m, or n = — m — l.- 

If in (3) we begin with n^= ni — 2, we get the secLuence of eoefflcients 
obtained in Art. 9, and we have s ^ fmi^)) where 



-3(3m-l) = 



».(«-l)(^-2)(m-8) 
2.4.(2m-l)(2m-8) ' 



2.4.6.(2m-l)(2m — 3)(2»i — 6) "^ + J' <■"•' 

as a particular solution of Legendre's Equation. 
Ifj iowever, we begin with m := — m — 3, we have 

(m+l-,(m + 2) 
«-„_«— 2(2ni + 3) "-"—i 

(;. + l)(^ + 2)(„+3)(» + 4) 
o— ,- 2.4.(2m + 3)(2m + 5) '-'-' 

(« + 1) (m + 2) (m + 3) (,« + 4) (». + B) (m + 6) 
«-■_,— 2.46.{2m + 3)(2m + 5)(2»> + 7) "-»-■• "• 

«_„_, may be taken at pleasure, and is usually taken as . o - .../'> — _l <\ i 
and s = Qm(x) where 

«.W-(2,» + l)(2m-l) ■ ■ ■ 1 L^- + ' ^ _.2.(2m + 3) i-*' 

(m + l)(„ + 2)(m+3)(^ + 4) 1 ,...-1 ,„, 

+ 2.4.(2.» + 3){2»i + 6) 5iTr-f J P^ 

is a second particular solution of Legendre's Equation, provided the series is 
convergent. Q^ (a;) is called a Hnrfacn Zoned 'Hurimmic of the second kind. 
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It is easily seen to be convergent if .a: < — 1 or x > 1, and divergent if 
- 1< a; < 1. 

Hence if m is a positive integer, 

z^AP^(x) + SQ^(^) (10) 

is the general solution of Legendre's Equation if a: < — 1 or as > 1. 
We have seen that for — 1 < a; < 1 



- [-(1+1)1^ 



(11) 



if m is an even integer, and 

f.("') = (-l)'^' r'^/t+h-i- '-t") <1^> 

2-'[r{-^)] 

if m is an odd integer. 

If now we define Q^ (x) as follows when — 1 ■< ,r < 1 

2.[r(^ + l)] 

if m is an odd integer, and . 

O.W=(-l)* r'"l + ls-,. g.(») (") 



»-.[.(^^)J 



if m is an eyen integer, then (10) will be the general solution of Legendre's 
Equation if m is a positive integer when — 1 < ic < 1, as well as when x < — 1 
ora;>l. 

17, Let us last consider the equation 

=-•+?£+ (l-l?-)- = » P) 

which is known as Bessel's Equation, and which reduces to (8) Art. 11, 
that is, to 

d^s 1 ds 

dx? X dx 

when m = 0; * (1) can be simplified by a change of the dependent variable. 

* Ttls equation was first studied by Fourier in considering tlie cooling of a cylinder. We 
shall designate it sa "Fourier's Equation." 
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Let £ =2 afiw and we get 

<Pv , 2m. + 1 dv 

to detenmne v. 

Assume w ^ S a^x", and substitute in (2). We get 

S [»(2 m + «)«.»?-= + «.«!■] = Oj 

whence a„_2 ^ — »i(2 m -f- »)«»■ 

If we begin with m^^O, then «„_s^0, ffl„_4^^0, &e,, and we have the 
set of values 



2(2m + 2)- 2'(m + l) 



- 2.4(2m + 2)(2m + 4) " 2' 2!(m + IXm + 2) 



"•" 2.4.6(2m + 2)(2m + 4X2m + 6) - 2'.3 !(m + l)(«i + 2)(«. + 3) ' 
whence « = «.»!- [l - Ji^^-qri) + 2'.2!(«, + !)(«. + 2) 



» + 2)(m+3)+ ■■ J P> 



2^3I(« + 1)(, 

is a solution of Bessel's Equation. «„ is usually taken as n^- , ii m is a pos- 
itive integer, or as o^lv — 4^ ^^' *"" ^^ unrestiicted in value, and the second 
member of (3) is represented by J.^(x) and is called a Bessel's FuTtotion of the 
TOth. order, or a Gylindrioal Harmonic of the with order. 

If wi, = , </„ (x) becomes J^ (x) and is the value Of s obtained in Art. H 
as the solution of equation (8) of that article. 

If in equation (1) we substitute .a;-'"^ in plaee of x'^v for s, we get in pla«e 
of (2) the equation 

rf^w 1 ~ 2m dv 

dr? X dx 

and in place of (3) 



s ^= attX '" 1 



^ + 



' 2'(1 - .») "^ 2'.2!(1 ~ «,,)(2 - "■) 

- 2-.3!(l-m)(2^m)(3-m) + ' ' ' J I 
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If ffo is taken equal to ■ _ ■ ■■ ■ — ■■ — - the second member of (4) is the same 
2 "■ r (1 — - Mt) 

function of — m and x that J^ (x) is of -\- m and x and may he written 
Therefore a^^ AJ^{x) + BJ_^(x) (5) 

is the general solution of (1) unless J^(x) and J^^(x) shoiild prove not to be 
independent. 

It is easily seen that when m. = 0, J^-mi^) ^^^ J^i^) beeome identical 
and (5) reduces to 

and contains but a single arbitrary constant and is not the general solution of 
Courier's Equation (8) Art. (11). 

It can be shown that J_^(x) = {—_i)"'J„(x) whenever m. is an integer, 
and consecLuently that the solntion (6) is general only when m it real is frac- 
tional or incommensurable. 

The general solution for the important case where w = is, howeter, easily 
obtained- Let F(m,x) be the value which the second member of (3) assumes 
when fto = 1 ; then the value which the second member of (4) assumes 
when a„=^l will be F{— ?»,a;), and it has been shown that s ^^ F(m,x) and 
)i = F(— m,x') are solutions of Besael's Equation; s=^F(in,x) — F(—m,x) 
is, then, a solution, as is also 



- ~ 2m ' 


(6) 


but the limiting value which _(^'^-' — ( — ''Jh^l approaches as 


m approaches 


zero is [D^F(7>i,x)l,^, and consequently 




^ = lI)^F(m,ai)}^, 


(?) 


ia a solution of the equation 




A , 1 i , 


(8) 



and the general solution of (8) is 

F ()», x) = a!-|^l — 2.(„ _|--I) + 2«.2!(m + l)(m + 2) 
+ ■ 



2'.3!(«.+l)(m + 2)(m+3) 
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J. J(m, a,) = »» log » [l ^ ^.^ J^ 1) + 2-.2 !(«. +"1) (» + 2) ] 

+ »,- _D„ [1 - 2,(^^i, + 2'.2!(« + !)(». + 2) + ' ' ' ] ■ 
The general tenii of the last parenthesis ean be written 

^^ ^^' a^'-. k\(m + l)(m + 2) ■ ~ (m + k) ' 
and its partial derivative with respect to m is 

(-1)' 



2-». 4! "- (m + l){m + 2) ■ ■ ■ (m.+ i) . 

'°S („ + l)(^ + 2)...(» + t) = - [los (» + 1) +'»15 (» +2) + ■ 
+ Iog(m + i)]. 
Take the D^ of- both memhers and we have 
1 



(« 4- 1) (m + 2) . • . (m + k) 

- (m + l)(m+2) .■■(,» + *) Lm+l+>« + 2^ M + k_\ 



K. 1 



[} 2'(». + l)+2'.2!, 



■ 2'(». + l)T2'.2!(». + l)(» + 2) 2'.31{». + l)(m + 2)(m + 3) 
J ~ 2" (« + 1)' 2'.2 ! (m + 1) (,» + 2) Lm + 1 + «. + 2 J 

Ls+i + s+2 + ;j+3] + --' 



T2'.3!(m + l)(« + 2)(™ + 3) 
and we have 



[B.i!'(m,«)]... = J.(a,)log. + 2,^,j,j-j^r).(l+J) + 2>|!y(l + S + 5) 

!!_ (■1 + 1 + 1 + 1)+.... 

and r. = A,Ta(x) + BKa(x} t (9) 

where Jf. (a.) = J, {x) log x + j,- ~y, (j + j) + jipji (1+2+3) 

-2|i).6+5 + S + i)+'- W 



is the general solution of Fourier's Equation (8). 

KJx) ia known as a BesseVs Function of the Second Kind. 
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18. It is worth while to confim the results of the last few articles by 
getting the general solutions of the equations in question by a different and 
familiar method. 

The general solution of any ordinaiy linear differential equation of the 
second order can be obtained when a particular solution of the equation has 
been found [v. Int. Cal. p. 321, § 24 (a)]. 

The most general form of a homogeneous ordinary linear differential equa- 
tion of the second order is 

where P and Q are funetions of x. Suppose that 

,j = , (2) 

is a particular solution of (1). Substitute y ^= va in (1) and we get 

Call ^ = k'. Then (3) becomes 

a differential eqimtion of the first order in which the variables can be sepa^ 
rated. Multiply by dx and divide by vz' and (4) reduces to 

-4 + 2 — + Pdx == . 
Integrate and we have 

log s' + log v-" 4- CPdx = G 

01' «V^ = e*^' f''*"' ^ Be~S'^'' , 






.(a^b^: 



(«) 

is the general solution of (1), the only arbitrary constants in the second mem- 
ber of (5) being those explicitly written, namely, A and B. 
(a) Apply this formula to (1) Art. 14, 
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given: a;^cea<3(*. OS a ' paiticular solution. Substituting ih' (6) *e have 

since P = 0- 

. = cos ax(A + B f "^ ) 
V J ma" ax/ 

= cos ax (A-\ — tail ax) 

~ A cos ax + S, sin ax , (2) 

aa the genera! solation of (1), and tliis agrees perfectly with (6) Ait. 14. 

(b) Take equation (1) Art. 15. 

given: s ^^ a:™, aS a particular solution. 

2 /• -/™a: 1 

Here P =^ - , | P(fti; = 2]og aj^^^log a;* , and e. =— i- Hence by (5) 

that is s = Ax"' + -^i (2) 

is the general solution of (1), and agrees with (2) AH. 16. 

(c) Take Legendte's Equation, (3) Art, 16. 

given: « = P,„ (^) , as a particular solution. 

Here F ^ T^^ ' f ^^ = ^°S {1 ~ x^ , and 6-/^"= -j^r-^' 

Hence by (5) r. = P„(a:) (a + sJ^-^—.i^-^,) (2) 

is the general solution of (1) and must agree with (11) Art. 16, if m is an 
, integer, and therefore 

where C is as yet undetermined, and no constant term is to be understood with 
the integral in the second member. 

(rf) Take BessePs Equation, (1) Art, 17. 

^^ + ^^ + (1-^) — 0; (1) 

given: s = tT^ (x) , as a particular solution. 
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Here -P = - , I Fdx = log x , and e"/''''^ = - . Hence by (5) 

,, = J.«(^+i>/-jj£lj^) (2) 

is tlie general solution of Bessel's Equation. 
If m^O (2) becomes 

and must agree with (9) Art. 17. Therefore 

Ti'bere C ie at present uadete^mined, and no constant term is to be taken 
with the iptegial. 

The first considerable subject suggested by the problems which we have 
taken up in this introductoiy chapter is tliat of development in Trigonometric 
Series (v. Arts, 7 and 8). 
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CHAPTER II. 

DEVELOPMENT IN TRIGONOMETRIC 

19. We have seen in Chapter 1. that it is sometimes important to be able 
to express a given function of a variable x, in terms of the sines or of the 
cosines of multiples of x. The problem in its general form was iirst solved 
by Fourier in bis "Analytic Theory of Heat" (1822), and its solution plays a 
very important part in most branches of modem Physics. Series involving 
only sines and cosines of whole multiples of x, that is series of the form 

io + &i cos a; + fij cos 2a; + ■ ■ ■ 4" «i sin a; + ft, sin 2x-\- • ■ ■ 
are generally known as Fourier's series. 

Let us endeavor to develop a given function of x in terms of sin x, sin 2x, 
sin 3x, &c., in such a way that the function and the series shall be equal for 
all values of x between a; =^ and x = it.. 

To fix our ideas let us suppose that we have a eimre, 
!/=/(«)■ 
given, and that we wish to form the equation, 

y ^ a-i sin a + Oj sin 2a; + 0.3 sin 3x -\- ■ • ■ , 
of a. curve which shall coincide with so much of the given curve as lies between 
the points corresponding to a; :^ and x ^-rr. 

It is clear that in the equation 

!/ = «! sin X (1) 

a, may be determined so that the curve represented shall pass through any 
given point. For if we substitute in (1) the coordinates of the point in ques- 
tion we shall have an equation of the first degree in which ai is the only 
unknown quantity and which will therefore give us one and only one value 
for tti'. 

Jn like manner the curve 

y=z 0,1 sin K -(- Oj sin 2x 
may be made to pass through any two arbitrarily .chosen points whose abscissas 
lie between and tt provided that the abscissas are not equal; and 

(/ = ffli sin a; -f- "a sin 2« + fta sin 3« -|-" ' ' ' + * « si^ "^ 
may be made to pass, through any n arbitrarily chosen points whose abscissas 
lie between .and ir provided as before that their abscissas are all different. 

If, then, the given function /(«) is of such a character that for each value of x 
between x^=(i and a; ^ tt it has one and only, one value, and i£ between 
a! :^ and a; i= tt it is finite and continuous, or if discontinuous has only 
Jmite discontinuities (v. Int. Cal. Art. 83, p. 78), the coeificients in 

y — «., sin X + a^ sin 2a; + Wa sin 3a; f ■ ■ ■ + a„ sin nx (2) 
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oau be deteniiined so that the curve represented by (2)" will ] 
n arbitrarily chosen points of the curve 

y = /(^) 

whose abscissas lie between and tr and are all different, and these c 
will have but one set of values. 

For the sake of simplicity suppose that the n points are so chosen that tbeii- 
projections on the axis of Xare equidistant. 

Call -^-j^Aa;; then the coordinates of the w points will be [i3;,/(Aa:i)], 
[2Aa;,/(2Aa:)], [3Aa;,/(3A3;)], ■ ■ ■ [jiA«,/(mA»)] . Substitute them in (2) and 
■we have 

f{^x) = a,i sin As: + o^ si 



f(2hx) = «! sin 2Aa! + a^ 
/(3A«) = (ti sin SAa; + a^ \ 
f(v,Ax) = «! sin raAa: -j- d^ a 



II 2Ax -t- a, sin SAa; -| \- (X„ sin nAx^ 

in 4Aa; + a. sin 6A:c -] h «« sin 2«Aa; 

in QAx + (ij sin 9A« H 1- ci„ sin 3™Ak ^ 

Q 2wA3:: -|- a, sin 3nAx -\ 1- a„ sin n'Ax, J 

n equations of the first degree to detefinine the-ra coefticients a^, a^, a^, ■ ■ • a^. 
Not only can equations (4) be solved in theory, but they can be actually 
solved in any given case by a very simple and ingenious method due to 
Lagrange. 

Let us take as an e^MW^ple the simple problem to determine the coefficients 
ai, Oa, ttg, «(, and ixj, so that 

,j/ = Oi sin « + Oa sin 2a! + a^ sin 3x -[■ at sin 4a: + »6 sin 53! (5) 

shall pass through the five points of the line 



rich have the abscissas 




-^,- 


6 


7j here being ^x. 


We must now solve the equations 






| = „..„J + ...i 


"¥ + 


a. sm -g- + 


.. 


. i7T . S-tt' 
»., ^ + a. sm ^ 


27r_ ^j^Ztt ^. 


■¥ + 


Hit 
-"-6- + 


». 




3ir . Sir . 


.f + 




«. 




4ir . i^ , 






.. 


m-g-+«,sm-j- 


6-c . 6t , 


lOir 
'■ 6 + 


....- + 


.. 


.20^ . 25,7 
Jm g +o, sm g . 
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Multiply the first equation by 2 sin -^ , the second by 2 sin -g- , the third 
Stt 47r Sir 

by 2sin-s-, the fourth by 2 sin -^, the fifth by 2 sin -g- and add the 

The coefficient of a^ is 



Stt 



iTT 



2 sin fi ^™ -fi" + 2 sin -g- sin -g- + 2 f 



1 -TT T^ * * 






r Sin -TT ^ COS ^ 



Hence the coeffi.cient of a.^ becomes 

TT , 27r , 

cos ^ + cos -jT- + CO 



m 



and this may be redneed by the aid of an important Trigonometric formula 
which we proceed to establish. 



20. Lemma. 

cos e + cos 2 + coa 3 e + ■ 



■ + cos « 



^sin(2™+l)2 



For let S= cos 6 + cos 20 + cos 30 H 1- cos n0 and multiply by 2 cos 6 

2ScoB0 = 2 coH^ ^ + 2 cos COB 2^ + 2cosflcos3^H h2cosecosM(* 

= 1 + COS # + cos 2fl + h cos («. — 1) i9 

+ ccra 2e + cos 3(9 + COS 4tf H \- cos (n + 1)0 

= 2(5 + 1 + cos (m + 1) ^ — cos — cos n9 . Hence 



S=- 



2 ^ " 2(1 - 
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;hap. ir.] NUMBKICAL EXAMPLE. 

21. Applying (1) Art. 20 to (7) Art. 19 the eoefBcient of % reduces to 
. Hit . SStt 



■ /■i'TT ~" 2 2 ~ " ' 



2 sill r-,7 



and (ta vanishes . 

Id like manner it may be shown that the coefficients of %, «4, and a^ 
vanish. 

The coefficient of.«i is 

2 sin* "F + 2 sin= -^ + 2 sin^ --^- + 2 siii^ ^- 
6 I) t> 

= 1 + 1 + 1 + 1 + 1 
. Stt 47r Ott Stt IOtt 

— cos -7,- — cos — cos -: COS COS -^- 

6 6 6 (> ti 

am -;7- sm ( 27r — ^r ) 

= 5 + i — -— -- = 5t — V "-^ ^ e 

^ 2sin^ 2sin~ 

6 6 

The first member of the final equation is 

27r . TT , .^ 2Tr . 27r , ,, Stt . Stt , „ 47r . 4'7r , „ 57r . Sw ,_ 
-srn-+3-g-sm-^- + 2--sm- + 2-..n- + 2--s,n--. Hence 

*i = 6 X T ^"^ T ^ f '^^ "*" ^''-* ^ ^ approximately. 

If we multiply the first equation of (6) Ai-t. 19 by 2 sin — , the second by 
2 sin —^ , the third by 2 ain — - , the fourth by 2 sin — , the fifth 
by 2 sin -— , add and reduce as before we shall fiod 

''^ = 6X-6-^"^-6- = -6^'^ = -^-'' 
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34 DEVELOPMENT IN XKIGONOMETEIC SERIES. [AbT- 22. 

and in liko mannet we get 

». = 6 St '"° -r = ^ "18 = ^ »■" 

•• = 6 A T "" ^"^ = 6 <^ - ^'' = "-i ■ 

Therefore 

y ^ 2 sill a: — 0.9 sin 2a; + 0.5 sin 3a; — 0.3 ain 4a: + 0.1 sin 5a; (1) 

■K 2Tr Ztt 
cuts the curve y ^x at the five points whose abscissas are g' . -tt , 'g- , 

47r , Sir 

-^, and — ■ 
6 6 

22. The equations (4) Art. 19 ean be solved by exactly the same device. 
To find any coeffieient a^ multiply the first equation by 2 ain mia;, the 
second by 2 sin 2m,aa!, the third by 2 sin SroAa;, &e. and add. 

The coefficient of any other ii as a^ u* the resulting equation will be 
2 sin k^x sin mia; + 2 ain 2M(k sin 2mAx + 2 sin SAAa; sin 3mia; -]-■■. 
4- 2 sin wMa; sin nmAx 

= co3(m—k)Ax+Gos2(m—k)Ax+oos3(m--k)Ax-\ \-(iosn(m—k)Ax 

— cos(^m+k)Ax—cos2(m + k)^x — oos3(m+k)iyx. oosn(m + k)Ax 

. 2n-\-l ^ ,,^ . 2n + l ^ , ,,^ 
am — J~ («* - ft)Ax sm -— (m + k)Ax 

= TV ■ , I ,,, ; by (1) Art. 20. 



— f^-« + l-^ and («+l)A^-7r. 
Hence the coefficient of a^ may be written 

sm (m — A)^ — ^ 2 " J sinl (m + A)7r — i i^-^^ — 

„ . (m — Bi3T „'! (m + ft)ia:" " 

2 sin '^ Y^ — 2 sm -'^ '-^ — 

but this is equal to 2^2°^~2'''2 ^'^'^"^'^^"S as m — h is odd or 
and so is zero in either case. 
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Chap. 11.] DKTKKMINATION OP COEFFICIENTS, 

The coefficient of «„ will be 

2 sin'^m-Aa; + 2 sin'^^mAx + 2 sin^ SmAx + ■ - ■ -|- 2 aiii^ nmAx 

1 + 1 + 1 +...+ 1 
— cos 2m.A« — cos 4»(Aa; — eos Gm^x — ■ ■ ■ — cos 2nmAx 

^2 2 am m^x ' ^ ^ ' 

But (2h. + l)mAa; ^ 2m(M + l)AiC — mAa; =^ 2)re7r — mAx, 

theiet™ ail (2.. + 1)».A» ^ sin ( 2nj - mA,,) ^ _ 1 ^ 

2 sin »(Aa; 2 sin wiAiC 2 

and the coefficient of a^ is n -\- 1 . 

The first member of onr final eq^uation will be 



'i^f{ki:^x)&: 



*™ ^ "XT 2) f(J'^^) ^^^ k'liiAx , (1) 



and the curve 



1/ ^ ft, sin a; + «« sin 2» H \-a,smnx, (2) 

where the coefficients are given by (1) will pass through the n points of the 
curve y =/{»;) whose abscissae are Ax , 2A3!, SAx, ■ ■ ■ nAx. Ax being — ^rr- 
It should be noted that since the n ec[uations (4) Art. 19 are all of the first 
degree there will exist only one set of values for the ti quantities Oi, Oj, %, 
■ ■ ■ a„ that can satisfy these equations. Consequently the solution which we 
have obtained is the only solution possible, 

23. The result just obtained obviously holds good no matter how great a 
value of n may be taken. 

If now we suppose n indefinitely increased the two curves (2) Art. 22 and 
y ^f(x) will come nearer and nearer to coinciding throughout the whole of 
their portions between x = and x = -n- , and consequently the limiting 
form that equation (2) Art. 22 approaches as » is indefinitely increased will 
represent a curve absolutely coinciding between the values of x in question 
with y =f(x). 
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86 DEVELOPMENT IN TRIGONOMETRIC SEEIBS- [AltT. 24. 

Let 113 see what limiting value «^ approaches as v, is indefinitely innreased. 
"'« ^ ^PT X /(*^*) ^^'^ kmti.x (1) Art. 22. 

=; — y('A3;)siamAa;.Aa^+/(2A3;)sin2raAa;.ia:H [-/(mAlc) sinnjrtA«,Aa: 

__ 2r/(A3!)sinmAa^.AiK+/(2A3;)sin27ftA3;.A3!+.-'-- -| 

- ir\_ ^f{j~\x) sinm(7r-A::.),A. J 

since Aa; ^ — -j--:j ■ 

As n is increased indefinitely Aa; alpproaches zero as a limit. Hence tin- 
limiting value of a^ as n increases indeiinitely is 

2 limit r/(Aa;)sinmAa:.A3;+/(2A«)sin2w.Aa;.Aa;H -| ^ 

TT Aa; = OL +/(7r — A3:)ain™(7r — Aa:).A^J 

:. [v. Int. OaL Arts, 80, 81.] 



= lff(^) s 



Hence f(x) — «i sin x + a^ sin 2x + a^ sin 3x-[- ■ ■ ■, (2) 

where any coefficient a^ is given by the formula 

ti,.,^^Jf(^)^in^ix.dx, (3) 

is a true development of /(a;) for all values of x between x =0 and - x =^ tt 
provided that the series (2) is convergent, for it is in that case only that we can 
assiime that the limiting value of the second aiembei' of (2) Art, 22 can be ob- 
tained by adding the limiting values of the several terms. 

When a; ,= and when a; =^ tt every term in the second member of (2) 
is zero, and the second member is zero and wiU. not be equal to f(x) unless f(x) 
is itself zero when x =^ and x ^ tt ; but even when f(x) is not zero for 
a; = and x^ir the development given above holds good for any value 
of X between zero and tt no matter liow near it may be taken to either of these 
values. 

24. Instead of actually performing the elimination in equations (4) Art. 
19 and getting a formula for a^ in ternis of n, and then letting. m increase 
indefinitely, we might have saved labor by the following method. 

* We sliall use the sign ^ for approaches. Az = is read Ax approaches zero. 
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Chap. ILJ ABKIDGED METHOD. 37 

Eetum to eqimtiM^ (4) Ai't. 19 and multiply the fii'st, by Aa; sin mAx, 
the second by Ax sia 2mAx, and so on, that is multiply each equation by Aa; 
times the cdefSeieiit <tf «.;„ in- that- equation, anel^then add the eq-aatipna. 

We g:et aa the coeffioieht of a^ ■ 

sin kAx sin mAx.' ikX^-sia.2k\x sia '2m.Aa:. Ax -{ \-ainn&AxsmmtilitX-Aa:. 

Let tis find its limiting v;alii9 asn is. indefinitely increased! It maybe 
written, since (n-\-l)Ax = Tr, 

limit rsinftA!C8inmAa!,Aic+sin2ftAa:sin2mAa:. i^H ~1 

Aa;=0 L +sin^(7r — Aa:)sin»t('n- — Aiy.AaiJ' 

but j sin lex sin mx.dx ^= -^ ( [cos (m — k)x — cos (m + k)x'jdx 

=^ if m and k are not equal. 
The coefficient of, a^ is 

Aa; (sin^ mAa; + sin" 2wiAa; + sin^ SmAx + ■ ■ ■ + sin^ umAx) . 
Its limiting value 

A —0 ^ia^ ''n^^-Aa^ + Bin^2m.Ax.Ax + ■ ■ ■ ~|- sin^m(Tr — Aa;)A» 

= Jsin- .«,,*= |. 

The first member is 
y(A«)sin mAx.i^x + j*f2Aa;) sifi 2wtAa:.Aii: -}-■■■ +/(mA3;) sin mnAx.Ax, 
and its limiting value is 

j f(x) sin tnx.dx . 
Hence the limiting form approached by the final equation as m is increased is 
j'f(x)sinwx.dx=^a„,. 

Whence «ni ^= — I f(x) sin mx.dx 



J/w s 



This method is practically the same as •multiplying the e^ttation 

f(x) =^ at siu a; + da sin 2;x -{- as sin 3:c + ■ ■ ■ (1) 

hi/ sin mx.dx and integratihg both members from aero to tt . 
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38 DEVELOPMENT IN TEIGONOMETlilC SERIES. [ 4.KT 25. 

It is exceedingly important to realize that the short method of determining 
any eoefScient a^ of the series (1) which has just lieen described m the itali 
cized paragraph, is essentially the same as that of obtaining a^ by actual 
elimination from the equations (4) Ai-t. 19, and then supposing n to mf rease 
indefinitely, thus making the curves (3) Art. 19 and (2) Art. IQ absolutely 
coincide between the values of x which are taken as the limits ot the 
definite integration, 

26. We see, then, that any function of x which is single-valued, finite, and 
Continuous between x =^ and x = tt, or if discontinuous Las only finite 
discontinuities each of which is preceded and succeeded by continuous por- 
tions, can probably be developed into a aeries of the fonn 

f(x) =; Wi sin tc + Os sin 2x -{^ a^ sin Sx -\- ■ ■ • (1) 

'2 r 2 r 

where »» — - ) /(«^) sm mx.dx^- I f(a) sin ma.da; (2) 

and the aeries and the function will be identical for all values of x between 
x = and x = -!r, not including the values x^O and x = -ir unless 
the given ftmction is ec[ual to zero for those values. 

An elaborate investigation of the c[uestiOii of the convergence of the series 
(1), for which we have not space, entirely conflrins the result formulated 
above * and shows in addition that at a point of finite discontinuity the series 
has a value equal to half the sum of the two values which the function 
approaches as we approach the point in question from opposite sides. 

The investigation which we have made in the preceding sections establishes 
the fact that the curve represented by ^ = /(x) need not follow the same 
mathematical law throughout its length, but may be made up of portions of 
entirely different curves. For example, a broken line Or a lociis consisting of 
finite parts of several different and disconnected, straight lines can be 
represented perfectly well by ?/ = a sine series. 

26. Let us obtain a few sine developments. 

(«) Let fi^)^x. (1) 

"We have « = ai sin x + u^ sin 2x + «, sin Sx + ■ • ■ (2) 

2 r 

where «™ — - j « sin ime.dx (Z) 

* Provided the function has not an infinite number of inaKima and niiulma in tlie neigli- 
borhooioiapoint. v. Arte. 37—^8. 
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. II.] BXAMPIiES OF SINE 9EKIHS. 

I X sin mx.dx = — j (sin vUr, — tux cos ma;), 

„ /aina; sinSa; , sin 3« sin 4k , 

Let f(x) = 1 . 

»„ ^= — I sin inx.dx : 
ttJ 



(« 
(1) 
(2) 



Hence 

It is to h 
e.. It is, 



•^) = -[l -(-!)"] 



^= if m is eveu 
;= — if m is odd. 



— */^'i 



noticed that (3) gives at once a sine development for any constant 

,= I (Sis + !i!^- + SLfe +...). (4) 

If ■we substitute ie^^ ~ in (4) (a) or (3) (5) we get a famiUar result, namely 

4 13^57^' ^^> 

L formula usually derived by substituting a; = 1 in the power series foi- 
iin-'a:. (v. Dif. Cal. Art. 13S.) 

(4) (a) does not hold good when x^=-7r, and (3) (6) fails when a: = and 
vhen a; s= IT, f&r in all theae caafes the series reduces to zero. 

(e) Let f{x) = X from a; = to a^ = ^ 



and /(*)!. 






- to a; — 7J 



That is, let y =. f(x) represent the broken 
line in.the figure. 

As the mathematical expression for 
/(a:) ia different in the two halves of the -^ 
curve we must break up 
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■0 DBVRLOPMKNT IN TRIGOHOMETHXG SERIES, [Art. 2(i. 

( f(x) sin w^..dx into ( f(x) am -mx-dsi + ( f(x) sin mx.dx. 
We have, then, 



./...n...^4-/(.-.)s- 



(1) 



= 1 if m = 1 or 4/c + 1 
= " m = 2 " 4A + 2 
= -1 " m = 3 " 4fc + 3 



^0 



4k. 



Hence if ^ ^=f(x) represents our broken line , 

■ __ 4/sina:" _ siiiSa; sin 'Sx _ sin 7a; \ 



When 



f(^) = 



and we have 



(f^ As a case where the function has a finite discontinuity, let 
f(x) ^ 1 from ar == > to x = -^ and 

■epresent the locus in the ^ure. 
As before 

j f(x) sinmx.dx = j /(a;) sin mx-dx 
+ J/(a^)sinMa..*c.- 



S' = 




will 


n this 


case repr 


.sent 


















n; 





- j sin mic.dai -\- —J 0. sin inx.dx . 



(1) 
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Chap. IL] 




EXAMPLES. 






»- = -:/- 


mi,i.dx^ 


^li^- 


^cosmf). 


But 


™»|= 


if ! 


« = 1 01 


« + l 






« : 


« = 2 « 


4A + 2 




= 


■■ , 


» = 3 « 


4t + 3 



' _ 2 /siiia; 2sm;jai sinSx . sin5» SsinCx sin 7a; "s 

/w - ^ i"r +^2~ "^^T"" "^"T" +"0- + "^^"'*' ■■;■ ^ •■ 

If a: = n the second member of (2) reduces to „ , for 

and we see that the series represents the function completely for- all values of 
a; between « =^ and a; = -^ except for *=^o ^"^ there it has a 
value which is the mean of the values approached by the function as » 
approaches — from opposite sides. 



EXAMPLES. 
Obtain the following developments: — 

(1) *^ ^ ;; L(t~i"v ^^^^ ~ 2" ^'" ^^ "*■ (3" ~ 3V ^^"^ 3* — X ^'"^ *^ 

+(f:^'— •••]■ 

i^) «■ = ; L(t - Tt) "1°."^ - ( 2- ~ it) »■> 2- + (i - -Si-) •■» 3=1 

-(t-^)»»4« + --]- 

,.., -^, ^ 2 fsina: tt sinSic ^tt sinSa: 
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43, DEVELOPMENT IN TEIGONOMETRIC SEKIBS. [Art. 27. 

if f(x) = X from * = to x = r^- and f(x) = from x =^~ to ^ = tt. 

if /( is a fraction. 
(5) ,, = I [1 (1 + ,.) ,i„ ^ + 2 (1 ^ .,) si„ 2>, + ;! (1 + ,,) Bi,. :t 

(7) cosh « = - P^ (1 + cosh tt) sin a^ + p (1 — cosh tt) sin 2x 
+ T^ (1 + cosh tt) sin 3a; + ■ ■ ■ L 



27. Let us now try to develop a givea function of a; in. a SetieS of < 

As before suppose that f(x) has a single value for each value of x between 
a; = and a; = tt, that it does not become infinite between a; ^= and 
x = '7r, and that if discontinuous it has only finite discontinuities. 

Assume 

f(x) = bo + 'hoosx + h lios 2x + bi00s3x+ ■ ■ ■ (1) 

To determine any ooelflcient b^ multiply (1) by cos mx.dx and integrate 
«acli term from to tt. 

I i„ cos inx.dai ^^ 0. 

i ij. cos ?ix cos inx.dx ^^ ^ i C*^^^ ("'■ ~ '0^ + "^^s (m -\- k)x']dx 
^ if m. and k are not equal.' 
i„ cos'' mx.dx = ^ (mx + cos mx sin mX), 



f 



b^ cos^ -mx.dx =^ — b^, 



Hence *™ = — i .f{x) cos mx.dx = — ( /(«) C' 

if m is not sero. 
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To get //o nuiltiply (1) by dx and integrate from zero to tt. 

I bgdx ^=^ SuTTj 

. [6,. COS kx.da-. =^0. 

Hence S. = i j/(i)rfj: = i /(,.)■(<. , (3) 

which is just half the value that would be giveu by formula (2) if zero were 
substituted for m. 

To save a separate formula (1) is usiially written 

f(x) =ih„ -t- ii cos x + i'^cos2x + /,, cos S» H (4) 

and then the f onnula 

K = l ff(^) ™s mx.dx=^ jf(a) cos .n,a.da (2) 



will give /)„ ds well as the other e 

It is important to see clearly that what we have just done in deter- 
mining the coefftcientB of (1) is equivalent to taking ii-\-l terms of (4), 
substituting in 

2/ ^ i^o + ^ cos x-\- b-i cos 2a) + ■ ■ ■ + fi^ cos ncc ■ (5) 

in turn the coordinates of the n -\- 1 points of the curve 

whose projections on the axis of X are equidistant, determiniug 6,,, 6i, b^, ■ ■ 'K 
by elimination from the n ~\-l resulting ecLuations, and then taking the limit- 
ing values they approach as n ia indefinitely increased, (v. Art. 24.) 

If Aa: ^: — . j~ - the abscissas of the m + 1 points used are 0, A«, 2!^x, 
SAfl), ■ ■ ■ n^x, so that we should expect our cosine development to liold tor 
x=^() as well as for values of x between zero and tt. 



(1) 



28. 


Let 


us 


take oni 


3 01 


■two 


examples 


(a) 


Let 








K = 






K = 


fr 


/»- 




■.dx = 


^ ^^ "^""^ 



■[(-1) — !]• 
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44 DBVKLOPMBNT IN TBIGONOMETKIC SEKIBS. [AfiT. 28. 

.. TT 4 / , COB 3x , COS fta; , cos 7x , \ „-,, 

Heme . = - --(c„,„ + -^ + ^^ + -^ + ..._). (2) 

(2) holds good not only for values of x between zero and tt but for a: ^ 
and X ^ TT as well, since for these values we have 



«=|-^(i + i + l. + ^ + --) <■'' 

«d „ = |+l(l+i + | + l, + ...) (4) 

which are tine by Ai't. 26 (^)(3). 

(i) Let /(a^) = ^sin^. (1)- 

2 r 2 

6,=— J a; sin a; cos3;.(iB=— i x siii 2x.ilx = -~ - , 
■n-J wj 2 

6^ ^ — I a; sin a; cos -mx.dx = — ( [■« sin (//t -J- 1)* — x sin (w. — l)x]ifo! 



(••-i)(»+i) 



(m-l)(™ + l) 

Hence 

COS* 2cos2« /2c6s-ac- 2cOs4a: , ,„, 

,7.8inx-l--^ ^+,.-^__^ + ... (2) 



4 2^1.;j afl'^5.7 

EXAMPMS. 
Obtain the following developments: 

(1) /w = I-![=^" + -| 

if f(x) ^ a; from a; = to « = -^ and /(ic) ^= -n 



<?) 
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Chap. IL] EXAMPLES. 45 

.^, ^ -. 1,2 rcos X . COB SiR COS 59! cos 1x . ~\ 

(2) fix)-^ + -y-—~^ + —^ _ + ,..j, 

if fix) = 1 from a; ;= to a; = — and '/(«) ^ from a^ ^ -5 to a; = tt. 

2 TT^ rcos ^ cos2a^ coa ,S^ cos ia; . "1 

W »^ --5- 'Ll^ 2. + 3- Ti^ + "'J- 

(4) a:' = -j - -[(ji- ?)»»»>'- 2" •»" 2"' + (si" ■?)'*" ^ 

® yl«) = f+^[(|-l)cos.~|cos2x-l(|^+l)co,3. 
+ ^3 (-^" ~ 1) COS 5x + g^ cos "^^ ~ " ■ " J ' 
if f(x) ^ J! from ^ — to ^^^ -^ and f(x) = from a; =^ -^ to x=^Tr. 

-r^.(^'+i)c^os a. + ■■■]. 

(7) cosh X = — ^ — - cos a; + = coa 2a: — 777 cos 3a; 

+ — COS 4k — ■ ■ ■ J - 

(8) siiiii a; ^= — - (cosh tt — - 1) — - (cosIitt + 1) cos x 

+ - (cosh TT — 1) coa 2.K — ttt (cosh tt + 1) cos 3^ H 1 . 

,„, 2|Lt sin M'^ r 1 cos 3! . cos 2x cos Sx 

COS 4a: _ "1 
+ ^= - 4^ ■ ■ ■ J ' 
if /i is a fraction. 
■29. Although any function can be expressed both aa a aine series and as a 
cosine series, and the function and either series will be equal foe all values of 
X between zero and tt, there is a decided difference in the two series for other 
values of X. 

Both sei'iea are periodic functions of x having the period 27r. If then we 
let «/ equal the series in question and construct the portion of the correspond- 
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[Art. 29. 



= TT the whole 



ing curve which lies between the values » = — ir & 
eiirve will consist of repetitiobs of this portion. 

Since ain ma, ^ — sin ( — m/x) the ordinate corresponding to any value irf 
X between — w and zero In the sine curve will be the negative of the ordinate 
eoiTesponding to the same value of « with the positive sign. In other words 
the curve 

1/ = (I, sin X +. ttj sin 2a^ + «3 sin 3a; + ■ ■ ■ (1) 

is symmetrical with respect to the origin. 

Since cos mx, ^ cos (— -mx) the ordinate corresponding to any value of x 

between — ir and zero in the cosine curve wiU be the same as the ordinate 

bjslonging to the corresponding positive value of ic. In other words the curve 

2/'^= i^o + ^1 cos « 4" ^a cos 2a; + ^s cos 3a; + ■ ■ ■ ■ (2) 

is symmetrical witli respect to the axis of Y. 

If then fix) ^= — f(— X) , that is if f(x) is an odd function the sine series- 
corresponding to it will be equal to it for aU values of x between — ir and it, 
except perhaps for the value « =^ for which the series will necessarily be 
zero. 

If f{^ =f(-~-x)j that is if fix) is an even function the cosine series cor- 
responding to it will be equal to it for all values of x between x^ — it and 
3i = ST, not escftpttng the value a; ^ 0. , 

As an example of the difference between the sine and cosine developments 



the same function let us take the series for x . 




■I _2rsma;-?i^ + ?i^-^^^+ -- n 




TT 4r , cosSa; , cos 5a; , cos 7a^ , 


] 


[v. Art. 26(«) and Art.28(a.)]. (3) represents the curve 
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Koth coincide with y^x from 3:^0 to x = tT, (3) coincides with 
y^x from x^ — ir to 3; = 7r, and neither coincides with, y^^x for 
valaes of x less than — tt or greater than tt. Moreover (3), in addition to 
the continuous portions of the locus represented in the figure, gives the iso- 
lated points (— TT, 0) (TT, 0) (Stt, 0) &e. 

30. We have seen that if /(x) is an odd function its development in sine 
series holds for all values of x from — tt to tt, as does the development of 
f(x) in cosine series if f(x) is an even function. 

Thus the developments of Art. 26(a), Art. 26 Bxs. (2), (4), (6); Ait. 28(6) 
Art. 28 Exs. (3), (7), (9) are valid for all vaiues of k between — tt and tt. ■ 

Any function of x can he developed into a Trigonometric series to whi(^h it 
is equal for all values of x hetween — tt and tt. 

Let f(x) be the given function of x. It can he expressed as the sum of an 
even function of x and an odd function of x by the following device. 



w +/(-') 



3 not changed by reversing the sign of x and 



1 therefore an evm. function of as; and when we reverse the sign of a 



»-fi-'') 



only to the extent of having its sign reversed and 



is consequently an odd function of x. 

Therefore for all values of x between — tt and ir 

f(^) .. +/(T - ^') ^ i 5^ + j^ cog a; _|. b^ cog 2x + 6s cos 3« H 

where ?'™ ^ ~ ( -^ ■■ .f -^ ■ cos mx.dx ; and 

IT J i , 

■iHJ — - ^^~^-'i = «! sin a; + »2 sin 2a:-f- a,^ sin 3a; + • - ■ 

2 ^/(m) — f(— «) . 
where «,„ — - | ^-^^-^ — -^ '- sm mx.dx . 

6„, and a,^ can be simplified a little. 



irj 
= — j fix) cos mx.dx + j /(— ^) cos 'mx.dx , 
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48 DEVELOPMENT IN TRIGOKOMETRIC SERIES. [Art. aO. 

but if we replace y: by ■— «, we get 

r/(— X) cos mx-dx. — — f,f(x) cos mx.dx — j /(lb) cos mx.dx , 

and we have K—-\ f{^) <"3^ 'mx.dx . 

In the same way we can reduce tile value of a„ to 

1 p 

~ I /(^) ^i"! m,x.dx . 

Hence 

(/(«) ^ ^ io + 5i COS a: + b^ cos 2x + i, cos 3a: + ■ - ■ ) ^a 

( + «i sin a; + tfj sin 2a: + o, sin fe + ■ ■ ■ ) 

1 /• 1 r 

where ^w,~~\ /(^) ''OS ■"i^-'ij: = - I /(«) cos ma.da. (A) 

, and «m = - I /(i^i) sin ma:.t?a: =~ \ fi^) sin wia-<^a - (i) 

and this development holds for all values of x between — tt and tt. 
The second member of (2) is known as a Fourier's Series. 

EXAMPLES, 

1. Obtain the following developments, all of which are valid from x^^ — tt 
to at = 7r: — 

" n ~ 5 cos a: + p COS 2a: — T— cos 3;« + T^ cos 4x H 

,..^ J-, ■. "^ 2 r I cos 3a: , cos 6a! . cos Ix . ~| 

(^) /(«^)=4--[_cosa: + --g5~ + ^-g^ + -^^ + - 'J 

sin x sin 2a: sin 3a sin 4a: 
+ ~I ""^1 ' 3 4 ' ' 

where f(x) = from a = — tt to -.c = and /(x) = x from w ^ to xt=-jv.. 
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ClIAl'. II.] EXTENSION OF FOURIEE'S SERIES. 49 

(3) f{x) = ~ if + ~ I Js "OS * + 22 '^^'^ ^^ '+ si *'*^^ ^^ + 5a *"^S ^^ 
+ — „ 00s 63; 4- ■ ■ ■ 

o' J 

-^8mfa + (5=-i)sm6«— ■], 

where /(a;) ^= a; from a; ^^ — 7r to a; ^ 0, f(x) ^= from a; ^= to x =^ -r, 
and /(x) = a; — - from a: — -= to a: ^ tt . 

2. Show that formula (2) Art. 30 can be written 

f(x) = ico cos ^0 + Ci cos (X - A) + c, cos (2a; - 13,) + c, cos (3a; - ft) + ' " ' 
where c^ ^ (a^ + b^ and ^^ ^: tan"' y^ - 

3. Show that formula (2) Art. 30 can be written 

f(x) =. ^c, sin ft + <;i sin (x + j3,) + c, sin (2a; + ft) + c, sin (3a; + ^S^) + ' v ' 
where c^ =^ (»^ + b^) and ^^ ^ tan~' -^ ■ 

31. In developing a function of x into a Trigonometric series it is often 
inconvenient to he held within the narrow boundaries x = — tt and x ^= ir . 
Let us see if we cannot widen them. 

Let it be recLuired to develop a function of x into a Trigonometric series 
which shall be eq^ual to f(x) for all values of x between x:^ — o and a; :==; o . 

Litroduce a new variable 

which is equal to — tt when a; — — c and to tt when x = c . 
f(x) =/(- -A can be developed in terms of 3 by Art. 30 (2), (3), and (4). 
We have 



4^)-^- 



+ ii cos £ + 65 COS 2s + 6, cos 3s H 



(1) 



-{- a-, sin z + ffla sin 2s + as sin Ss + ■ ■ ■ 
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DEVELOPMENT IN TRIGONOMETRIC SERIES. [Art. 31. 

.olds good from s=^ — tt to s=:7r. 

6 s by its value in terms of x and (1) becomes 

„, , 1 , , , TTx , , 2irx , , Sttx , ~\ 

f(x) — - So + fti DOS — + h cos h bs Goa 1- ■ ■ • 



(4) 

The eoefftcients in (4) are the same as in (1), and (4) holds good from 

Formulas (2) and (3) can be put into more convenient shape. 

1 /* y " ^ , 1 /* /.. ^ nnrx ir , 
6,,,^ — \ f\~-^f cos ms.ds =■— I f(x} cos dx 

OP h^=-^ ff(x) cos "^ dx^^ J7(A) cos ^ rfX . (5) 

In like manner we can transform (3) into 

ffl^ = - I f(x) sm — (fo; = - I /(X) sin — — dk . (6) 

By treating in like fashion formulas (1) and (2) Art. 25 and formulas (4) 
and (2) Art. 27 we get 

,, , . TTX , . 2'T^X , Zt^X , 

f(x) — fti sm ^ + «5 sm ■ — • + a, sm — ;- + ■ ■ ■ (7) 

where «„ ^ ^ r/(a;) sin ^^ c^cc = - r/(X) sin ^^ A . (8) 

and f(x) ^ - 6(1 + /)[ cos \- h^ cos h &3 cos '—^ -|- . . . (-g^ 

where K^l ff(^) ^os ^^ tfe ^ - ("/(X) cos ^^ t^A. . (10) 

and (7) and (9) hold good from x — to a; := e . 
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Chap. II.] EXTENSION OF FOUBljiB S SISBIBS. 

EXAMPLES. 
1. Obtain the following developments: 



(1.) 1 =^ - I sm — + - sm — + g sm — ;- -I J 

from x:=0 to x ^ c . 
(2) « = — |_siii — ~ 2 sm ~ + - sm -^ sm -^ H J 

from x^-~ c %Q x^G. 
e Ac r ira , 1 Zttx , 1 Sira; , 1 Tttx , ~\ 



from X ^ to x ^ i: 



(^> ^ = ^L(t - 1-) ^^" V - ^ ^^" ~ + (-^ - 3=) ^ 

vr^ . 4-Trx , /-w^ 4\ . Swa; , "1 



from, a; = to ; 



e^ 4i;^ r T^ 1 Stta; , 1 37riC 1 477^ , "1 
? = - — — j cos — - 25 cos ~ + gi cos -^ J-, COS — H J 



2vx 



(4) e^-27r[i±^,sjn^ + ^^ 

a. — 2 fl ^' — ^ g" + 1 Try, g' — 1 aTTj; 

L2 c" c^ + 11^ c c* + 47r^ 

from 3! ^^ to a =^ c . 

(5) f(x) - -, l^sm — - 3, sm r^ + 5. ^m — + ■ ■ -J 

from a; = to x -^ c , 
where /(a;) = x from a: = to x = ^, and /(as) = c — as from x 
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52 DEVELOPMENT IN TKIfiO NO METRIC SERIES. [Art. ^2. 

2. Sliow that formula (4) Art. 31 can be written 

f(x) = \c, cos Po + 'h COS (y - ^i) + ''■^ **»» i(~ - ^') 

where e„ = (a,I + 6^) and y3^ — tan~i -^. 

3. Show that formula (4) Art. 31 can be written 

f(x) = I c, ain ^„ + c, sin (^ + ^,) + o, sin (^ + ^,) 

+ c, sin ('^ + ^;,) + - ■ ■ 

where c„ ^= (a^ + S^) and /?^ =^ tan- ' -^ . 

32. In the formulas of Art. 31 c may have as great a value as we please, 
so that we can obtain a Trigonometric Series for f(x) that will represent the 
given function through as great an interval as we may choose to take. If, 
then, we can obtain the limiting form approached by the series (4) Art. 31 as 
6 is indefinitely increased the expression in question ought to be equal to the 
given function of x for all values of a;. Equation (4) Art. 31 can be written 
as follows if we replace b^, b^, S^, ■ ■ ■ «], a^, " " ' by their values given in 
Art. 31 (5) and (6). 

+ j>(X) cos ^ cos f dX +J>(A) cos 2^ cos ?^ ,a + - ■ ■ 
+ j>(X) sin ^ sin Z^ dX ^jf{K) sin ^^ sin ?^ rfA + ■ ■ ■] 

= ^ Cm dX [\ + cos ^ cos ^ + sin ^ sin ^ 

, 27rA, 2nTx , , 2Tr\ . 2'7ra^ , ~\ 

+ cos cos 1- sm sin — — -[-■■- 



>y Google 



CiiAi'. 11.] foueier's integral. 53 

f¥) = ;//(*)* [I + "" f (A - ^) + oos ?^ (X - ») + ■ ■ -^ 

= i r/(i)A \l + cos ^ (X - ») + oos ^ (i - ») + ■ ■ • 

+ cos(-^(i-») + »o.(-?J^)(X-.) + ...] 
since cos (— ^) =^ eos (^ . 

/W = |^//W*['-+f«»"(-v)<*~''' + J""(~I)<*^"'' 

H COS — ;- (X — j:;) H COS — (A — x) 

+ ^ COS ^ (A -*) + ■■ ■] (1) 

As c is indefinitely increased the lioiiting value approa<'-hed by tlie 
in (1) is 



i COS a(\~x).da. 
Hence the limiting form approached by (1) is 

f(x) = ^ J/(A)a Jcoa fl(A - x).da , (2) 

and the second member of (2) must be equal to f(x) for all values of x. 

The double integral in (2) is known as F-ouvi&r's Integral, and since it is a 
limiting form of Fouriet^s Series it is subject to the same limitations as the 
series. 

That is, in order that (2) should be true f(x} must be finite, continuous, and 
single valued for all values of ar, or if discontinuous, must have only finite 
discontinuiti es .* 

(2) is sometimes given in a slightly different form. 

Since I cos a(k — x'j.da =^ I cos a(X — x).da + I cos a(\ — x).da 
and 

Caos a(k — x).da = Ccos (—a)(k-~x).d(~ a) ~— Ccos a(\ — x).da 

I cos a(X — xj.da = 2 j cos a(\ — x).da 
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54 DEVELOPMENT IS TRIGONOMBTRtC SERIES. 

and (2) may be written 

f(x)^- Cf(X)d\Coo3a(X — x).da. (3) 

If f(x) is an even function or au odd function (3) can be still further simpli- 
fied. 

Let f(x) = -f(-x). 

Since the limits of integration in (3) do not contain a or A, the integrations 
may be performed in whichever order we choose. That is 

Cf(X)dk Cms a(\ — x).da = Cda Cf{\) cos a{X — x).d\ . 
Now 
Cf(K) cos a(k - x).dk=ff(\) cos a(X - x).dX + j7(A) cos a(X-~ x).dX . 

Cf{X) cos a{X — x).dX = Cf(— A) cos a{— X — x).d{— X) 

= -^f{K)msa(X + x).flK 
and (3) becomes 



\plap{X) 



sin aX sin ax.dX 



or f{x) - I j7(X)<iAj'sin aX sin ax.da . (4) 

If f(x) =/(— X) (3) can be reduced in like manner to 

f(x) — - Cf{X)dX feos aX cos ax.da . (5) 

Although (4) holds for all values of x only in ease f(x) is an odd function, 
and (5) only in case f(x) is an even function, both (4) and (5) hold i'or all 
positive values of x in the case of any function, 

EXAMPLE. 
(1) Obtain formulas (4) and (5) directly from (7) and (9) Art. 31. 
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CHAPTER III, 

CONVBRGEKCB OF POUEIER's SERIES. 

33, The question of the eonverffence of a Fourier's Series is altogether too 
large to be completely handled in an elementary treatise. We will, however, 
consider at some length one of the most important of the series we have 
obtained, namely 

4r , sin 3a; sin 53: sin 7 a: -] r ,o\ * 4. <.o/f^ t 

- I^sm X H g 1- .— ^ H !-■■■, [v. (3) Art. 26(5).] 

and prove that for all values of x between zero and tt its sum is absolutely 
equal to unity; that is, that the limit approached by the sum of n terms of the 

— sin 3; j sin a.da + sin 2a! | sin 2a.da + sin 3x [sin 3a. da + ■ - ■ , 

as n is indefinitely increased, is 1, provided that x lies between zero and tt. 
Let 

S„ = ~ fsin x fsin a.da + sin 2x Tsin 2a.da + sin 3x Csin Sa.da -\ 

+ sin ,ix Ain na.dal . (1) 

Then 
S„ = — I [sin a sin x + sin 2a sin 2x + sin 3a sin 3x-\ 1- sin wa sin nx}da 

= - r[eos (a — x) — cos {a + x)+ cos 2(a — x) ~ cos 2{a + ,-b)-| 

+ cosm((X — jr) — cos n(a-\-x)']da 
■ =^ C[<iOS (a - x) + cos 2(a - cc) +eos 3{a - ^,) + ■ ■ ■ 4- cos .>(a - x)-]da 

-^j'lc.o>i(a + x:) + ms2{a + x) + ^os3(a + x)+- ■■+co^>, (a + x)-]da. 
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56 CONVERGENCE OF FOURIEEt'S SERIES. [Art. ;J4. 

Therefore by Art. 20 (I) 



™-2- 



In the first integral substitiite 8 for — - — , and in the second integral siib- 
a + x ^ 

itifcute |8 for — - — . 

"We get 

ttJ sm/3 '^ ttJ sni/3 ^ ' 

It remains to iind the limit approached by S^ as n is indefinitely increas(^d. 
34. ; 

p.„(2. + ltf ^^. (1) 

j/ sm^ '^2 

Tor 

£ ^ .. (^^ L + ^)^ ^ 1 -^ cos 2;8 + eoB 4/3 -I l-cos2rej3, by Art. 20. 



and 

Let us construot tlie curve 



fBos2kl3.dfi=0. 



^ sin(2M + ]> 



"Vye have only to draw the curve // =^ sin (2n, + l)a; and then to divide 
the length of each ordinate by the value of the sine of the coi-responding 



In y ^= sin (2)1 + 1)* the successive arches into which the curve 
divided by the axis of X are equiil, and consequently their areas are equal. 
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SUMMATION OF A SINE SERIES, 



67 



m 



Each arch lias for its altitude unity and for its base 
■ ■ , ■ and is symmetrical with respect to the ordi- 
nate of its highest or lowest point. 

_ sin (2m + i)x 



If now we 
the curve 1/ 



form the curve 
= sin (2m + 1); 



from 



clear that, since 
sin a; mereases as a. increases from to -5, the ordi- 
nate of any point of the new curve will be shorter 
than the oidina,te ot the coriesponding point in the 
preceding arch, and that consequently the area of 
_ sin(2» + l). 



will 







each aich of 

that of the arch before it. 

If (to, di, a^, ■ ■ ■ «„_! are the areas of the suc- 
cessive arches and «„ that of the incomplete arch termi- 
nated by the ordinate corresponding to a: — -^ 



J sm X 

But 

J sin « J sm ^ <" 2 ■"■ ' 

Hence 

ttu — "-I + aa — «s + «4 — ■ * ■ + «« if » is even, 



«b — »i + «2 ^ 'h + "a — ■ • ■ ~ ^'■a if 'i is odd. 
These equations can be written 
= flfl + (— «i + o-d + (—«« + «4) 

+ (-«, + ft,) H h (- «„ ^ , + i^«) 

if n is even, and 

^ =^ «„ -f (- «i -f «2) + (- «3 + «0 

+ (- a,+ a,) + ■ ■ ■ + (-«„-, + «„-,) + (- «.) 
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58 OONVEEGBNCB OF FOURIER'S SEETES. [Akt, 85. 

In either case eaeh parenthesis is a negative quantity siooe 
(So > (s, >■ da > (ij - > a,„, 
and it follows that «„ is greater than — ■ 
Again 

1= *„ - ffii + (a^ - a,) + (a, - «,) + - ■ ■ + («^_^_ «„_^) +«„ 
if n is even and 

!=«„-«.+ («,-«,)+(»,-«,)+■ -■+(«„-!-«„) 

if n is odd. 

In either case each parenthesis is positive and it follows that Oo — a^ is 

leas than — . 

».>|>«.-.„ 

«o and (ro — «! differ froin -^ by less than they differ from each other, that 
is, by less thaji ai . 

In like manner we can show that «o — ^i and «„ — Wi + «j differ from 
-X by less than a^; and in .general that «(, — £ti + «a — 1*3+ ' ' ' i t** differs 
from -^ by less than a^.; or even that 

differs from -^ by less than a^ no matter what the value of ^^r provided^ is 
greater than unity. 

35. Trom what has been proved in the last article it follows that 



P 



where b is some value between ; 

the area of the arch in which the ordinate of y=^ ^ ~ correspond- 

^ sm a: 

ing to x-^^b falls if this ordinate divides an arch, or by less than the ai'ea 

of the arch next beyond the point (b, 0) if the curve crosses the axis of X ah 

that point. 
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SUMMATION OF A SINE SEE1E8. 



a value greater than the length of its longest ordinate. 



"{''-2^1) 



differs from 77 by less than ^ — r— . — 
2 ■' 2» + l . 



e-sT-i)' 



If now n ia indefinitely increased 7; — r^ "^ ^ approaches 

zero as its limit, and we get the very important result 

nil i r^'-linV^' -^J = 1 <'' 



36. ,S. = 1 fSli?iJ:iI^^-i rSiP^titf^^. [Art. 33. (2)] 

^1 ; sia (2. + 1)^ 1 V;!.. (2. + l)g 

TT J sm ^ "^ IT ^ sm ^ 

ttJ sin/3 "^ ttJ sm/3 

TT ^ Sill /3 "^ 

Tlds last value for S„ can be somewhat simplified. 
Substituting y = — we get 
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60 CONVEKGBNCE OF FOUKIBR'S 8E«iBS. [Aet. 37. 

SubBtituting y = 7r — ^ in 

J sin./3 '^ 

'pL^i^^ yiiii2.»+i), ;™^±itf 

J sui (3 J sm y 'J sill /3 '^ 

J sinjS J 3111/3 '^ 

Hence 

IT. J am p TT 1,7 sm fi irj sm /j 

lMtr' p'in(2. + l)^ n ^ ;, 0<«<^ by(l)Art.35. 

«=^ cc|_J sm^ "^J 2 ■' ^ ' 

Therefore J™it^ [S„] ^1 + 1- 1 = 1 if 0<^<^ and 

4 r ■ , sin 3a! , sin 5* , sin 7a; , "1 
-|_si,,« + -j- + -g- +-^ + ■ ■ -J =1 

for all values of x between zero and tt. 

37. By a somewhat long but not especially diffioult extension of the rear 
soning just given it can be shown that if /(as) is single-valued and finite 
between « = ~ tt and x = 7r, and has only a finite number of discor/^ 
tinuities and of inaxima and ■minima between x = — tt and x =^ tt the 
Fourier's Series 

nb„-\-b-, COS X + &2 COS 2x -\- S, COS Sx-'r ■ • ■ 
-\- a, sin x + a^ sin 2« + a^ sin Sk --|- • ■ - 
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Chap, hi.] DIRICHLET S CONDITIIJNS. bl 

where a^ = — i f(a) ain. ina.da 

and 6^ ^ — I /(a) cos in.a.da , 

and that Fourier's Series only is equal to f(x) for all values of x between 
X = ~ IT and x^TT, excepting the values of x corresponding to the disctm- 
tvnuities of /(x), and the values tt and — w if /(w) is not equal to /(— tt) ; 
and that if c is a value of x corresponding to a discontinuity of f(x), the value 
of the series when x^ e \s 

and that if /(w) is not equal to /(— tt) the value of the series when x ^ — -tt 
and when a; == tt is 

If fix) while satisfying the conditions named in the ^jiecediiig paragraph 
except for a finite number of values of x, becomes infinite for those values, the 
series is equal to the function except for the values of x in question provided 

that Cf(x)dx is finite and determinate, (y. Iiit, Cal. Arts. 83 and 84.) 

38. The question of the convergeney of a Fotirier's Series and the condi- 
tions under which a function may be developed in such a series was fii'st 
attacked successfully by Dirichlet in 1829, and his conclusions have been 
criticised and extended by later mathematicians, notably by Riemann, Heine, 
Lipschitz, and dii Eois Eeymond. It may be noted that the criticisms relate 
not to the sufficiency but to the necessity of IHrichlet's conditions. 

An excellent r6sum6 of the literature of the subject is given by Arnold 
Sachse in a short dissertation published by Clauthier-Villars, Paris, 1880, 
entitled "Essai Historique sur la Representation d'une ronetion Arbitraire 
d'une seule variable par uue S^rie Trigonom^trique." 

39. A good deal of light is thrown on the peculiarities of trigonometi'ic 
series by the attempt to construct approximately the curf es corresponding to 
them. 

If we construct y-^ a^ sin x and y = Oj sin 2x and add the ordinates 
of the points having the same abscissas we shall obteun points on the curve 
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j^ :rx a, sin a; -^.03 sin 2x . 



If now we coiiatruct y :^= a, sin 3x and add the ordinates 60 those of 
y z= ai sin x -\- a,^ sin 23? we shall get the crave 

y = ttj sin a? + (*2 sin 2x- + % sin Sx. 

By continuing this process we get successive approximations (o 

1/ =: tti sin X -\- o^ am 'ix •\- Oi &m. 5x -\- at sin ix -^ ■ ■ ■ 

Let us apply this method to a few of the series which we have obtained in 
Chapter II. 
Take 

^ = sin K + - sin Sa; + -3 sin 5a; + ■ ■ ■ (1) 

^= when x = 0, — from a; = to x=^-rr . and when a; =z tt , 
V. Art. 26 [i](3). 

i/^2|siiia! — -sin23; + -sin3a; — -sin4a;4- ' ' ") (2) 

= x from ,?; — to a:;=7r, and ■when x = -jv, 
Art.26[a](4). 

?/ — - [ j3 sin a; — gj sin 3a; + - sin 5x — -^ sin 7a; + - - ■ J (3) 

= x from a;^0 to x:=—, and tt — .t; from x = -^ to a; = 7r, 
Art. 26 [<;3(2). 

2/ ^= T- sin a; + n sin 2at + - sin 3a; -f p sin 5a; — - sin 6a; + ;= sin 7a; -| (4) 

= when a;=^0, -^ from a;=^0 to k = — , and from a;^-^; to x^='Tr. 
V. Art. 26 M(2). 

It must be borne in mind that each of these curves is periodic having the 
period 27r, and is symmetrical with respect to the origin. 

The following figures I, II, III, ai>d IV represent the first, four approxima- 
tions to each of these curves. 

In each figure the curve y ^= the series, and the approximation in question 
are drawn in continuous lines, and the preceding approximation and the curve 
' to the term to be added are drawn in dotted lines. 
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Chap. III.] PROPERTIES OF FOURIBr's SERIKS. 65 

I"ige. I, II, III, and IV immediately suggest the following facts: 

(a) The curve representing ea«li approximation is continuous even when 
the curve representing the series is discontinuous. 

(b) "When the curve representing the series is discontinuous the portion of 
each successive approximate curve in the neighborhood of the point whose 
abscissa is a value of x for which the series curve is discontinuous approaches 
more and more nearly a straight line perpendicular to the axis of X and con- 
necting the separate portions of the series curve 

(c) The curves repiesenting successive ippioximations do not neiessaiily 
tend to lose then wavy chaiacter since eieh is obtained fiom the j receding, 
one by superposing upon it a wave line who&e wa\ es are shortei each time bi t 
do not necessaiily 1 ae their sharpness of pitch This is the cise in Pig lies 
I, II, and IV. In Pig III the waves of the superj Dsed cuives grow lapidh 
flatter. 

It follows from this that m such cases a* those represented m Tit, ues I 11 
and IV the diiettion of the approximate curve at a pcmt haMug a i.i'^en 
ahscissa does not m general approach the direction of the seiies curve at the 
corresponding point oi indeed approach ijiy limiting value as the approximd 
tion is made closei and closer, and that the length of any portion of the 
approximate curve will not in general approach the length of the correspond- 
ing portion of the series curve. 

Analytically this amounts to saying that the derivative of a function of x 
cannot in general be obtained by diiferentiating term by term the Fourier's 
Series which represents the function. 

(d) The area bounded by a given ordinate, the approximate curve, the axis of 
X, and any second ordinate will approach as its limit the corresponding area of 
the series curve if the series curve is continuous between the ordinatea in 
question; and will approach the area bounded by the given ordinate, the series 
curve, the axis of X, any second ordinate, and a line perpendicular to the axis 
of X, and joining the separate portions of the series curve if the latter has a 
discontinuity between the ordinates in question. 

Analytically this amounts to saying that the Fourier's Series corresponding 
to any given function can be integrated term by term and the resulting series 
will represent the integral of the function even when the function is 
discontinuous {v. Int. Cal. Art. 83). 

We may note in passing that if the function curve is continuous a curve 
representing the integral of the function will be continuous and will not 
change its direction abruptly at any point; while if the function curve is dis- 
continuous the curve representing the integral will still be continuous but will 
change its direction abruptly at points corresponding to the discontinuities of 
the given function. 
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66 CONVERGENCE OF EOURIBE'S SBKLE8. [Akt. 40. 

40. The fa,ets that the derivative of a Fourier's Series cannot in general be 
obtained by differentiating the series term by term and that its integral can be 
obtained by integrating the series term by term are so important that it is 
worth while to look at the matter a little more closely. Let us consider the 
differentiation of the series represented in Art. 39 Figure I. 

Let 

5„ ^ sin a; + ^ ^^'^ 3^ + ^ sin 5x -\- ■ 

Then -r^ ^ cos ic + cos 3ic + cos 5a: + ■ -'- + cos (2n-'r l)x. 

dx ^ 

If .=1 

and the curve is parallel to the axis of JiT for ^ ^ o ^o matter what the 
value of m . 

If a; = ■ or x = w 

^"^1 + 1 + 1 + 1 + -.. + !=,, + ! 

and the curve y^ S„ becomes more nearly perpendicular to the axis of X 
at the origin and for x = tt as we increase n. 



That is -j-"= ■„- if m = or n = 3k 

dx 2 

= ~\ " '^ = 1 " « = 3/^ + l 

= " 11 = 2 " n = Sk-\-2. 

Consequently when x^-^ — " does not approach any limiting value as n is 

indefinitely increased. Indeed, in the ■ successive approximations the point 

whose abscissa is -r is successively on the rear, on the front, and on the crest 

or in the trough of a wave, and althougli the waves are getting smaller. they do 
not lose their sharpness of pitch. 

If X has any othei- value between and tt -^'' will change abruptly as n is 
changed and will not approach any limiting value as m is increased. 
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41. In general i£ we differentiate a roiirier'a Series 

•^ = 9 ''o + ''i cos a; -|- "i'a coa 2x -\- hg cos 3ik -| — • 

+ «isin.a! + ajsin2a! + (tssin3ai+ ■ ■ ■ 
■we get 

— 6i sin |e — 26a sin 23! — Sh sin 3x 

-[- Oi cos X -j- 2fta coa 2x -\- Sa^ cos 3z-\- • • ■ . 

Differentiate again and we get 

— bi cos X — 2^62 cos 2x — 3\ coa 3x — ■ ■ ■ 

— a, sin a; — 2''a^ sin 2x — 3%^ sin 3x — ■ - . 

We see tliat each time we differentiate we multiply the coeffloient of sin lex 
and of cos kx by k while the term still in'rolves cos he or sin kx . 

Since the series 

cos X -\- cos 2x -\- coa 3a; --|- ■ ■ ■ 

+ sin « + sin 2« + sin ,3a; H 

is not convergent, and a ^Fourier's Series converges only because its coefRoients 
decrease as we advance in the series, the differentiation of a Fourier's Series 
must malie its convergence less rapid if it does not aetually destroy it, and 
repetitions of the process will' usually eventually make the derived, series 
diverge. 

It is to be observed that the derived series are Fourier's Series, but of some- 
what special form, that is they lack the constant term. (v. Art. 30.) 

If now we integrate a Fourier's Series 

o ^0 + Si cos Z-\-fi2 cos 2x + f>3 cos 33: + ■ " • 

+ «! sin a; + ffls sin 2ic + (I3 sin 3x H — ■ 
we get C -\- ^ da^ -\- (>i ain a; + ~ ^3 sin 23! + - 63 sin 3a; + ■ ■ • 

— a-i cos X — ^ ftj cos 2x — -^a^ cos Sa; — ■ ■ ; , 

a Trigonometric Series which converges inore' rapidly than the given series. 

It is to be observed that the series obtained by integrating a Fourier's 
Series is not in general a Fonrier'a Seriea owing to the presence of the term 
^b^. (V. Art. 30.) 

42. We are now ready to consider the conditions under which a function of 
X can be developed into a Fourier's Series whose term by term derivative shall 
be equal to the derivative of the function. 
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Let the function f(x) satisfy the conditions stated in Art. 37. Then there 
is one Fourier's Series and but one which is equal to it. Call this series S. 

Let the derivative f(x)* of the given function also satisfy the conditions 
stated in Art. 37. Then f'(x) can be expressed as a Fourier's Series. By Art. 
39 (d) the iutegral of this latter series will be equal to the integral of f'(x), 
that is to f(x) plus a constant, and oue integral will be equal to f(x) . 

If this integral which is necessarily a Trigonometric Series is a Fourier's 
Series it must be identical with S. It wiU be a Foiu-ier'a . Series only in case 
the Fourier's Series for f'(x) lacks the constant term ^^o- 



But 



'- - ff'ix)dx by (3) Art. ."iO. 



Therefore K = - [/(ir) — /(— ir) ] ; 

and will be zero if /(tt) =^/(— v). 

In order that f'(x) shall satisfy the conditions stated in Art. 37 f(x) while 
satisfying the same conditions must in addition be finite and , continuous 
between x^ — tt and x=^ir. 

If, then, fix) is single-valued, finite, and eontinuous, and has only a finite 
numher of'owiinma and minima, between x := — tt and x^tr, (the values 
x = — ir and a; = tt being incliided), and if f(ir) =f(— tt) f(x) can be 
developed into a Fourier's Series whose term by term derivative will be equal 
to the derivative of the function. 

It will be observed that in this case the periodic curve ^ = iS" is continuous 
throughout its whole extent. 

43. Since a Fourier's Integral is a limiting case of a Fourier's Series the 
conclusions stated in this chapter hold, mutatis mutandis for a Fourier's 
Integral. 

For example if a function of x is finite and single-valued for all values of x 
and has not an infinite number of discontinuities or of maxima and minima in 
the neighborhood of any value of x it will be equal to the Fourier's Integral 



^f^'^ff(>^) c 



,) cos a(X — x).dX 

and to that Fourier's Integral only, and the integral with respect to x of this 
Fourier's Integral will be equal to (f(x)dx. 

If in addition f(x) is iinite and continuous for all values of x the derivative 
of the Fourier's Integral with respect to x will be equal to "^T" ■ 

* "We shall regularly use 
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CHAPTER IV. 



SOLUTION OF PROBLEMS IN PHYSIOS BY THE AID OP FOUEIEr'S 
INTEGRALS AND POUBIEE's SERIES, 

44. Ill Art. 7 we have already considered, at some length a problem in 
Heat -Conduction which required the use of a Fourier's Series. We shall begin 
the present chapter with a problem closely analogous in its treatment to that 
of Art. 7, but caRing for the use of a Fourier's Integral. 

Suppose that electricity is flowing in a thin plane sheet of infinite extent 
and that the valjie of the potential function is given for every point in some 
straight line in the sheet, required the value of the potential function at any 
point of the sheet. 

Let us take the line as the axis of X and consider at tu'st only those points 
for which y is positive: 

We have, then, to satisfy the equation 

i>^v+i>-^r=o (1) 

subject to the C(mditions 

F=0 when y=co (2) 

K=/(^) " i/ = (3) 

where /(«) is a given function, and we are not concerned with negative 
values of y. 

As in Art. 7 we have e~™ sin ax and e""" cos ax aa particular values of V 
which satisfy (i) and (2). We must multiply them by constant coefficients 
and so combine them as to satisfy condition (3). 

By (3) Art. 32 

We wish to build up a value of F which will reduce to (4) when ;/ — 0, 
This requires a lii,tle care but not much ingenuity. 
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70 SOLUTION OF PROBLEMS IN PHYSICS. [AkT. ii. 

Take c'^GOsax and e~'^8inaa; and multiply the first by eosaA, and 
the second by sinaA; they are still values of P" which satisfy (1). Add 
these and we get 

e~'"'coS(x(A— x), 

still a value of V which satisfies (1), no matter wliat the values of a and K. 
Multiply hy f(k)d\ and we have 

e-'-i'f{X) cos «(A -- x).dk (5) 

as a value of T which satisfies (1). 

V=j'e~"'f(k) cos a(\~x).dX (6) 

is still a solution of (1) since it is the limit of the sum of terms covered by 
the form (5) ; and finally 



r= - Cda Ce-'yfQ.) eos a{\~x).d} 



is a solution of (1) as it is — multiplied by the limit ot the sum of terms 
formed by multiplying the second member of (6) by da and giving different 
values to a. 

But (7) must be our required solution since while it satisfies (1) and (2), it 
reduces to (4) when j/ ^= and therefore satisfies condition (3). 

If f(x) is an even function we can i-educe (7) to the form 

V= - Cda C'^'^fQC) cos ate eos a\.d\ (8) 

and if f(x) is an odd fimction to the fovm 

y=- Cda Ce-'-yfQ^) sin ax sin aA.rfA, (9) 

(7), (8), and (9) are valid only for positive values of y, but as the problem is 
obviously symmetrical with respect to the axis of X, (7), (8), and (9) enable 
us to get the value of the potential function at any point of the plane. 

EXAMPLES. 

1. Obtain forms (8) and (9) directly by the aid of (5) and (4) Art., 32. 

2. State a problem in statical electricity of which the. solution given in 
Art, 44 is the solution. 
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Chap. IV.] FLOW OF ELBCTKinrTV" IN AN INFINITE PLANE. 71 

45. As a special case under Art. 44 let us consider the problem; — To find 
the value of the potential function at any point of a thin plane sheet of infinite 
extent where all points of a given line which lie to the left of the origin are 
kept at potential zero, and all points which lie to the right of the origin are 
Icept at potential unity. 

Here /(«)=0 if x<0 and /(«) — 1 if x>0. 

(7) Art. 44 gives us the required solution. It is 

r=- Cda.Ce-'^^Gosa(\ — x).dX; (1) 

but this can be much simplified. 
We have 

r= ^ f'^^f^" "" cos a(\ - xj.da. 

Now I e~"^- cos ntx.dx ^ ^ — — ^ 

if a>.(i. (Int. Cal. Art. 82, Ex. 8.) 

ri..n.. /«-".cos aiX-x).da ^ ^-qr^L_ , 

■n-J r+(^ — ^) '^ \2 yf 

tan(T7+tan~'-i^ — ctnitan-'-l — — - : 
\2 yf \ 7// x' 

and consequently 

F= - (^ + tan-' -) = 1 — - tan-' ^ - (2) 

7rV2 '!// -71 X 

1 V 

Smee log s — log (a; + yi) ^ 2 ^^§ {*^ + */^ + ^ tan" ' ^ , 

[Int, Cal. Art. 33 (2)], 

i — -log^s = i — -log(^ + yi)^ — — log(a;^+?/^ + i^l — -tan-'lj^ 

1 '/ 1 

and 1 tan ' — and — ^ log (x^ -\- if) are conjugate funetwns. (v. Int. 

Cal. Arta. 20') and 210.) Hence 

V, = -^\<y^{x' + '!f) (3) 

is a solution of the equation 

D'i K, + D„5 Ti = ; (4) 
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and the curves 



md 






5 (»' + ■/") = » 



(6) 



(6) 



cut each other at right angles. 

If we construct the curves obtained by giving different values to a, in (5) we 
get a set of equipotential lines for the conducting sheet described at the begin- 
ning of this article, and the curves obtained by giving different values to (i) in 
(6) will be the lines of flow. 

Moreover since ,^ 1 , , ^ , .:. /.>, 

V,=—^\a^{^? + f) (3) 

. is a solution of Laplace's Equation (4), the lines of flow just mentioned will be 
equipotential lines for a certain distribution of potential, for which the equi- 
potential lines above mentioned will be lines of flow. 
V=a, that is 



1/r 



+ tan-' -I ^(t , 



(6) 



If now we give to a values differing by a constant amount we get a S' 
straight lines radiating from the origin and at equal angular intervals. 
Fi = *, that is 



27r 



3^+ if =6-^''. 



(6) 



If we give to J a set of values differing by a constant amount we get a set 
of circles whose centres are at the origin and whose radii form a geometrical 
progression. They are the equipotential lines for a thin plane sheet of infinite 
extent where the potential function is kept equal to given different constant 
values on the circumferences of two given concentric circles or where we have 
a source as the origin; and for this 
system the lines (7) are lines of flow, 
and (3) is the complete gijlution. 

The figure gives the equipotential 
lines and lines of flow for either sys- 
tem, but only for positive values of y. 
The complete figure has the axis of -? 
" as an axis of symmetry. 
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EXAMPLES. 

1. Solve the problem of Art. 44 for the case where 

f(x)=~l if ic<0 and f(x) = l if 3!>0. 

Ann., F= — taa"~'-- 
X y 

2. Solve the problem oi' Art. 44 for the case where 

f{x) = <i, if x<(} and f(oi) = b if *>0. 

^M., v=^(a + fi) + -(b — a) tan- ' - . 

3. Keduce (7), (8), and (9) Ai-t. 44 to the forms 

respectively. 

46. Aq especially interesting case of Art. 44 is the following where 
f(x) = if x< — \, /(w) = 1 if — 1< y; < 1 , and /(^) = i£ x>l. 

Here V= - ftan"^ ^—-^ + tau"^ L'^l , H \ 

Now ^log [(1 - ,^>-] = ;^log [(1 -.^ - yi)i-\ ^^\ogly^(l~x)i-] 

. = ^log[{l-^)= + /]+^tan~'i^, 
and 

-llc.g[(-l-«)i] = -ilog[(-l-.r-,i)fl=-ilog[!/-(l+x)i] 

= - ^ i»e[(i + »■)■ + . '/T + ^t"-'^^. 

T - — 1 — .- 27r " (1 + a')2 + f ■;r L .'/ y J 
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74 SOLUTION OF PliOBLBMS IN PHYSICS. [Art, 4fi. 

Hence 

- (Un-'-2— + tan-" — ) and — log. )^ , 4"[^, 



ai'e amjui/afe functions; * and. 

— (tan " h tan ' ) = » (2) 

ttV v/ ■ y / 

is any equipotential line, and 

any line of flow for the system described at the beginning of this article; and 

is the solution of a new problem for which (3) represents any eqni potential 
line and (2) any line of flow. 



* The lunctiott conjugate t( 



- ftan-i ^-t^ + tau-i - — ^ | 



might have been found as follows. If tp is the required function and •// tlie given function v 
liave by Int. Cal. Arts. 208, 209, and 210 the relations 

I>i0 — Il„>l' and Byp = — Il^'l/ . 

■■"• "■* = - 1 [(TtI^. + (1 - «). + r'] 



If now we integrate Dji/- with respect to x treating ;/ as a constant and add an arbitrary 
function of y we shall have ip . So that 

Comparing this with its equal — D^-)/ above we find ■— — and f{y) = C 



therefore — log y-i 

where may be taken at pleasure, is our required conjugate function. 



n-zY + v 

'^{l + zf + TP^ 
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Chap. IV.] StIUKCE AND SINK IN" AN INFINITE I'LANE. 

(2) reduces to 



x'^ + y^ — l 
OT a;^+(//~i;tii ™Tr)^^es(5^a7r; (5) 

awd (3) to x^ + '!/-'+ 2 ^~^ x + t^O 

or (x -\- ctnh 67r)^ ~^ y'^ asch-lnr. 

(5) and (6) ai'e circles. The circles (5) have their centres in the axis of Y. 
and pass through the points ( — 1, 0) and (1, 0); and the circles (6) have their 
centres in the axis of X. 

(4) is the complete solutjori, (6) is any eqiiipotential line and (5) any line oi 
flow for a plane sheet in which the points in the circumferences of two given 
circles whose centres are further apart than the sum of their radii are kept at 
different constant potentials, or where a source and a sink of equal Intensity 
ai-e placed at the points (—1,0) and (1,0). Aji important practical ex- 
ample is where two wires connected with the poles of a battery are placed 
with their free ends in contact with a thin plane sheet of conducting material. 
The figure shows the equipotential lines and lines of flow of either system. 

The complete figure would have the axis of Xfor an axis of symmetry. 




EXAMPLES. 



1. Sho-wthatif f(x) = a-, when «< — /-, f(x) = a^ when —h<a-</j, 
Xx) = 0,3 when x~>b, 



-+i[(«. 






+ («3 — ((3) tan~' 
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2. Show that if /{a;) = if x<0, f{x) = ai if 0<x<bi, f(x) = 



- — (ii ti 
ttL 



- + («! - a^) tail-' — — + («, 



+ (rt3~«i)tan-' ■ 



3. Show that if f{x)= — l if !c < - 1 , f(x)=^x if — 1< x < 
/(^)-l if x>l, 

r=-i[(X + .)taii~.l±^-(l-.)t.ii-l^+^lo,^^^;]. 

4. Show that if f(x)=~i. if x<~l, f(x)=Q if — 1< ^« < : 
/(a,) = l if x>l, 

,! + » , -ji-'^n 



r=i[t. 



Show that the equipotential lines ai'e equilateral hyperbolas passing through 
the poiuts (— - 1, 0) and (1, 0), and that the lines of flow are Cassinian ovals 
having (— 1, 0) and (1, 0) at, foci The line', of flow aie equipotential lines 
and the equipotential bnes are linet, of flow foi the ea=ip where the points 
(— 1, 0) and (1, 0) aie kept at the same inhnite potential, or where very small 
ovals aurrounding these pomts aie kept at the same finite potential. The ease 
is approximately that of a pan of wires ronnected with the same pole of a 
battery whose other pole is grounded, and then pi w ed w ith their ends in con- 
tact with a thin plane conduiting "theet 

5. Showtbatif f(a.) = it r<0, t(^)= — l if i)<r:,:<a, /(») = 
if ii<x<b, and .f(x)^l if x>b, 

V=^~\ -7;— tan-^— tan-' — tan ^- . 

7rL2 y y yj 

The conjugate function 

is the solution for the case where a sink and two sources of equal intensity lie 
on the axis of X, the sink at the origin and the sources at the distances a and 
b to the right of the origin. One of the lines of flow is easily seen to be the 
circle x'^ -\- y' ^^ of) . 

. 47. If the plane condncting sheet has two straight edges at right angles 
with each other and one is kept at potential zero while the value of the poten- 
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tial fimetion is given at each point of the second, that is if V^=0 when 
x=^0 and V^:f(x) when y = 0, the eohition is readily obtained. It is 

F= — I i^a I e~°='/(X) sin ax sin a\.dk , (1) 

V. (9) Art. 44. 
This reduces to 

V. Ex. 3 Art. 45. 

EXAMPLES. 

1. If F=0 wlien y = and r=F(^i/) when 'x = show that 

V= — i da i e~'"-P(A) sin ay sin a\.dX 

2. If V^f(:e) when !/ = and V=F{y) when .«^0 show that 

3. If ^'(y) ^ & the result of Ex. 2 reduces to 

V= ^ tan- 2^ + i fo^A r^^^ r. - ^T^T^^ ■ 

4. If -F(y) = l for 0< ?/ < 1 aiid F(y) = for ?/>! while f(x)^l 
for 0<«<1 and /(a!)^0 for ^>1 

F— - tan-^— — '■ — - tan~' +2 tan~^ - 

ttL y '!/ ' X 

4- l,nn- 1 ~ '^ _f...y.-lLl!l_^_L.'>t^„-l^ I . 
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78 SOLUTION OF PROBLEMS IN PHYSICS, [AhT. 48. 

5. If one edge of the conducting sheet treated in Art. 47 is insulated, so that 
_D^F=0 if 3:^0 and V=f{x) whea y = 

r=- Cda fe-^yffk) cos ax cos ak.dK 

48. If tlie conducting sheet is a long strip with parallel edges one of which 
is at potential zero while the value of the potential function is given at all 
points of the other, that is if F=0 when ^ = and V=F(x) when 
i/^b the problem is not a very difficult one. 

Since we are no longer concerned with the value of V when 7/ = a- 
V^= e°^ sin ax and V= e'" cos ax are available as particular solutions of the 
equation 

D^V+D;'r=0 (1) 

as well as V^ e""" sin ax and V=^ fi~°''eos ax . 

ConsecLuently - — "^ — - sin ax = cosh aij sin ax [Int. Cal. Art. i^ (2)] 

and ~ ;y^ — sin ax — sinh ay sin aa: [Int. Cal. Art. 43 (1)] 

and cosh ay cos ax and sinh ay cos ax 

are now available values of I'and can be used precisely as e~'"'cosa.« and 
er"^" sin ax are used in Art. 44. 
following the same course as in Art. 44 we get 

as asolution of (1) which will reduce to, F— F(x) when y^b 

and to F^O when ,'/ = 0, since sinh ^= — - — — 0, 

and (2) is therefore our required solution. 

If F is to be equal to zero when y = b and to f(x) when y^^O we have 
only to replace y by b — y and F(x) by f(x) in (2). We get 
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Chap, TV.] FLOW IN A LONG STRIP "WITH PABAJLLBL EDGES. 
If V=f{x) when j/ — and V=F{x) when 7/ = 5 then 

This can be eonaiderably simplified by the aid of the formula 



/ 



smli px ^ TT a 

- . ■■ , -^ cos rx.dx = ^ : 

smh qx 2q pir , , r 
COS h cosh - 



if x'^'^'f- [Eierens de Haan, Tables of Def. Int. (7) 266] and becomes 

r- 1 .m f (» - •■')/>« ,j^,;l ,^^ ^ 

COS - ^ , ■ -■ + cosh — (\ — x) 

EXAMPLES. 

1, Given the formula 

I — -— ■- ■ — ■ . — tan-i (a/i— i — tanb rr) if 6 > d , 

J a-\-b cosli X \/i)-' — 0,2 V * ^ + a 2/ ' 

show that if V^^ 1 when y=^(l and F^ when y = /i V= j (b — y). 

2. Show that if V=0 when j/^=b, F= — 1 when */ = and. 
a! < , and V=l when y^O and x !> 



The soltition for the conjugate systeiiij that is, for a strip having a source at 
(0, 0) and an infinitely distant sink is 



Lj that is, for a 
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3. Show that if F^ — 1 when ;/^0 and «<0, V^X when ? 
and x~>Q, v^~~\ when y^h and a:<0, and V^l - 
j/^i and «> 0, 

F~— tan-' /tan— (p — y) tanh-^j -| — tan"' l^s^n— */ tanh — 1 

= — tan~' - 

sin-T- 

The sohition for the conjugate system, that is, for a strip having a source ; 

sink at the points {0, 0) and (0, S) is 

^^ Try 

+ cos -^ _ 



^ puoaii -T — |- cos —j- -| 

r=^iog\ - — - 

TT L- TTX -Try J 



4 If F=0 when x = 0, V = f{x) when v/^0 and a:>0, and r=0 
when y^b and k > , 

F = i fa pmli .(i - ./) [,„ „(t _ ^) _ ,„ ,(t + »,)]/(t)a 
w j' smh oi 

-i-' t'/[^ ^ ^-^ -.;]/«- 

" cosh — ("A — a:) — eos-T" cosh — fX + a;) —cos -r 

for positive values of a;, and foi' values of y betweeen and b. 

5. If ri=0 when x = 0, ri = F(x) when y =b and x>0, and 
V^ = when p = and a; > 

F. =i sin !^/ f r ? 1 1f(!,)</X 

" cosh y (X ~ a;) + cos -j- cosh y (X + a:) + cos — 

for positive values of x and values of i^ between and b. 

6. If Fb=0 when ic = 0, Fi'=/(3:) when j/ = and .?: > 0, and 
Fa =^ -F(3:) when »/=:/' and « > 

rii=F+Fj for .r>0 and 0<y<i. (v. Ess. 4 and 5) 

7. If one edge of the strip described in Art. 48 is insulated so that we have 
V=f(x) when y^O and D^V^O when y^b show that 
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Jhap. IV.] i-LOW OF HEAT IN OKE DIRECTION. 

By the aid of the formula 



/: 



cosh TT COS -Jr— 

cosh, wa; . , tt Zu la 

:r-^ — COS Tx.dx = — — ^_~ — -. L. 

cosh ?a5 pir , , mt 



[Bierens de Haau, Def . Int. Tables (6) 265] , 
reduce this to 

_„ cosh — (A ^ a;) — cos — 

8. If F=0 when j/ = or 6 and a;< — a, T— 1 when y = or & 
and — a<a^<ffi, and F=0 when ?/^=^0 or h and a^ > « 



r= - tan-' h tan-' ' ■ 

TT L - ^ ■ Ei' -' 

sill ^^ sin ^ 

9. If F=0 when y = or 6 and a;< — a, T^— 1 when j/ — and 
— ff<!C<a, F=0 when »/ = or 6 and *>», and K = — 1 when 
^:=5 and. — o,-<.x-<.o, 

F=— tan-' f-tan-' ■ ■ 

tr\_ , "J^y . "■;/ J 

tan —r- tan —r- 

h h 

10. A system conjugate to that of Ex. 9 is F=^ + oo when i/ =^ or Ji 
and 3^:= — «, F^=— 00 when «/=;0 or J and t^u. In this case 

sin° -r- + sinh' ^ , 



49. Let ns take now a problem in the flow of heat. Suppose we have an 
infinite solid in which heat flews only in one direction, and that at the start the 
temperature of each point of the solid is given. Let it be required to find the 
temperature of any point of the solid at the end of the time t. 

Here we have to solve the equation 

[v. Art. 1 (ii)] subject to the condition 

v.=:f{x) when ( = 0. (2) 
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82 SOLUTiON OF PROBLEMS IN PHYSICS. [Aet. 49. 

As the equation (1) is linear with constant coeffteients we can get a particu- 
lar solution by the device used in Ai'ts, 7 and 8. 
Let M=:e^' + °" and substitute in (1). We get 

as the only relation which need hold between ^ and a. 

Hence u = e»^+ "''" = e"^' e"' (3) 

is a solution of (J) no matter what value is given to a. 

To get a trigonometric form replace a by ai. 

Then u = e"^'^' e'^ . 

SI in (3) we replace « by — ai we get 



As in Arts. 7 and 8 we get from these values 

M=e~'*^sina3; and m =: g-"*^' cos «ck 
as particular solutions of (1), a being wholly unrestricted. 

T'rom these values we wish to build up a value of u which ahaU reduce to 
f(x) when i ^= and shall still be a solution of (1). 

We have f{x) = 1 Cda Cf{\) cos a(X — x).dX (4) 

V, Ai't. 32 (3), and by proceeding as in Art. 44 we get 

u = ^ Cda Ce-''""f(X) cos a{K — x).d\ (5) 

as our required value of u. 

This can be considerably simplified. 
Changing the order of integration 

M = 1 Cf(K)d\ Ce-"^ cos a(X — x),da . (6) 

Jr '"°" cos a(K - x).da = l-^^Z . e'^^ (7) 

fe-"'^ cos hx.dx, == 1^ e-5 [Int. Cal. Art. 94 (2)] 
" = ^i/-^^^^ <r'^^d\. (8) 



by the formula 
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EXAMPLES. 



2a\ft ' 
then X = x-y- 2a\ft.^ 



aii<3 



EXAMi'LKS. 
1. Let the solid be of infinite extent and let the temperatiire be e 
constant c at the time ( ^^ . 



<^ /• a, ,, 2(! r „, 



V. Int. Cal. Art. 92 (2). 

2. Let u:^=x when t^O. 



Then it = -= C(x + 2a\jt.l3)e-^(IS == ■« 



3. Let j( = iB^ when t^-d. 

Then u^x'+'IaH. 

4. Let u = if a;< — S, m=1 if —b<x<h, and k = if x>5, 
when i = , 

Then 

^^J_^'_ 2_^r_i fi^ + S^Jg^ I 6^+106^^ + 5;^ 1 

V^J *" ■'^""v'^L2«\r; 3(2aVi)' 5.2!(2B\/i)' -t' 

5. Let M = if w<0 and m = 1 if a^>0 when ^^0. 



"=rJ^''""'h [/'"■'"' +/•"'"'] = ^y''""*+ 2 



i+4r- 



= s + 



■■]• 



' 2^ \l-7r\-2a\lt 3.(2aV0' S.2!(2a.v'()'' 7.3!(2av'i)^ 
6. An iron slab 10 c. m, thick ia placed between and in contact with two 
veiy thick iron slabs. The initial temperature of the middle slab ia 100°, and 
of each of the outer slabs 0°. Required the temperature of a point in the 
middle of the inner slab fifteen minutes after the slabs have been put together. 
Given o.« = 0.185 in C.G.S. units. Aiis.,2VJo. 
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84 SOLUTION OF PROBLii;MS IN PHYBIGS. [AkT. 5(». 

7. Two very thick iron slabs one of wliicli is at the temperature 0" and tlie 
other at the temperature 100° throughout are placed together face to fa«e. 
Find the temperature of each slab 10 c. m. from their common face fifteen 
minutes after they have been placed together. Aiis., 70°.8, 29°,^. 

8. Fiud a particular solution of I>,u = a^D^u on the assumption that it 
is of the form u =^ T,X where 2" ia a function of t alone and .J" is a function 
of X alone. 

SO. If OUT solid has one plane face which is kept at the constant tem- 
perature zero, and we start with any given distribution of heat, the problem is 
somewhat modified. 

Take the origin of coordinates in the plane face. Then we have as before 
the equation 

D.u^a'B^u, (1) 

but our conditions are 

v( = when x^d (2) 

u^f(_x) " i-0 (3) 

and we are concerned only with positive values of x. 
Wo may then use the form (4) Art. 32 

f(x) ^~ i da i f(k) sin ax sin ak.f/X , (4) 

and proceeding as in the last section we get 

11 = - Cda re-"""/(X) sill ax sin ak.dX (5) 

as our required solution. This Jnay be reduced considerably. 

« = - Cf{X)d\ re-"^°"[cos a(k ~ x) ~ cos a(\ + x)](fo, 



S-rrt-tf 

%j be redl^eed to the 

« = ^[_S^^^y(^ + 2ay/i.p)dlS -fe-^V(- x + 2«Vi-^)'^/?] ■ {V 



by (7) Art. 49, and this may be redl^eed to the form 



EXAMPLES. 
1. Let the initial temperature be constant and equal to c. 
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EXAMPLES, 



^lf'^"'^-A'''^'] 



= 2^r^ ^^+^ ^ +...1. 

VV \-2a\ft 3.(2a\fty 5.21(2a\fty 7.31(2^0' -I 

2. Assuming that the earth was originally at the temperature 7000° Pahren- 
heit throughout, and that the surface was kept at the .constant temperature 0°, 
find (1) the temperature 10 miles helow the surface 10,000,000 years after the 
cooling began;. (2) the temperature 1 jnile below the surface at the same 
epoch; (3) the temperature 10 miles below the surface 100,000,000 years after 
the coolirig began; (4) the temperature 1 mile below the surface at tbe same 
epoch; (5) the rate at which the temperature was increasing with the distance 
from the surface at each point at each 'epoch. 

Neglect the convexity of the earth's, surface and take Sir Wm. Thomson's 
value of a^ (400) the foot, the Tahrenheit degree, and the year being taken as 
units. (Thomson and Talt's Nat, Phil. Vol. II. Appendix.) 

Ans., (1) 3114°; (2) SSS^.S (3) 1036°; (4) 103°; (6) 1° for every 20 feet, 3" 
for every 50 feet, 1° for every 50 feet, 1° for every 50 feet. 

li. Let the initial temperature be constant and equal to — b , then by Ex. 1 



if--'^- 



___ 2S.i 

4. Let the temperature of the plane face be b instead of zero, and let the 
initial temperature be zero. 

Then we have only to add S to the second member of the solution in Ex. 3, 
as we may since u^^h is a solution of (1) Art. 49, and we get 



5. Let " — /j when x = f} and ■«=/(«) when ( = 0. 
by (6) Art, 50, 
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86 SOLUTIOK OF FROBLKMS IN PHYSICS, [AltT. 51. 

6. Let u =^ h when x := aiid u^c wlie,n / = . 

Then u — l,-\-{i--—h)^Cer»'d^. 

7 It the earth has been cooling for 200,000,000 years from a uniform tem- 
peiature, jjio^e that the rate of cooling is greatest at a depth of about 76 
miles, and that at a depth of about 130 miles the rate of cooling has reached 
its maximum value for all time. Let a^^400. 

8 '^how that if the plane face of the solid considered in Art. 60 instead of 
being kept at temperature zero is impervious to heat 



i^J/(A)(e *^' +6 '"' )dk. v. (0) Ai-t. BO. 



51. If the temperature of the plane face of the solid described in Art. 50 
is a given function of the time and the initial temperature is zero, the solution 
of the problem can be obtained by a very ingenious method due to Kiemann. 
Here we have to solve the equation 

I),u = uWiu (1) 

subject to the conditions 

j( — F/f\ when t — ^ 

(2) 



(3) 



We know that 


u = F(i) -when x = Q -, 




•-^-'^ 


is a solution of (1), v. "Ex. 


1 Art. 50, It is easily shown that 




'-#-• 


where o is any constant, is 
For 


a solution of (1). 


_D,__A^^_ 


'^ _5 _. 


V^2»2(;- 


7,3« """'--^JC-") '' ' 
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CiiAi'. IV.] TEMPEEATOKE OF FACE A FUNCTION OF THE TIME. 87 

Let ^(x, t) be a ftinotion of x and i *hich shall be equal to aero if t is 
negative and shall be equal to 

if t is equal to or gi'eater than zero; so that if :c = <(,(x,1;)=\ and if 

We shall now attack the following problem, to solve equation (1) subject to 
the eonditions 

u = if t^O 
ti = F(0) " x=0 and < / < t 
w = ^(/fT)" x = " hr<t<(k + l)r, 
where k is any whole number and t is any arbitrai'ily chosen interval of time. 
If we form the value 

u = F{krX^{x, t-kr)- <t,(x, t-(k + 1)t)] (4) 

u will satisfy equation (1) since zero, unity and 



are values of u which satisfy (1). m will be zero if fCkr by the definition 
of the function >i>(x,t); if fl; = u = if t>{k + l)T and u^F{kT) U 
kT<t<(k-^l)T. 
Therefore 

u = ^-F(/^r)[^(^, ( - k^) - ^(X, t~(k + 1)t)] 0) 

is the solution of the problem stated above. 

(5) can be simplified somewhat from the consideration that for a given value 
of i ^(x,t—kT)=(} if kT>t. If, then, TOT is the greatest whole multiple 
of T not exceeding ;, 

If now we decrease r indefinitely the limiting form of (6) will be the solu- 
tion of the problem stated at the beginning of this article. 

(6) may be written 

» ='s'g(fa) [ *''■' - '"> - *f ■' - <t +-^y (7) 
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88 SOLUTION OF PEOBLBMS IN PHYSICS. [Art, 51. 

aiid if T is indefinitely decreased the limiting form of (7) is 

u ^ — CF(\)D^<l>(a:,/, — X)d\ . (8) 

Since t — K is positive between the limits of integration 



^(x,t-X) = l- 



'^f<^'"^^> 



and I>Mx,t - X) = - ~ e *^"-^' (t-k)-^; 

and (8) may be written 



EXAMPLES. 
1. If K = nt when tc :^ and u^O when ( = 

-2. A thick iron slab is at the temperature zero throi^hout, one of its plane 
faces is then kept at the temperature J00° Centigrade for 5 minutes, then at 
the temperature zero for the next 5 minutes, then at the temperature 100° for 
the next 6 minutes, and then at the temperature zero. Eequired the tem- 
perature of a point in the slab 5 cm. from the face at the expiration of 18 
minutes. Given; a^ = .lS5. Ann., 2(i''.l. 

3. If u = F(f) when ,t = and u=f(x) when t = 0, then 

V. (G) Art. 50, 
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4. If iu Art. (fll) i'(t) ia a periodic function of the time of period T it can 
be expressed by a Courier's series of the form 

F{t) = :; ''u + ^ [«ffl sin mat + h^ cos maf} , where a^ — , 

or F(t) = ^ h-+ -^ p^ sin (maf + X,J, 

where PmCOsX^^a^ and p„, sinX^^i^. v. Art. 31 Ek. 3. 

Show that with this valne of F(t) (10) Art 51 becomes 



« - ^ hf^^'d^ ^^^P^ [^i" ("'"^ + -^)/«-^ 



-cos(... + X.)/.-^in^;.^-| 



and that as t increases n approaches the valne 



r ^'- !>' , Vtt sVj , h\2 r ^ />= , Vjt sVs /,V2 
I e~ sm —,dx=^ —r- e~ 3 sin —77- 1 \ e " cos — , dx ^= -r- e 2 cos — — • 
J aii' .i 2 J X- I 2 

V. Ri&mann, Lin. par. dif. gl. § 64. 

5. If we are dealing with a bar of small crosa-section where the heat not 
oTily flowB along the bar but at the same time escapes at the surface of tbe 
bar into air at the temperatiire zero we have to solve the differential 
equation 

D,u = ri'D^u — b''u. v. Fourier, Heat § 105. 

Show that for this case 

aj'C particular solutions, and that if u =f(x) ■ when t^=Q 
cf, (8) and (9) Art. 49: 
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90 SOLTJTIOH OF rROBLBMS IN PHVSICS. [AliT. Til. 

If it = when x = and w=f(x) when ( = 

«f, (7) Art. 50. 

If u = — G--T when ( = and n=0 when a; — 

and if jj ;= 1 when x^^Q and w =: when i = we have only to add 
e~ "^ to the second member of the laat equation, since u = e~~ satisfies the 
equation 

I>,1( = ffi=i?> — i^M . 

If M ^= i^(() when ^ =: and u^O when f ^^ we can employ the 
method of Art. 51. 



and «=,^^r(( — X) 2e-'""-"-iSi73X,.F(A)<;A, 

cf. (9) Art. 51, 

cf. (10) Art. 51. 

If F{i) is periodic and lias the valne taken in Ex. 4, show that the value 
approached by w as ( increases is 

where p = (p + Vi' + w^a')* and q^(— I''' + ■^h'' + m^ a^)^ ■ 
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Chap. IV.] 




angstrom's methoi 


aiveu 




J\--S.^f.. 




/- 


---sm-ix-^e-" 


and 


/•- 





y'' ,.., , .rzr-c ,.i^i „,j i = H/_„.4-v/„. + ,,.)i. 



J («■ + v".!' + ft*)* and ■* = ^ (- <■' + V«' + ft*)» 

Angstrom's method of determmiiig the conductivity of a metal is baaed on 
the result jiist given (v. Phil. Mag. Feb. 1863), and is described by Sir Wm. 
Thomson (Encyc. Brit. Article " Heat") as by far the best that has yet been 
devised. 

52. If u is a periodic function of the time when a; ^ as in Art. 51 Ex. 4 
and we are concerned with the limiting value approached by m as i increases 
we can avoid evaluating a complicated-definite integral if we take the following 



Since as we 


ihave 


seen 


in Art. 49 14 = 6*'+-" is a solution of 


provided only that 


^ = 


-.a?a' we have 








u = e?-^%'^~? 


as a solntioii. 








Itepiacing ^ by 


±^i 


this becomes 








« = e='^'*=^^^B^'=^'^ 


since 






V^i = ±|\/5{1 +J) 


and 






^-i=±\^l{l-i)- 


Hence 









(1) 



ii'e particnlar solutions of (1). 
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92 SOLUTION OF PK0BLJ3MS IK FH^SICS. [Art. 53. 

"From these wb get readily 

" = p«>«-S^^sm («^i-^-^/^+A™) (4) 

as a solution. (4) reduces to 

■([ ^ p,^ sin (mat + X,„) when x = 

and to «=: p™e~^'^sin (A„, ■*/—) when ( = 0. 

1^"' \ "' a \ 2 ^ 

If we add a teum which satisfies (1) and which is equal to zeuo when x^=0 
and to — p^iri^'-f sin {x,, — - \^ when ;: = (v. Art. 50) we shall 
have a solution of (1) which is zero when ( = and which is 

p^ sin (mat + A^ when x = (). 
The term in question approaches zero as t increases [v. (7) Art. 50] and we 
have at once the solution given in Art. 51 Ex. 4, as our I'eqviired result, 

EXAMPLE, 
Showthat i( = 6P' + "' is a solution of I>,ii=^a'I>^u — b'u if ^=^a^a^-~l>'^, 
and hence that 



u = e" „vi sm 



(^±^_), and «=..-t-,cos(^±^), 



p = [V^^+T' + //]i and 2 = [s/jS^ + lj* — //']i , 
G solutions. Hence 



n(^-^ + g 



is a solution. 

If ^ ^ tna this last result reduces to ti = p^ sin (mat + \^ wl 
and by the reasoning of Art. 52 it must he the value u approaches as 
if we have the same conditions as in the last part of Ait. 51 Ex. 5. 

53. The whole problem of the flow of heat is treated by Sir William Thom- 
son (v. Math, and Phys. Papers, Vol. II), and other recent writers from a dif- 
ferent and decidedly interesting point of. view, which we shall briefly sketch 
in connection with the problem of Linear Flow. 

Suppose we are dealing with a bar having a small cross-section and an adia- 
thermanoua surface, and take as our unit of heat the amount required to raise by 
a unit the temperature of a unit of length of the bar. If at a point of the bar a 
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Chap. IV.] INSTANTANEOUS HEAT SOURCES. 93 

quantity Q of heat is suddenly generated the point is called an imtnntiTfoiin 
heat souree of strength Q. 

If the heat instead of being suddenly generated is generated graduaUy and 
at a rate that would give Q units of heat per unit of time the point is called a 
perTnaneni heat saline at strength Q. 

The temperature at any point of the bar at any time due to an instantaneous 
source of strength Q at the point x^\ is easily found by the aid of formula 
(8) Art. 49 as follows:— 

If a quantity ol' heat Q is suddenly generated along the poi-tion of the bar 
from x-=X to a: = A + AX, where ink is any atbitraiy length, the tem- 
perature of that portion will be suddenly raised to -H-, and we shall have by 
(8) Art. 49 



-Vxip-'^iS^'* (1) 



as the temperature of any point of the bar at any time t thereafter. 

If now we write u equal to the limiting value approached by the second 
member of (1) as i\ is made to approach zero we get 



^a^firf 



(2) 



as the solution for the case where we have an instantaneous source at the 
point a: = X . 

It is to be observed that in (2) ;; — when t — and v = —~^ 
• 2aVTrt 

when a; :=. X and i > . 

If we have several sources we have only to add the temperatures due to the 
separate sources. 

Formula (8) Art. 49 may now be regarded as the solution for the case where 
we start with an instantaneous heat source of strength fQi)dk in every 
element of length of the bar. 

A source of strength — Q is called a sink of strength Q\ and (6) Art. 50 
may be regarded as the solution for the case where we have at the start an 
instantaneous source of strength /(X)rfX in every element of the bar whose dis- 
tance to the right of the origin is X, and an instantaneous sink of strength 
fQC)dk in every elemejit of the bar whose distance to the left of the origin is X. 

If we have an instantaneous source at the origin (2) reduces to 

.=-2=.-S (S) 
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For a permanent source of constant strength Q at the origin (3) gives 

« = ^/«-=ifc7>('-'ri* (4) 

;uid for a permanent source of variable strength f(t) 

« = ^p-=fc>(<-^)-T/«*- (5) 

In (4) and (5) u obviqusly reduces to zero when i^O and x>-Q, but its 
value when x = Q is not easily determined. We can avoid the difficulty by 
introducing the conception of a doublet. 

54. If a source and a sink of ec[iml strength Q ai'c made to approach each 
other while Q multiplied by their distance apart is kept equal to a constant P 
the limiting state of things is said to be due to a dovblet of strength P whose 
axis is tangent to the line of approach and points from sink to source. A 
douhUt of strength — P differs from a doublet of strength P only in that its 
axis has the opposite direction. 

Let us find the temperati\re due to an instantaneous doublet of strength P 
placed at the origin. For a source of strength Q&^, x^^-q and an equal sink 
at 55 = — ij we have 



'Ifi-fiH 






P (i'+^> . , vx 

= ]=e- 4»» smh^. 

2ar,\firi ^«-f 

If Tj is made to approach zero 

limit [lri,J.^]=^, 

Px =« 

4ttV^ "" 

is the solution for the temperature at any time and place due- to an instantane- 
ous doublet of strength P placed at the origin. For a doublet at any other 
point a; =:: X we have 



(1) 
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For a permanent doublet of constant strength F placed at the ( 
have 



%/.-,sfc-,(.-0-9*; (3) 



and for a permanent doublet of variable strength f(t) 






"From (6) and (6) we see readily that m =^ when t=^0 and that 
)[ ^^TT-j when X = if we approach the origin from the right and that 

tc = — '^^ when ^ ^= if we' approach the origin from the left. 

If the point x = is kept at the constant temperature 6 and we are eon- 
oei-ned^only with positive values of xwe can get from (6) the solution given in 
Art. 50 Ex. 4 by supposing a permanent doublet of strength 2a^6 placed at 
the origin. 

To solve the problem treated iu Art. 51 we have only to suppose a permanent 
doublet of strength 'ia^F(t) placed at x = Q and from (5) we get at once 
(10) Art. 51, 

EXAMPLE, 
Show that if D,u = a^D^u — b^u and an instantaneous source of strength 
Q is placed at a; = X 



Show that if an instantaneous doublet of strength P is placed at the point 



- ^ . iSr V. Art. 51, Ex. 5. 

2a\/irt 



ia'yf^t 



>y Google 



96 SOLUTION OF PROBLEMS IN PHYSICS. [Akt. 53. 

If a permanent doublet of strength f(t) is plaoed at (C ^= 






wlience m — when i=^0 a.nd k>0 ot a; < and m — ±'^^ when 

3! = 0. 

Hence if we place at « = a permanent doublet of strength 'M^P(i) we 
get the solution given in Art. 51 Ex. 5 for the ease where n ^ F(t) when 
x^=G and M =: when t = <) provided we are concerned only with positive 
values of a: . 

If F{t) = e this reduces to 






55. As another example of the use of Fourier's Integral we shall consider 
the transmission of a disturbance along a stretched elastic string. 

Suppose we have a stretched elastic string so long that we need not consider 
what happens at its ends, that is so long that we may treat its length as 
infinite. Let the string be initially distorted into some given form and then 
released ; to investigate its subsequent motion. 

Let us take the position of equilibrium of the string as the axis of X and 
any given point as origin. 

We have, then, to solve the differential equation 

J)fy=a^D'iy (I) 

[v. (viii) Art. 1] subject to the conditions 

y=/(x) when (-^0 (2) 

J),y = (i '■ . i = 0. (3) 

As in Art. 8 we find 

y ^ cos, a(x ±. a() and ?/^= sin a(» ± a*) 
as particular solutions of (1). 

Fi-om these we must build up a value that will reduce to 



f(x) = - Cda CfiX) cos aiX — x).dk 
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Chap, IV.] INFINITE STRETCHED ELASTIC STRING. 

when ( ^ and will at the same time satisfy (3). 

y — cos a\ cos a(x + at) + sin aX sin a(x + af) 
or y = cos a(X — x~a£) 

is a solution of (1). 

Hence y = - \da |/(A.) cos a(X — x — at).d\ 

is also a solution of (1). 

(5) reduces to y ^^f(x) when i ^= but it gives 



(6) 



A, = |^.*ajp 



f(X) sin a(\ — x).dk 



when t = and consequently does not satisfy equation (3). 

If in. forming (5) we nae cos a(x — at) and sin a(x — at) instead of 
COS a(x + at) and sin a(x -\- at) we get 

2/ = - Cda ff(\) cos a(X. ~x + at).dX (6) 

which is a solntion of (1), and rednees to y ^^f(x) when t^=0, but it gives 

-0,!/ = - ^fdaffii) sin a(i - i:).d\ 

when i = and does not satisfy (3). 

If, however, we take one-half the sum of the values of y in (6) and (6) we 

get 

y = l r^J*^«j7{A) COS a(X - X - af).dk 

+ ^fdaff(\) cos a(X-x + at).dk^ , (7) 

a solution of (1) which satisfies both (2) and (3), and is, therefore, our required 
solution. 

This result can be very much simpli^fied. 

If we substitute s^x-\-at 

— i da if (^K) cos a(X — x^ at). d\ 
= ;J/<^«//(X) cos a(X ~ ^).d\ =/(«) =J-(x + at) ; 
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98 SOLUTION or problems in physics. [Art. 56. 

and in like manner we can show tliat 

^fdaffiX) cos a(k-x- wt).dk =f(x - at) . 

Hence our solution becomes 

j,= l[/(« + oO+/(»i -»')]. (8) 

This result is of great importance in the theory of elastic strings and it 
shows that the initial disturbance splits into two equal waves which run along 
the string, one to the right and the other to the left, with a uniform velocity a, 
and that there is nothing like a periodic motion or vibration of any sort unless 
the ends of the string produce some effect. 

56. If the string ia not initially distorted but starts from its position of 
equilibrium with a given initial velocity impressed upon ea«h point we have to 
solve the equation 

Dfy = aW!y (1) 

subject to the conditions 

J/ = when ( = (2) 

D,y^F(x)" t = Q. (3) 

■We get by the process used in Art. 55 

if x — at<\<x-^at, and is equal to zero for all other values of A; since 
J!H^^^ Jifm>0 

^-|ifm<0 
= if m=0. 
V. Int. Cal, Art. 92 (3). 

Hence y~h f^Q^)'^^ (*) 

is onr required solution. 
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EXAMPLES. 

1. If the string is initially distorted and starts with initial velocity so that 
y~f(x) and P,y = F(x) when ; = 

y = l [/'(* + "0 +/(^ - '^m + ^/^W'^^ ■ 

2. If the initial disturbance is caused by a blow, as from the hammer in a 
piano, which impresses upon all the points in a portion of the string of length 
c an equal transverse velocity b show that the front of the wave which will be 
seen to run to the left along the string will be a straight line having a slope 

equal to ^ and a length equal to x- v4^ + 6* . Of course a wave having 

a front of jthe same length with a slope equal to ~ „- will be seen to run to 

the right along the ati'ing, and the effect of the two waves will be to lift the 

string bodily and permanently to a distance ^ above its original position. 

57. We shaU now take up a few examples of the use of Fourier's Series. 
In the problem of Art, 7 let the temperature of the base of the plate be a 

given function of x, the other conditions remaining unchanged. 

Since f(x) = ^(a„ sin nix) 

where a^ = -J/(a) sin ma.da 

we have m=^ — ^ e"™" sin ma; |/(a) sin ma.rfa , (1) 

If the breadth of the plate is a instead of x 

„ = f|[.-? .i. =//W .in =f *] . (2) 

58. If the temperature of the base is unity and the breadth of the plate is 
TT the solution is, as we have seen in Art. 7, 

« = ^ [«"" sin a; + 1 e-'^ sin 3^, + ler-^sin&x + --'j. (1) 

This series can be sunnned without difficulty. We have the development 

if the modulus of s is less than 1. Int. Cal. Art. 221 (4). 
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Hence log (1 — s) = 

if mod. s < 1 . 



^[_log(l+z)-los(l->)]=-+^+- + - 



if mod. 3 < 1 . 
But 



g (1 + z) = log [1 4- ^(cos 4, + i sin ,^)] 

— 2 log [(1 + r cos ^)^ + (r sin <i.)^] + i tan" ^ j-qr~ 
^ilog(l + 2.oos* + .^ + aan-^^;^, 



g (i — s) = - log (1 — 2j- cos 1^ + r=) — i tan-' ip^ 



[Int. Cal. Art. 33 (2)], 
and (2) becomes 

1 ri , 1 + 2r cos A + r^ , , ^ , 2r sin dT 

2 L2 1 — 2r cos + J'^ 1 — v^ J 

r(<ios 'jt-j'i ain <^) i-^(cos 30 + '" sin 30) . 

~ 1 "'■ :i ■^" 

From (3) we get two equations 

1, 1 -j-Sr cos + '•'•' ^ ?' cos ?-^ cos 30 )'°cos5'ji 



^■^^ 1 _ 9^ n^o A -L ^i ^ ^1 ■ "^ ^ T """""Ti I *■ -* 

(5) 



4'"'^l-2i-cos0 + 

'> I r^ sip fl0 



botli valid for all values of provided !■ < 1 . 
fi-" is less than 1 if ?/ is positive. 
Hence from (5) 



and (1) may be written 



H ^1 tan- 


, 20-" sin ^ 

1 — B-^ 




^.itaol- 


.^-■"^ it.„- 


sinh ;/ ' 


.ta^^^'^,- 




(6) 
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Chap. iV.] STATIONARY TEMPEItATUUE. 

If we replace r by T" and ^ by a; in 

log[l + )-{cos.^+ism0)] 
it becomes log [1 + e^" cosx + i e"' sin x] 

or log [1 + COS a + ^ sin s] 

V. Int. Cal. Alt. 35 (3) and (4) 
a function of s as a wliole ; and 

log[1-r(cos.^ + -iBin<^)], 
becomes log (1 — cos s — i sih s) ; 

hence by Int. Cal. Arts. 209 and 210, 
1 + 2^" cos x + ^^ 



and 



Ze-" cos a; + e-* 2 1 — e"^ 

sinh y 



e eonjiigate functions, and 



TT cosh !/ ^ cos ic 

is the solution for the problem where the isothermal lines are the lines of flow 

of the present problem and the lines of flow are the isothermal lines of the 

present problem. 

For our problem, then, the isothermal lines are given by the equation 

2^ , sin* 

— tan~^ -^—, — =^ ft 

TT sinh^ 

sin a; a-TT ,o, 

or ■■ . ■ == tan -^- (»J 

ainh J/ 2 

and the lines o-f flow by 

1 , cosh « + cos X 

-log — r-^^-C — b, 

TT cosh ji — COS a; 

or cosh y + cos a; ^ ^^^ _ ,g, 

coah 1/ — cos a; 

EXAMPLES. 

I. If .i>^^( + I>^=it = 0, and J( = l when y = 0,. and m = wlien 

« ^ and when x=a , 

4 r T« . tt.t; , 1 Wk . S'jra^ ,1 n™ . Sir.r ~] 

M = - e-^sm— + 5^Vsin - + 3e-„ sm^H 

ttL ft3 1*5 « J 
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102 ■ SOLUTION OF PROBLEMS IN PHYSICS. [Akt. 59. 

2. If u = <i,(x) when J/ = 0, u=f{y) when x = {) , and u = F{y) 
u = l^^^ sin ^/^(;.) sin ^ rfX 

^2« «JL .'T,, s 'T^ 1,'^/. I -, TT^J-'*- -^ 

II cosh — (A — y) ~ cos — cosh — (X + »/) — cos — --' 

+ f •» - fr ' >w* ■ 

II "-cosh - (X — yj-\- COS — cosh — (X + 7/)-r c-os — 

V. Art. 48, Exs. 4, 5, and-6. 

59, If three sides of a plane reetangiilajr sheet of conducting material be 
kept at potential zero and the value of the potential function at every point of 
the fouith side be given; to find the value of this potential function at any 
point of the sheet. 
To formulate: — 

J}lF+X>,'V=0. (1) 

r=0 when ^^0. (2) 

F=0 " 9; = a. (3) 

V=0 " y^b. (4) 

r=fix) " 2/ = 0. (S) 

Working as in Art. 48 we get 

sinb — - (6 — y) 



as avalue of Twhicb satisfies equations (1), (2), (3), and (4) if »i is an integt 
Therefore 

..,= 1 Smh— ;; — " 

is our required solution. 
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EXAMPLES. 

1. If fix) = 1 Eq. (6) Art. 5& reduces to 

siiih — (It — y) ^ sinh — (h — 



11^^^ 



- + o 



+ -= — — k - , sin - — ■ + , 

5 . OTTO a, J 



2. If V=Q when x^O, r=0 when x = a, V=i) when y = (i, 
and V=F(x) when y = b, then 



«^^|_ mTT^ a J ^ ' a, J 



^m=» gjnh 
sinh- 

3. If i^(a;) = 3 the answer of Ex. 2 reduces to 

. , -Try ' . , Zinj . , 5iru 

., ^smh — ^ ^ sinh — - „ ^ sinh — ~ „ _, 

^, 4 r ft TTX ,1 n. . iiTra; ,1 a, . oira; , H 

TT L - , 'TO ft 3 . , 37r6 « o . , SttS a J 

smh — r suih — - smn 

4. If r=0 when ic^O, r=0 when a: = «, r=/(K) when y = 0, 
and F= -^(3;) when y=^h, then 

»i^i» giuh— rt — y) " 
ni=i Sinh u 



Siuh 

5. If fix) = F(x) the answer of Ex. 4 reduces to 
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104 SOLUTION OF PEOBLEMS IN PHYSICS. 

6. If f(x) ^= F(3i) = 1 the answer of Ex. 5 reduces to 



cosh 

J^^^^L^ ZI— 8111— + 



cosh 



8111 1 Sill 

^cosh-|:(-~^) 



7. It r=f(x) when )/ = 0, r^i^(^) when y = b, r=<l 
K = (), and V=^x(j/) """hen a;;=:a, then 

^ 2vV . M„ /'°''?('-'') r„., ^ ».«^, 



sinh 
+ 






"=1 smh— T— 






i/x«"°^*)]- 



sinh- 
i. If /(a;) = <i,{y) = and F(x) = x(v) == ^ t^^ answer of Ex. 7 may be 



reduced to 



„2r-r,j """6V2 V 3, 1 



(5-")^,_„,l"™TV2-"/,,^2,r, 



"24 



- i; — -^ — ■ Sin —^ + - — — sin -—^ 



--— . . -sui + i__ -^ 

3 . , 3wa b i ^ iira 

8inh -^- cosh -XT 
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Chap. IV.] TLOW or HEAT IN A SLAB. 105 

9. Find the temperature of the middle pgint of a thin sqnare plate wliose 
faces are -impervious to heat; 1st, when three edges are kept at the tem- 
perature 0° and the fourth edge at the temperature 100°; 3d, when two 
opposite edges are kept at the temperature 0° and the other two at tiie tem- 
perature 100°; 3d, when two adjacent edges are kept at the temperature 0° 
and the other edges at the temperature 100°. See examples 3, 6, and 8. 

Ans., (1) 25°; (2) 50°; (3) 50°. 

60. Let us pass on to the consideration of the flow of heat in one dimension. 
Suppose that we have an infinite solid with two parallel plane faces whose 



Take the origin in one face and the axis of X perpendicular to the faces. 
Let the initial temperature be any given, function of x and let the two faces be 
kept at the constant temperature zero; to find the temperature at any point of 
the slab at any time. 

We have to solve the equation 

B^u^a'^D^'u (1) 

subject to the conditions 

u = when x = G (2) 

u = " .: = . (3) 

H=f(x)" t = (i. (4) 

In Art. 49 we have found 



as particular solutions of (1). 



3 (2) whatever value is given to a. It satisfies (3) 
if a ^ provided nt is an integer. Let us try to build a value of u out of 

terms of the form Ae~ ^ sin which shall satisfy (4). 

We have 

/W = !'|"[»" =//W ™ "^ *3 ■ (6) 

. = fx [.~'^' Bin = //(X) sin =* <ix] . (6) 

reduces to (5) when i^ = and is oui required solution. 
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106 SOLUXIOK OF PliOBLEMS IN PHYSICS. [Aht. 61. 

EXAMPLES. 

1. If /(A)=^i, a constant, (6) Art. 60 ]-eduees to 

M^ — l^e— ^sm — + -e---X'sin — +ge — 5-3111— H J. 

2. An iron slab 10 cm. thick is placed between and in contact with two 
other iron slabs each 10 cm, thick. The temperature of the middle slab is at 
first 100° throughout, and of the outside slabs 0° tlu-oughout. The outer faces 
of the outside slabs aj:e kept at the temperature 0°. Required the temperature 
of a point in the middle of the middle slab fifteen minutes after the slabs have 
been placed in contact. Griven a^=^0.185 in C.G-.S. units. Ans., 10°.3. 

3. Two iron slabs each 20 cm. thick one of which is at the temperature 0° 
and the other at the temperature 100° throughout, are placed together face to 
face, and their outer faces are kept at the temperature 0°. Find the tem- 
perature of a point in their common face and of points 10 era. from the com- 
mon face fifteen minutes after the slabs have been put together. 

Ans., 22''.8; 16M; 17°.2. 
4. ' One face of an iron slab 40 cm. thick is kept at the temperature 0° and 
the other faee at the temperature 100° until the permanent state of tem- 
peratures is set up. Each face is then kept at the temperature 0". Required 
the tempei-ature of a point in the middle of the slab, and of points 10 cm. from 
the faces fifteen minutes after the cooling has begun. 

Am., 22°.8; 15°.6; W.7. 
61. If tlie faces of the slab treated in Art. 60 instead of being kept at the 
temperature zero are rendered impervious to heat, the solution of the problem 
is easy. 

In this ease we liave to solve the equation 

subject to the conditions 



We have only to use the particular solution 



as we used . m = e fi""^' sin ax 

in Art. 60. We get 

" ^ I [jP^^'^^^ +X(«-=^ cos ^ J/(X) cos ^ rfx) ] . (1) 
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Chap. IV.] i'Lt>W OT' heat In a slab Wi 
EXAMPLES. 

1. Solve example 2 Art. 60 supposii^ that the outer surfaces are blanketed 
after the slabs ai'e placed together ao that heat can neither enter nor escape. 
Find in addition the temperature of the outer surfaces fifteeii minutes after 
the slabs are placed in contact. Ans., 33°.3; 33°. 3. 

2. Solve example 3 Art. 60 on the hypothesis just stated, getting in addition 
the temperatures of points on the outer surfaces 

im 53% 33° 9, 66° 1 27° 2 72°.8. 

3. Solve eximple 4 Art bO supposing that beat neithei enters noi escaijes 
at the outer surtaxes attei the petmanent state of tempeiatuies has been set 
up. Eind ilsc the tempeiatuies of points m the outei surf'wes 

■!;< 50° 3<i°7 60° 3 -i')° ^ fi4°.5. 

4. Show that it M = -when ^ = 0, D^m — when x = c, and u=f(x) 
wlien i = , 



^2;(,--i-...e=^)=J>(.) 



(2».+ l)^ /.„, , g^tl>rX 



d\) 



Sugt/esdon : Assume u^O when x = 2o and fi2a — x) ^=f(x), and see 
(6) Art. 60. 

62. If the temperature of the right-hand face of the slab considered in Art. 
60 is a constant y instead of zero we have only to add to the second member 
of (6) Art. 60 a term Mi which shall satisfy the conditions 

_D,i(, = a'B^u, (1) 

M, = when x = (2) 

i(, = " ' = (3) 

u, = y " ^ = c. (4) 

1*1 ^ ■'- obviously satisfies (1), (2), and (4); to make it satisfy (3) as well 

we must add a term w^ which shall be equal to zero when a? ^ and when 

.r.^e and to — '— when t^=Q, while always satisfying (1). It is given 

immediately by (6) Art. 60 and is 
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108 SOLUTION OF PROBLEMS IN PHYSICS. [Art. 63. 

.„d ,,^'h'-^(tZ^,~-'i^',-,„'^y (6) 

Heme »> = V [f + |"S (^^^ «-"¥"' »■> ")] ' <'> 

If the left-hand face of the slab considered in Art. 60 is to be kept at a 
constant temperature ,8 and the right-hand face at the temperature zero we 
can get the term % which must be added to the second member of (6) Art. 60 
by replacing y by ^ aiid xhj c — x in (7). We then have 

EXAMPLES. 

1. Show that if u = fi when x = 0, u=^y when x = '!, and' u=:f(x) 
when (:={) 



.-^+(.-«E+(|('^" .-"■»>.=)] 




+ f S(«-'^ -» "//« "' =? *) ■ 




2. Show that if K = ^ when x = Q, u = when ( = 0, and D^i 


( = 


when a: = c 




. «ri i'w 1 „ «™..)-.-.'.„, (2^+i)7^.\-i 





(53. If the temperature of the rightJiand face of the slab jiist considered is 
a function of the time instead of a constant and the temperature of the left- 
hand face is zero the problem can be solved by a method nearly identical with 
that of Art. 61. 
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Chap, IV.] TEMrEBATUEK OF ONE yAGK VAKIABLE. 109 

Let 'li(x,i) be a fiiiictioii of x and t wlii{!li shall Le zero if ( is less than xero 
and shall be equal to 



MS(^ 



-1)'" ^ 



(1) 



[v. (7) Art. 62] if t is eqiral to or greater than zero. So that 

■^(x,t) = if ( < y 

ij>(x,t) =0 " i =i unless x^=c, 

<p(x.t) = 1 " t = and x^=c 

<j>(x,f)^l " x = r. 

<l>(x,t) = (I " x = 0. 
Precisely as in Art. 51 we get 

u='^'T^''2\'F(kr) E-^fa'^ - ^'r) - 4-(Xrt - (k + l)r )]T-1 

as the required solution of our problem, n being as in Art. 51 the largest 
integer in - where t is any given value of the time. 

On our hypothesis the last term of (l),that is, — i^(mr)^[a;,i— {m + l)r]=^0; 
the next to tlie last term F(nT)^(x,t — jjt) has for its limiting value 

l\l)4.(x,(,) = F(t) [f + 1 S (^=^ sin K?)] , 

while as in Art. 51 the limiting value, of the rest of the sum is 

- Cf{X)D^4.(x, t — X)d\. 

D.^(x, t-K)^ ^ X[(- 1)'"--- ^'-" «"^ T] • 
Hence 

•=-(') E+i;|(^'-=)] 

-~^- 2,((-i) "">'■' -7-J *(-^>« — ^' "Aj, 
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110 SOLUTION OF PROBLEMS IJT PHYSIOS. [Art. 63. 

If we substitute /3 = "^'" (i — X) we get 

EXAMPI,ES. 

1. If the temperature of the left-hand face is a function of < and the tem- 
perature of the right-hand face is zero and the initial temperature is zero 

-(l->«)~§[^.n"(-®-/.-»4~S^.W]- 

2. If the temperature of the left-hand face ia a function of i, the initial 
temperature is zero, and the right-hand face is impervious to heat 

3. If in Arts. 60-63 we are dealing with a bar of small cross-sectioji and of 
length e and heat is radiating from the aurfaee of the bar into air at the tem- 
perature zero so that D,u = a^D^u — b^u, show that: (a) the second mem- 
bers of (6) Art. 60 and (1) Art. 61 must be multiplied by e~'"; (b) equation 
(7) Art; 62 h 



. , hx 
rsmh 
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Chap. IV.] VIBRATION OP A STRING TASTENED AT THE BNBS. Ill 

(o) equation (2) Art. 63 beuoiiies 
sinh- 



siiili 



Sn')+2»VS{i^,si.='[^,) 



■r!j.-»=-^V-«^(x),.-]j. 



64, The problem of the motion of a finite stretched elastic string of length 
/ fastened at the ends and distorted at first into some given curve y=^fix) ,, 
and then allowed to swing, has been treated and partially solved in Art. 8. 

The complete solution is easily seen to he 

J/ = jZfSm-j- cos — j-J f(K) sm -^ d\ . (1> 

The second member of (1) is a periodic fiinetion of i having the period 
— . The motion, then, unlike that in the case of an infinite string (Art. 55) is- 
a true vibration, a periodic motion. The period — is the time it takes a dis- 
turbance to travel twice the length of the string (v. Art. 55). 

A careful examination of (1) will show that the actual motion is a good deal 
like that in the case considered in Art. 55. The original diaturhance breaks 
up into two waves one of wMeh runs to the right until it reaches the end of 
the string and is then reflected, and runs back to the left or the under side of 
the string, while the other wave runs to the left and is reflected at the left^ 
hand end of the string and runs back to the right under the string and is. 
again reflected, runs back to the left over the string and so on indefinitely. 

If the curve into which the string is distorted at the start is of the form 

J/ = 6 sin -y- the solution is 

No matter what value ( may have the curve is always of the form 

that is, for different values of t we have a set of sine curves differing only in 
the amplitude and not at all ' in the period of the curve. In this case either 
the whole String if m^=l, or each mth of the string if m is not equal to 
one, rises and falls, and there is no apparent onward motion. When this is 
the case we are said to have a steady vibration. 
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112 SOLUTION OF PROBLEMS IN PHYSIOS. [Art. 64. 

If m=^l we get steady motion of the string as a ivhole and if the vibration 
is rapid enough to give a musical note .the note is said to be the pure funda- 
mental note of the string. If 'm.^2 the vibration is twice as rapid as when 
?tt = 1 , the middle point of the string does not move gud is called a node, the 
two halves of the string are in opposite phases of vibration at any instant, and 
the note given is an octave higher than the fundamental note and is called its 
pure Jirsf harmonic. 

If jft = 3 the vibration is three times as rapid as in the first case, there are 

two nodes x=:- and a; =; — , and the note is the pure second hartiwnic of 

the fundamental note. 

Por any value of m the vibration is m times as rapid as when m = 1, there 

are m — 1 nodes at the points x=^~ , x^= —, ■ ■ ■ k= — -— l^ and we get tlie 

m. — 1st harmonio of the faadamental note. 

It is clear from (1) that no matter what the origiiial form of the string the 
lesultmg vibration can be regarded as a combination of steady \ibratiiins e'lch 
of which alone would give the fundimental note of the stnng oi one of its 
hqimonifs, and tliat tlie complex note leiultmg i? reaUy a concoid of the lun 
damental note and some of it^ harmonica 

A finely tiained eir oan often recognize in a complex note the fundamental 
note of the stiuig and some of its hinnonic'- and is capable of analyzing i 
complex note into its component puie notes piecisely as Courier's Theorem 
enables us to analyze the complex function representing the initial toim ot the 
btrmg into the simplei sine functions which must be combined to foim it 

EXAMPLES, 

1. Show that if a point whose distance from the end of a harp string is 

-th the length of the string is drawn aside by the player's finger to a distance 

b from its position of equilibrium and then released, the form of the vibrating 

string at any instant is given by the equation 



2ftn= ^"/ 1 



{«-l)7r^_;^W n '^^' ^ ™ If 

Show from this that all the harmonics of the fundamental note of the 
string which correspond to -forms of vibration having nodes at the point 
drawn aside by the finger will be wanting in the complex note actually 
sounded. 
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2. If a stretched string starts from its position of equilibrium, each of its 
points having a given initial velocity, so that we have 

i/ = when t^O 

D,y = F(x) " i = 

j,= " ;^ = 

2/ = " x = l, 

the solution of the problem of its vibration is easy and gives 

2 »-\/l . irmrx . tn-rrat f^^_.^ . m-TrK ,\ 

'J = ^ St "° T" "° ~rJ -^<*' "° T *) ■ 

3. Write down the solution for the case where the' string is initially dis- 
torted and each point has a given initial velocity. 

65. If we do not neglect the resistance of the air in the problem of the 
vibration of a stretched string the differential eqrration is rather more compli- 
cated and the solution is not so easily obtained. The equation is given as (ix) 
Art. 1. 

Let us solve the problem for the case where there is no initial velooity. 

Here we have I>^i/-\-2kI>,i/^=a,^D^i/. (1) 

^ = when x = (2) 

y = " x^l (3) 

y=m " ' = W 

TJ,y = " i = 0. (5) 

We get particular solutions of (1) in the visual way. Assume j/ = e°*"^^' 
and substitute in (1). We have 

^ + 2A/3^ftW 
as the only necessary relation between fi and a. This gives 

Hence y = g<,-^-u*.'^^^^L' (q-^ 

is a solution of (1) no matter what the value of a. 

To throw it into Trigonometric form replace a by ai, and since in actual 
problems k, which is proportional to the resistance, is very small, take — 1 
out as a factor of the radical. We have 
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114 SOLUTION OF PROBLEMS IN PHYSICS. 

Since a may be positive or negative we can get 



1 (ax±t <i/a^a.^ — k') 



and y = e- *' cos (ax ± t ^/a'^a-- — k") 

as solutions of (1), or by combining tliese 



*' sin ax cos ( ^/a^a^ — k^ (7) 

*' sin ax sin t \aV — A* (8) 

" cos ax cos t iJaW — k^ (9) 



y = e-*' COS ax sin t V(t*a^ — k^ (10) 

(7) and (8) satisfy (1) and (2) for all values of a. They satisfy (3) if 
a^= ~y. Let us see if ont of them we cannot bnild np a value that will satisfy 
(4) and (5) as well, 

^(.) = fS(,.™p//(.).i.=i..). TO 



y^- e-"' 2^ [%Yti -J- cos t yj — Yi ^ -J /(^) ^1" -;— ^^) (12) 

reduces to (11) when ; = and therefore satisfies (4). 






(13) 



When i = the first line of the second member of (13) vanishes but the 
second line reduces to 



2/r^/ . m-n-x /-.,,, . mvX , \ 



We must, then, introduce into (12) an additional term which shall equal zero 
when t = and whose derivative with respect to i shall cancel the term above 
when t = 0. 
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This is easily seea to he 






Hence our uomplete solution is 




:^//Wsi.!f a], (14) 



Here the fact that e"**, which decreases rapidly as t increases, is a factor of 
the whole second memher shows that the amplitude of the vibration rapidly 



Comparing this solution with that given in Art. 64 for the case where there 
see that the period of any given term 



i,u^ .nArt. 64. 

In other words the effect of the resistance of the air is to flatten some- 
what each component part of the note given by the string. More than this 
since the periods of the different terms of (14) are no longer exact submultiples 
of the period of the first term, the component notes are no longer in perfect 
harmony with the fundamental note of the string, and the ideal perfect har- 
mony between the fundamental note and its harmonics is not quite realized in 
any actual case. 

When k is very small, as in the case of a fine string, the departure from 
perfect harmony is very slight; but in the case of a coarse string or worse still 
of an elastic ribbon, where the resistance of the air is considerable, the 
unmusical character of the sound is very noticeable. 

EXAMPLES. 

1. Solve Ex. 1 Art. 64 allowing for the resistance of the air. 

2. Solve Ex. 2 Art. 64 allowing for the resistance of the air; 

— -^-p — k' 
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lib SOLUTION or PROBLEMS IN PHYSICS. [Art. 66. 

3, Find a particular solution of (1) Art. 65 on the assumption that it is of 
the form y^^T.X, where y is a function of t alone and X a function of x 
alone. 

66. We paea on uow to a couple of problems that require the modification 
and extension of Fourier's Theorem, the cooling of a sphere m aij; and the 
vihration of n atretehed rectangular tnemJrra.ne, but as an introduction to the 
former we shall iirst consider the following very simple problem; to iind the 
temperature of any point of a sphere whose initial temperature is any given 
function of r the distance of the point from the centre, and whose surface is 
kept at the constant temperature h. 

Here we are to solve 

D,(Tu) = a'D;(ru), (1) 

see [v] Art. 1, subject to the conditions 



n^f(r) when t = 


(2) 


u=h " r=e 
c is the radius. 
Let V = m, then our equations become 


(3) 


D,v = a^D^v 


(4) 


v = rf(r]whBJi t = 


(5) 


v=^bo " r — c 


(6) 


v = " r^O. 


C) 


ur problem is now precisely that of Art. 62 and we have as our solution 





- V/e — 5! 'sm I A/{X) sin — c^Xl 

h[-+|S(^'--''».'T)]- 



EXAMPLES. 

1. If /(*■) = b (8) Art, 66 reduces to it = 6 and there is no clia.nge of 
temperature. 

2. If the initial temperature is constant and equal to /3 

u = l> + ~{^~ b) ^e-—' sm- -e-^i-'sin~ 

+ _,--.,„._ J. 
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Chap, IV.] COOLING OF A SPHERE IN AIK. 117 

3. All iron sphere 40 cm. in diameter is heated to tlie temperature 100° 
centigrade throughout; its stirface is then kept at the constant temperature 0°, 
Find the temperature of a point 10 cm. from the centre, and find the tem- 
perature of the centre, 15 minutes after cooling lias begun. Given a^ =^ 0.185 
in C.G.S. luiits. Ans., SM; 3°.3. 

67. If instead of having, the temperature of the surface of the sphere 
constant, the sphere is, placed in- air which is kept at the constant tem- 
perature zero, the problem is much more complicated. I'or in this case the 
surface temperature can no longer be simply expressed but is given by a new 
differentia,! equation 

D^tf, + 7m = -when r = c, (1) 

where A is an experimental constant depending upon what is called the sur- 
face conductivity of the sphere. 

Our equations, then, are 

D,i,-u) = aW^Xru) (2) 

u =f(r) when ( ^ (S) 

D^u+hu = G when f = e. (4) 

As in Art. 66 let v = ru; then we have 



■.rf(r) when ( = 



v = 


.-0 (7) 


i),»+(/.-l)« = 


when !■ = !!. (8) 


« = e— ••■'0O8o>' and v = r •••••. ain m- 
ticular solution^ of (5) (see Art. (JO). 


have already been found as par- 


^ __ g- A't g jj 


(9) 



satisfies (7) for all values, of a. 

Substitute this value of « in (S) and we hkve 

ao cos ae+(JM^ — 1) sin ac = Q. (10) 

If ttj, is a value of a which is a ro(it of the transcendental equation (10) 

!; = e-"W?'sina^i- (11) 

will satisfy (5), (7), and (8). 

It remains to see whether out of terms of the form given in (11) we can 
build up a value of v which will satisfy (6). 
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X18 SOLUTIOK OF PEOBLEMS IN PHYSICS. [Akt, 67, 

When (^0 the second member of (11) reduces to sin «!,)■. If then we 
can express rf(r) as a sum of terms of the form b^ sin a^r where a/, is a root 
Of (10) 

„_^j^,„„..^.,,ina,^ (12) 

win satisfy all of the equations (5), (6), (7), and (8), and ■will be the required 
solution. 

Here, then, we have a new problem analogous to that of developing in a 
I'ourier's Series, but rather more complicated, namely, to develop any function 
of (E in a series of the form ^.a^ sin a^^x where a^ is a root of tiie equation 

(11); or if we call a(:=^<t> and /m'~1=^, where, a,^^^-^, (|!j,„ being a root 

of the eqnation 

^ cos <t> -\-p sin ^ = (i;5) 

or more simply of 

* + ptan^ = 0; (14) 

remembering that the series and the function must be eqnal for all values of x 
between zero and c. 

If ^^ is a root of (14) — <^^ is also a root. 

Since sin— a: — — sin I — —a;! the terms of the required development 

which correspond to negative roots may be combined with those corresponding 
to positive roots, and therefore we need consider only positive roots. 

(^^^O is a root of (14) but as sin — there will be no corresponding 
term in the development. 

If we construct the curve 

,, = -ix (15) 

and the curve 

y = t!mx (16) 

the abscissas of their points of intersection are values of x which satisfy 
— f-tana! = 0, that is, are roots of equation (14). It is easy to see that 

there will always be an infinite number of real positive roots, one for each of 
the branches of the periodic curve y — tan x which lie to the right of the 
origin. The numerical values of these roots can be obtained by an easy com- 
putation. The construction suggested above shows that as m. increases i^.^ 
will rapidly approach the value (2m ~ 1) ^ if ^ is positive or if p is negative 
and numerically leas than unity, and (2m + 1) x- if ^ is negative and numer- 
ically greater than unity. 
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There exist, then, an infinite .number of positive real roots of <^+^tan'^=^0 
and conset[uently of 

ai) cos ao -\- (he — 1) sin ai; = . 

68. The development called for in the last article ean be obtained very 
easily from a simpler one which we shall now consider, namely, to develop f(x) 
into a series of the form 

f(x) = a, sin .^,x + «, sin <f,'.c + 'H sin <&.« + ■■■ (1) 

where ^i , ^3 , ^3 • ■ ■ ai'e roots of the equation 

•^aos ^-\-psm^^(i , (2) 

the development to hold good for all values of x between x = i) and x^^l . 
Let us proceed as in Arts. 24 and 27- Call — v tt = Aa; and form n equa^ 
tions by substituting for x in turn in tlie equation 

f(x) — (tisin ^\X-^ (I2 sin i^afl; + tta sin t^j* -| \- it„ sin i^„« (3) 

the vahies Aa;, 2ia;, 3A9!, ■■■ n£ix; this being equivalent to making the values 
of the sum and the function coincide for the n values of x substituted. 

To determine any coefficient a,^ multiply the first equation by Ax. sin (^^Aar), 
the second by Ax. sin (2<^^Ax), the third by Ax. sin (3<^^Ax), and so on, the 
nth equation by Ax. sin (n^^Ax); add the equations and compute the limit- 
ing values of the terms of the resulting equation as m is indefinitely increased. 
This as in Art. 24 is seen to be equivalant to multiplying (2) by sin ^„x.(^ 
and integrating between the limits ic =^ and x^l. 

The first member of the resulting equation is 

(/(a;) sin <^,„x.dx; 
I sin ^i^x sin t)>^x.iix , 



The coefficient of % is 



>y Google 



120 SOLUTION OF PROBLEMS IN PHYSICS. [Art. 68. 

Csm ^^ sill <l>^x.<hi = 2 J [cos (.^^ — <f,„^x — ooa {^^ + ^™)3!]da; 

2L <i;~4',n **+*» -I 



Bat •^.i.cos 1^1,. +psin<^j^O 

and i^m cos <^m +^ sin ^,, — by (2). 

Henw the mimerator of the aecond member of (4) is zero, smd the coefflcisEt 
of «(. vanishes if k is not ec[ual to m. 

Jsin^ 0.^. A« = —[*»- -- -^^ 00s <^„] ^ ^ [1 - ^-i|^] . (5) 

Therefore a™^- ■„ ■ f/(a:) sin <^„:y:.(&; . (6) 

_sin^^j/ 

The eoefheient of the integral in (6) can be transformed as follows so as not 
to involve trigonometric functions, 

<>„ COS 4.^ ^p 8in-0„ = 0- by (2) 



1^^ cos^ ^^ +^ sin 2<f>^ =■ , 

sin 2^^ cos^^,„ 

2*^ 'P 

^^ cos^ "^n, ^^^ sin^ ^^, 

Hence by (7) and (8) 

1 _ ^^^2.f,„. ^ V.J + K.P + 1) 
2<(.^ , K'+i'' ' 



Therefore onr required development 



P) 



(8) 



quired development is 
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Chap. IV.] COOLING OF A SPHERE IN AIR. 1^1 

From (10) it easily follows that for values of x between and c 

f(x) ^ «( sin OiX + Ka sin a^ + «b sin aax H {11) 

*•■■■' -- = r a:^+7j+ i) A'' ™ '•"'■■ <"> 

and «„, is a root of the equation 

ac COS ac +f- sin ae = . (IIJ) 

It is to be observed that if ^ is infinite (13) reduces to sin ae:=0, a^ 

becomes — and (11) and (12)give our regulation Fourier sine series (v. Art. 

31), and therefore the ordinary Fourier development in sine series is merely a 
special case of the problem just solved. 

Moreover since the Fourier method of determining the coefficients of such a 
series Tequirea that 





1 sin a^x sin a„x.dx — , 


that is that 


sin («„-»> sin («, + »„)« 


««. — «« a,„ + a„ 


or reducing, that 


a^n cos a„c a„o cos a„e 


sm a^G am a„c 


or that a^ and a„ 


should be roots of the equation 



where p is some constant, it follows that we have obtained in (11) the most 
general sine development that can be obtained by Fourier's method. 

EXAMPLES. 
1. Show that the solution of the problem of Art. 67 is 

"•=?'-•-"■■'•»■■-•■ 

and (r„ is a root of 

ac cos at: + (he — 1) sin ae = 0. 
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122 SOLUTION OF PEOBLEMS IN PHYSICS. [Art. 08. 

2. If the initial temperature of the sphere is constant and equal to (3 



»^ = V 6,„ e-~ "'"m' sin a^ r 

V J n^, «wC'+ (hc — iy sina„<! 

o^e + Ac (Ac ~ 1) a^ 

"m ' lie' + Ac (Ac — 1) ■ 

3. If the temperature of the air is a constant y instead of zero the surface 
equation of condition is 

D,,i! + A(M — y)=0 when r = c. 

The substitution of «i = m — y , however, brings the problem under Ex. 2 
and we get 

r(M-y) ==^6„.e-'"'^'sin a^r 

where S^ - ? ■ „^S^^^^/^[/W " v] ^ia "^^--^A. 

4. An iron sphere 40 cm. in diameter is heated to the temperature 100" 
centigrade throughout; it is then allowed to cool in air which is kept at the 
constant temperature 0°. Pind the temperature at the centre; at a point 10 
cm. from the centre; and at the surface; 15 minutes after cooling has begun. 

Given <s^ = 0.185 and ^ = 5^ in C.G.S. units, (v. Ex. 3, Art. 66.) 

Ans., 96°.46; OGMS; 95''.26. 
6. Show that if in the slab considered in Art. 60 one face is exposed to air 
at the temperature zero, so that we have J)fW=a^I>^u, m = when x^O, 
«=/(a;) when (=^0, and D^u-{-hu^=0 when x^^c, then 



a^ being a root of etc cos ae -\- he sin ae = , 
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6. If in the problem of Ait. 57 heat esoapes from one side iaf the plate into 
air at the temperature zero so that we have D^w-^- D^u=0 , u = when 
31^0, u^f(x) when y^O, and D^u-\-hu = ii when x^=a, then 



=S«- 



I- li{k< 



^i)//W^ 



„,\.d\ , 



a^ being a root of an, cos aa '-}- ha sin aa ^^ . 

7. If in the problem of Art. 59 there is leakage at one side o£ the sheet so 
that we have DiV-^D^r=Q, F=0 when x = Q, r=0 when y = b, 
V^f(x) when 2/ — 0, and D^r+hr=0 when x = a, then 



■^ ainb /I...6 



where a^ lias the value given in Ex, 6. 

69. If we have an iniinite solid with one plane face which is exposed to air 
at the temperatures U = F(f) and heat can flow only at right angles to this 
faee, we can solve the problem readily for the case where the initial tem- 
peratures are zero. We have 

subject to the conditions 

M = when ^ = 
and D^u + h(U — u)=0 when x=^(l. 

Let v^u — ^D^u. (1) 

Then v will satisfy the eqiiation 

and we shall also have v = U when t-=Q . 



Since U=P(t) 
by Art, 61 {10). 



-rJ'^''''i:-^y> 



D^u — /m = — hv by (1). 
Hence tte~ ''^ = — hi e~''^- vdx + C ; 

V. Int. Cal. ? 4, page 314. 
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Detennining C by the fact that iie~'"' = .when a; — oo we have 

u = h6'^Ce-'^vda' . (3) 

Substituting the value of v from (2) we have 

as our required solution. 

For an extension of this method to the flow of heat in two and three dimen- 
sions and for the interpretation of the results by the aid of the theory of 
Images, see E. W. Hobson, Proc. Lond. Math, Soc, Vol, XIX. 

EXAMPLES. 

1. If the temperature of the air is a periodic function of the time, say 
p™ sin (mat + X^) and we care only for the limiting value of m as ( increases, 
show that this value is 

V, Art. 52 and Ai-t. 51 Ex. 4. 

Notethat I e"^ sin hx.dx ^= ^ a _l ^a 

and J e-^ cos bx.dx = ■ -- • ■■■ - ^| ' '- 

V. Int. Cal, Table of Int, (235) and (236). 

2. n D^V-\-D^V=Q, V=i) when y = i) and -D^F+ 7([.F(2/) — F] = 
when a; — show that 

F= ^ fe-"^ dx CF(X)dk r^-r^ Ta - . , ,^ , ,. 1 ; 

V, Art. 47 Ex. 1. 

70. The solution for an instantaneous heat source of strength Q at the 
point x = \ if heat escapes at the origin into air at the temperature zero, so 
that D^u — hu=^0 when x=^0 , can be obtained by the aid of Art. 53. 
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Let u:^ui'\- Ms where mi is the temperature that would be due to the given 
source ii we had no boundary at the origin, so that 

u, = ~%=-^^^. [Avt. 53 (2)1 

D^H — Ml ^= 2>^Mi — fiui -\- TJ^U2 — hui = when a: = . 
Therefore J^x'^'t^ ~ ^^a "^ ~ (P^'^i — ^^i) (1) 



2a\/^ 



Hi^.-^)' 



when x^O. 

This is easily sp-en to be the value to which 






reduces when a; ^= , and this last expression is 
and therefore satisfies the equation 



(2) 



since - — r=. e~ ia'i is the temperature due to a source at a; = — A , 
aavTrt ^ 

If, then, we determine u^ from the condition that 

taking care not to introduce any arbitrary constant or arbitrary function of t 
in our integration, mj will satisfy equation (2) and condition (1). 

Integrating (3) [v. Int. Cal- § 4, page 314] and determining the constants of 
integration suitably we get 

''h = — ^ [e-^-^'—2h^^ fe-''^-^^^ (foil . (4) 

Therefore the solution of our problem is 

it — — ■,— IT WM -\-er „„" — 2/te'"^ I e-'"^- ,^, dx . (5) 
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If we replace Q hy f(X.)d\ and integrate from to 05 we get as the solution 
for the case where u=^f(x) when t = and «>0, and l)^u — hu^=(} 
when x='0 

For an interpretation of this result by the theory of , Images and the 
extensiou of the method to the conduction of heat in n dimensions see G. H. 
Bryan, Proc. Lond. Math, Soc, Vol. XXII. 

EXAMPLE. 
Showthatif u = f(x) when t = and D^u+ h{_F{i) — u'] = () when 
,,; =lO vfe must take u equal to the sum of the second members of (6) Art. 70 
iiiid of (4) Art, 69, 

71. As another problem requiring a slight extension of Courier's Theorem 
let us consider the Yibration of a rectangular stretched elastic membrane 
fastened at the edges, that is of a rectangular drumhead. 

If two of the sides are taken as axes and the plane of equilibrium of the 
membrane as the plane of J^Y. the equation for the motion of the membrane is 

r,'z = e\X>^s + B^n) (1) 

see [x] Axt. 1. 

Let the membrane be distorted at the start into some given form s =f(x, y) 



and then allowed to swing. Our equation 


of conditions are then 




» = 


when 


ai = 


® 


^ = 




x = a 


(3) 


» = 




,j = g 


(4) 


2=0 




,j=i 


(5) 


.,=/(», 


■»)•• 


f^O 


(8) 


O,« = 


" 


! = 0. 


C) 



We can get a particular solution of (1) by our usual device. Assume 

and substitute in (1) . We get y''~e\a^ + ^) as the only relation that 
need hold between a, ji, and -y, in order that ^=^6"^-+^" + ''* may be a 
solution. This gives 

y=±C_sld' + ^K 

Therefore p_^,^^*?s '^ct v'^iT^ 

is a solution of (1) no matter what values are given to a and ^, 
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teplace a iiiid fi by ai and jii and we have 



(8) 
(9) 



(10) 



as a solution, and from this we get 

.. = siii(«^ + ^;/±.;\^^+^) 

and z = cos (ax + ^y± ct \/^F+^) 

as particular solutions of (1), a and being unrestricted. 

From (8) and (9) we can. get solutions of the following forms 

* = sin ax sin ^?/ sin ct ^a^ + /3^ 

s ^ sin ax sin ^j/ cos c( Va^ -|- ^ 

s=:aiaax coa ^j/ ain et V^-j-^ 

3 = sin ax cos ;3j/ cos e; Vra^ + /3^ 

z = cos aa; sin j3i/ sin ct VoM*^ 

E = cos ax sin ^)/ cos c( \/a^ + ,8^ 

s = cos ax cos ^y sin ei 'i/a^ -\- ^ 

s = cos ax cos /3^ cos ci Va^ + ^, 

each of which will satisfy equation (1). The second of these will satisfy also 
(2), (4) aixd (7) whatever values be taken for a and j8. It will satisfy (3) and 

(5) if a and j8 are equal — and -rr respectively. 

If, then, we can so combine terms of the form 

as to satisfy (6) our problem will be completely solved. 

This can be done if we can express f(x, y) as a sum of terms of the form 

tt-y^i the sum and the function being equal when x lies 
Q and a and »/ between and 6. 

f(x, y) can be expressed in terms of sin ■ by Fourier's Theorem if we 

regard y as constant. We have 



j4sin- 



/(«.</) "S'-i^'-v^ 



(11) 



>, Google 



128 SOLUTION OP PROBLKMS IN PHYSICS. [Art. 71, 

Where a,^ = ^ f^^^' ^^ ^^ ^^ '^^ " (^^) 

/(X, ;/) in (12) is a function of y and may be developed by Fourier's Theorem. 
We have /(A, y)='^h„ sin ^ (13) 

■where h„ = j Cf{X, ft) sin ^ d/^ . (14) 

Substituting for f(\,y) in (12) tlie value just obtained we have 

». = I f2(/*//(^. ") »« '-T^ »° T ■"■) ■■■' ? 

and 

Hence s == J) ^C"^".- ™ ^ »°? "' "''' VS' + 1") ' *'■''•' 

where A.,. = ^p^ff(K f) ™ "* «» ™ iM . (W) 

is our req^uired solution. 

EXAMPLES. 

1, Show that if the membrane starts from its position of equilibrium but 
with a given initial velocity impressed upon each point so that s ^ when 
(=:^0 and I>iS = F(x,i/) when ( — the solution is 

where A^^ = -r I (U I -F(\, fi.) sin sin — ^- df^ . 
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2. If there is both initial distortion and initial velocity 

« ^ ^ 2 i) ^i"^ ^ ^^^ ^ p-." ""^ •'^* V5' + ^ + -^"'." '"' '"^^ VS + 3 

■where A^^„ ^^l dkl F(\, ft) sm sin -7— dfi , 

aM B„= ^= Ca fFQ.,f.) »„ "-^ si,, ^ i;. . 

m^ «^/ j/ ah 

"\^ + ¥ 

3. Obtain a particular solution of (1) Art. 71 by assuming z=^T.X.Y. 
where 3" is a function of ( alone, X of a; alone, and F of »/ alone. 

72. A number of interesting conclusions can be drawn from the results of 
Art. 71 and Exs. 1 and 2. 

(a) No one of the three values of s is in general a periodic functioa of t, 
and consequently a vibrating rectangular memfeane will not in general give a 
musical, note. 

(h) A. stretched rectangular membrane can be made to give a musical note 
by starting the vibration properly. For if the initial circumstances are swell 
that the solution reduces to a single term, as will be the ease if the initial dis- 
tortion in the problem of Art. 71 be such that f(x, y) ^ A^,^ sin ■ sin -j-^ , 

or the initial velocity in Ex. 1 be such that F(x, y) ^ 5^ „ sin ■ sin 

or the initial distortion and initial velocity in Ex. 2 be the values just given, 
then the vibration will be periodic and will have the period 

T= .-, , ■ (!) 

Since 5" is a function of m and n ajidm and n are any whole numbers, the 
same membrane is capable of giving a great variety of musical notes of differ- 
ent pitches. If m, and n are both unity we get the lowest note the membrane 
can give, which is called its fimdameatal note. Ita period 

If m and n are both equal to k we get 
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therefore the membi'aae can be made to give any harmonie of its fundamental 
More than this, since as we have seen 



•v?+? 



is the period of any note the membrane i 
replaced by mJc and nk we get 



ok\'^ 



+ ¥ 



1 sound all the harmonies of any note which it can give, 
(c) In the case considered above, where the solution reduces to the single 

z ^ sin ^ sin ^ [ J^,„ C08 cirt ^j~ + ~ + B^,^ sin oirt yj^^ + 'fj , 

it x=^— , or — , or — ■ - ■ or ^— ^ , 3 — for all values of i, and 

the lines x=^— , x = — i ■ ■ ■ x^ ^ -— remain at rest during the whole 

vibration and are nodes. The same thing is true of the lines 
— ^ — ^ —^'l __ (« — 1)^' 

73. If the membrane is sq^uare it may have much more complicated nodes 
than if the length and breadth are unequal, as in this case the period of any 
term of the general solution r 



Wm'+^ 



and there will in general be two terms having the same period, and a musical 
note of the pitch corresponding to that period may be produced by initial cir- 
cumstances that bring in both terms. Thus 

s = sm — sm —^ ^_„ cos ■ — ■ Vm^ + n^ + -B^,„ sm — ■ Vm^ + n^ 
+ sin — sin ■ — ^ A,,^^ cos — Vm^ + «' + -B„,m sm — Vm^ + r,? 
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is a form of vibration that will give a musiea.1 note. Let us write this 

oTTt ;■ ■■ „ - , — ;, r . . JWTnG . mry , _ . mrx . wittw") 
z ^= cos — Vw*- + w^ Kd sm sm — - + B am sm ~ 

ying the fo 
Day take A, 
7 and B = i 



and in studying the forms of musical vibration of which the membrane is 
capable we may take A, S, C, and D at pleasure. Consider the simple case 
where A^^ C and B^ D; then (2) reduces to 



Values of x and y that will reduce the first parenthesis in (3) to zero will cor- 
respond to points of the membrane remaining motionless during the vibration. 

Let us consider a few cases at length. 

((t) If OT. =^ 1 and K ^= 1 , the first parenthesis in (3) becomes 

(A + B) sin — '- sill — ^ , 

whicb is equal to zero only when a; = oi y = Q, or a;r=« or y^iza,, 
that is, for the four edges of the membrane. If,, then, the membrane is sound- 
ing its fundamental note it has no nodes. 
(6) If ?Ji = l and )J = 2, we have 

A sm ■ — ■ sm — ^ + B sin — sm -^ = 
to give the nodes. 

Let B^=0, then sin— sin— ^ = 0, which is satisfied by y^-^; and 
in addition to the edges the line «/ = ^ is at rest and is a node. 

If ^ ^ x = ~c- is a node. 

If A — .0 



2 sm — sm -^ cos -^ + 2 sm — cos — ! 

, TTX . Try / Try , 7ra;\ 

sm— - sm— !- I COS- — ■ + cos — I = 
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The first factor gives the fo\ir edges of the meiiibrane. The second written 
ecLTial to zero gives 



<-—) 



which is a diagonal of the square. 
If B = — A 

. -TTX . 27ry . 2irx . Try _ 



■sm — ain — 



>== 



which is the other diagonal of the squai'e. 

Other relations between A and B will give Trigonometric c 



wiieh are easily constructed and which obviously all agree in passing through 
the middle point of the square. 

We give the figures for a few of the cases 
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Chap. IV.] 
(.) If m = 

{A + B) sin ^^^ sin -^ = 
to give the nodes, which are merely the lines 

This form gives the octave of the fundamental note. 
(d). If m = l and » = 3 we have 

, . 1TX . Siry , „ , 3t!-x . ir 
A sm — sm ■ — - -\- B sin — — sm - 

to give the nodes. 

If A = we get *' ^ a ^^^ * — "^ 



If i; = we get 


y^- and ^ = y. 


If A = — if we get 




"" 


. Stry . Stt.t; . tt?/ 


sin — sin ^ 


"■4cos'a-l~4»s-- 



?+^]^ 



(1) 

(2) 



(cos-^ — COS— HcDs^^ + eos — 1=0 
or x-!/ = (> and a: + y = «. (3) 

li ^ = 7? we get cos^ -^ + cos^ — = ^ 

cos^' + cos^ = -l, (4) 

a Trigonometric curve easily constructed. 

For other relations between A and B we get more complicated Trigonometric 
(Yurves coming under the general form 
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which all agree in containing the points 

(a, a\ la. 2a\ fta, a\ ^ tia, 2(i\ 




O 
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MISCELLANEOUS PROBLEMS. 

I. LogarithimG Fotential. Polar Coordinates. 
1. Show that D^r-\-.D^r=Q becomes 

we trausform to Polar Coordinates, 



2. If in 
we let r= i?.* we get 
O = .^ cos a* + £ si 
B = Jir» + S, T- " 
whence 

r— j-i^eos aijt V= 6-^ cos (a log ?■) 
r= )■« sin a0 F^ e»* sin (a log *■) 



^ = ^1 COB (a log ?■) + B, sin (a log r) ; 



F= cosh a0 cos (a log r) 
F=^ cosli a^ sin (a log »■) 



r=^oosa^ K = 



s(<x 



[ia0 F=e-°*sin((ilogj') 



V = sinh ac^ cos (a log )■) 
F= siuh a<i> sin (a log r) 



are particular solutions of (1). 

3. Show that if r satisfies (1) Ex. 2 and F^/(^) when r~a 

F=|io + 2)(~Y"(&^COSm* + ,^,sinm<» for r<a 
and F=2/-o+^^-y(&^cosmi^ + «^sinm^) for r>a, 

where 5^ = - f/ftib) cos m<^.rf^ and a,^^ - Cf{<f) &m m<l>.<l4 
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136 AUSCELLANEOUS PROBLEMS. 

4. Showthat if Tsatisfies (1) Ex. 2 and F=/(r) when ,^ = and r>0 

TT 2J'"- ' cosli (A — log r) — COS ^ 

5. If V=l when ^ = and 0<r<l, and F=0 when ^=^0 and 
r->l 



-^ f— [-f ]h^Cl--(--h)]' 



6. If y=f('-) when = and F=0 when i,--/! 



= 1 Bin I* f /(''■'"'>• , 

^^ "--looshlfX-log,)-™.^* 
i£ 0<</.<^. 

7. It r^O when ^ = and r=F(r} when 4> = ^ 

-» cosh ^ (^ — ^og 1-) + cos - ^ 

8. If r=^x('') when t^^O and r<ft, F=0 when s^ = /3, and 
F;=0 when r^a 

'^ '^_„ "-cosh- l\ — iog-I — eo8-j 

_ d\ n _ 

cosh f (a + log ^ j — cos ^ 
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9. If V=Q when r = l, V=l when ^ = 0, F=0 when ^^"^ 

r= ^ tan-i I r+r"' °*'^ * J ' 

10. If F=0 when r^l, V^l when <^^0, F=l when * = ^ 

r=ftan-[2-;|^J. 

11. If r=f{<i>) when )■ = «, r=0 when ^^0, and r=ii when 

where «^ = •- |/(^) sin ^^ i?^ and 0<i^<;8. 

12. If V=f(<t>) when >■ = «, T^ when r = />, F=Q when * = 0, 
and F— when ^ — jl, then if a<r</> and 0< •)> < ^ 

where a,„ = S J^'^'^^ ^^^ ^^ '^* * 

13. If F^-P'(^) when r = b, r=0 when c=:a, F^O when * = l), 
and F=0 when <t> = l3, then if a<)-<6 and 0<^<,3 

--|{^[(D^-(;)?] ».-=*} 

where <i^ ^ | rj^(,^) gin ^ rf.(. . 

14. If F=x('') ^'hen ^ = 0, F=0 when <1> = ^, F=0 when ?■ = «, 
and F— when i' = 5, then if a<r<b and.O<<(.<^ 

-3* Sinh,-^=P- log* -log. i 

log 6 — log a 
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6-log J^f"' 



15: If r=if'(r) when rfi^^, r=0 wlieii -^^0, ¥=0 when '. 
and r^Q -when r — lj, then if «<)■<& and 0<<b<S 



r^XW- 



■where a^ — ^j : ^-. ( Mae ^in , r^^T — ' '^ ■ 

log — log a J log ^ log a 

II. Potential Function in Space. 

1. Show that 

f(^; y) = ^./'^«/'^'3j*rfxJ/(\, M) COS «(A - ^) cos ^(M - 2/).'i/», 

for all values of x ana y. 

2. Pind particular solutions of i?^^r+,iJy^fr+ A'''^— in the forms 

r= e ^="'"'+^' cos (a* ± /3;/) 
F= e^*-"''^^' sin (tw: ± j3y) 
F^ sinh s Va^ + ^. sin (oic ± Py) 
r= eosh ;s V^H^'- sin (ax ± ^y) 



3. Given D.^V-\-l>^V-\-D'^V=<), and V=f{x,y) when ^ ^ 0, solve for 
positive values of 2. 



Mesult. V- 2^ J <^Xj ^^, _^ ^^ _ ^^, _^ ^^ 



4. Confirm the result of the last example by showing that if fix^ y) ia inde- 
tof 2/ 
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5. It D^r+D^V+I>^V=(i, and F— 1 when z = for all points 
within the rectangle bounded by the lines x^a, x^ — a, y^h, and 
y^~i; and F=0 when s = for all points outside of this rectangle, 
then 

x)'(b - y f - ^T(a - xf + (i - yf + »■] 
x)'(t,-yf + t\{a-x)'-^{b~yf + »■] 




+ »)'('- 



gT(<> + »)' + (t-?)'+.«'] ] 



■« + a!)'(4 - yf + »'[(• + «)' + (» -S)" + «'] > 

- »,)■(} + .,)■ - ^T (» - ")' + (' + ?)' + ''] 

- x)'Q, + ,)' + »<[(.-=,)• + (» + y)' + »'J 

•» + »!)'(« + ji)' - ^T(» + »)■+(•'' + y)' + g'1 1 

:» + ":)'(4 + </)' + =■[(« + »)'+(» + !/)■ + «"] 1 



-, (» - »)'(> - ?)' - ^T(» - ')' +(*-?)■ + «^'] 

(» - x)'(t -?)'+«-[(«-«)•+(»-<')"+ '-': 

(„ + ^)-(i-,)--.T(. + a,)-+(i-y)- + ^-] > 
'" (« + i)'(S - y)> + «•[(„ + «)> + (S - y)' + »'] f 

., (»-»:)■(;. + ;/)■-«■[(»-»;)■ + (» + ?)■ + .'] 
(. - x)'(l, + ;,)■ + <;■[(.- »)■ + (S + J)' + «'] 

_ (■. + a;)'(i + y)'-A(» + '^)' + (* + ,'/)■ + »■] ) . 

(<, + a,)'(6 + y)'+.'[(<. + »^)'+(i + !/)' + »-]i ' 
if a;< — a or x>a. 

6. Ifthevalueofthe potential function FisgiTen at every point ofthebase 
of an infinite rectangular prism and if the sides of the prism are at potential 
zero the value ofFatanypointwithintheprismis 



^=i2 %' 



-vss. 



sin —T-^ I dk { /{A, /t) sm — — sin -~ dfi.. 



If F= 1 on tlie base of the prism this reduces to 



-..VSS 



(2«+ 1)171, 



(2m + l,)(2» + l) 



7. If the value of tlie potential function on five faces of a rectangular 
parallelepiped, whose length, breadth, and height are a, b, and e, is zero, and 
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if the value of Fis given for every point of the sixth face, then for any 
point within the parallelopiped 

,^ ,^ ^ ^ ^ a^ ¥ . W.TTX . rnry 



W= 



+ v 



}tion is given 1 
m the f onr rer 



8. If the value of the potential function is given on two opposite faces of a 
rectangular parallelopiped and is zero on the foiu- remaining faces, then within 
the parallelepiped 






,h.,6 A., = ^/&//(A, rt .in ^ sin =» * 

9. If the value of the potential function is given at every point on the surface 
of a rectangular parallelepiped, what is its value at any point within the 
pai-allelopiped? 

III. Conduction of Heat in a Plane. 

1. Find particular solutions of DiV,^=o?{D^u-\- l>yi<) of the forms 

u = e- "'>''' + ^'>' cos (ax ± fy) . 

2. Given the initial temperature of every point in a thin plane plate, find 
the temperature of any point at any time, 
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CONDUCTION OF HEAT IN A PLANK. 

3. For an instantaneous source of strength § at (X, /i) . 

A.-rraH *"'" 

For an mstantaneous doublet of strength P at (0, /j.) with its axis perpun- 
diculai' to the axis of Y 

u = ■ ■ . „ e 4^, V. Ai't. "54. 

For a pennaneixt doublet of strength P at (0, fi) with its axis perpendicular 
to the axis of Y 



. Art. 53. 



If the sti'ength of the doublet were Pd/^ and the heat were uniformly 
generated and absorbed along the element d/i of the axis of Y beginnir^ at 
(0, ft) we should have 

— ^ r- ^' + <''-'"' ^"^f^ _ -P _ :^+ <"-'/'' . , _i ^—y 

" "^ 2-Ka^ '^ "" ^'' + (j^- yf ~ 2Tr«^ " *^' ^"^ a; ' 

and since d, tac^ ^-— — ~ is the angle AHA', where A and .4' are the points (0, fi) 

and (0, fi + (^/i) and U is the point (a;, )/), i( ~ when le =^ unless 

p 
/i<y<.fi-\-dfj., in which case m = ^j if « approaches zero from the 

positive side; an.d u^=0 when ( = except in the element ,d^. If then 
M = when t = and «=/(2/) when a; = we have only to suppose a 
doublet of strength 2a^f(x)dx placed in each element of the axis of l^and 
then -to integrate; "we get 

?( — I e (oil •- „ - ,"/ r-„ all . 

For a permanent doublet of strength F(£) at (^0, fi) we have 
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Erom the reasoning above this must be zero when t = except at the point 
{0, fi), must be 2a^F(t) at the point (0, fi), and at every other point of the 
axis of Y when t is not zero. 

Hence if m ^^ when i ^ and u = t\}l, *) .when a; =^ 

■ujx'+d^-yy "^ wj '^Jx'-iril^ — yT 

For an extenaibn of this solution by the method of images to the case where 
there are other rectilinear boundaries and for its application to the correspond- 
ing problems in the flow of heat in three dimensions see E. W, Hobson in Vol. 
XIX Proc. Loud. Math. Soc. 

4. If the perimeter of a thin plane rectangular plate is kept at the teni- 
perature zero and the initial temperatures of all points of the plate are given, 
then for any point of the plate 

if b is the length and c the bid 1th of the platf 

5. A large mass of ro i it tl e temperat ire 0" coi tains an iron core in the 
shape of a long ^ii m 40 cm i^uaie The core is lemoved and heated to tlie 
temperature of 100° throughout ind then replaced Knd the temperature of a 
point in the axis oi the core fifteen minutes afterward. Given a^ = .185 in 
C.G.S. imits. Ans., 52''.9. 

6. If the piism described in Ex. 5 aftei leing heated to 100° has its lateral 
faces kept foi 15 minutes at the temperat ire find the temperature of a point 
in its axis. Ans., 20''.8. 

IV. Conduction of .Weat in Space. 

1. Show that 

—J Cda Cdfi Cdy CdX Cdfi ("/(k, fi, y) COS a(X — x) COS /3(/i — y) COS y(v — z).dp 

=f(x,y,z) 
for all values of x, y, and a. 

2, Show that 

..^ ,. ^j Jy "y V"^ sin '^^ sin "^ sin^^ 

where ^m«„= ^ \d\\dti.\ f(X,fi,\v) mn sin—;— sin--—dv, 

■ ■^ abcj J J ^ a b o 

for 0<x<a, 0<?/</', ()<s<c. 
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3. Obtain particular solutiona of D,u = a\D^it-\- D^u-\- D^u) of the 
forms 

M=: e- "'"''+ ^^+1'''' sin (tra ±07/± ys) 

u = e-^'c'+^'+J"'' cos (aa; ± j32/ ± ys) . 
4 Given th^ initial temperature of every point in an infinite 1 
solid find the temperature of any point at any time. 

= -^^ r^S' d^C^r ■>' dyCe- ^'f(x + 2a\ft.fi , y + 2rdt.y, « + 2a'<ft.Z, 

5. If the surface of a rectangular parallelopiped is kept at t 
zero and the initial temperatures of all points of the parallelepiped are given, 
then for aiiy point of the parallelopiped 

where ^m,„,p = 77^ j dA | i^/:* [ /(X, jx, v) s 

6. An iron cube 40 cm. on an edge is heated to the uniform temperature of 
100° Centigrade and then tightly encloaed in a large iron mass which is at the 
uniform temperature of 0°. Find the temperature of _the centre of the cube 
fifteen minutes afterwards. Ans., 38° .4. 

7," An iron cube 40 cm. on an edge is heated to the uniform temperature of 
100° and then its surface is kept for fifteen minutes at the temperature 0°. 
Required the temperature of its centre. Ans., 9°. 5. 



■nb-TTk . mr/i 
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CHAPTER v.* 



ZONAL HAKMONICS. 



74. In Art. 16 we obtained 



solution of Legeiidre's Equation 



(1) 

(2) 



[V. (6) Art. 16] as the g 

m being wholly unrestricted in value and x lying between — 1 and 1; where 



».(m-2)(m-4)(m + l)(m + 3)(» + 5) 



(3) 



, ,. , («-l)(» + 2) (..-l)(m-3)(.,. + 2)(m + 4) 

.{■'>-'■. 3! + 6! 

(m - l)(m - 8)(m - 5)(m + 2)(m + 4)(m + 6) __. , 



and we found 



7! 
F= )■>„, (cos ff) 

F= -^;^i?i^ (eos 6 

V= 5™y„ (eos e) 

r=;;irxS™(eos«; 

M. being unrestricted in value, as particular solutions of tlie special form 
assumed by Laplace's Eq^uation in spherical coordinates when V is independ- 
ent of <^; that is, of the equation 

rD^(r V) + -^ A (si n6I>gV)=0. (0) 

* Before reading this chapter the student is advised tore-read carefully articles 0, 10, 13(i?), 
15, 16, ajidl8(tf). 
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(8) 



For tlie important case where m is a positive integer we found 

^ = JP.(a!) +£«,(») (7) 

[v. (10) Ai't. 16] as tlie general solntion of Legendre's Equation (2), whenue 
F^r^-P^ (cos fl) 

r=,-^,(cosfl) 
F= -^^ Q,,^ (cos e 
ai'c particular solutions of (6) if t)i is a positive integer. 

'"^■' ml L ■2(2m-l)'" 

m(,.-l)(m-2)(m-3) _.l 

^ 2.4.(2m — l)(2m — 3) J '' ' 

[v. (8) Art. 163 ^^^ is * finite sum terminating with, the term wliich involves 
X if m is odd and with the term involving ir" if m is even. 

It is called a, Surface Zonal Harmonic, or a Legendre's Coefficient, or more 
briefly a Legendriwn. 



«,(«) = 



)...l|_^.tiT 2.(2m + 3) I-*' 



(2m + l)(2m-l)- 

(.„. + l)(» + 2)(^ + 3)(» + 4) 1 -1 

^ 2.4.(2m + 3)(2m + «) u"'^ J '■ ' 

j:>1. [v. (9) Art. 16.} 



it «<-l 

It is called a Surface Zonal Harmonic of the secmul kind. 



«.W = (-i)^ 



-Kl+0]' 



^/'».(a^) 



[v. (13) Art. 16] if w 



3.5.7. ■ 
s odd and - 1< a^ < J . 



L(^)^(-l)i 



„, ,,;2 2.4.6. ■-■», 
-<-l'^1.3.6. ■■■(«.- 1)» 
[V. (14) Art. 16] if ra is even and ~ 1< ,r < 1 . 



-5 3n,(^) 



(12) 
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In most of the work that immediately follows we shall regard x in P„Jx) as 
equal to cos 6 and therefore as lying between — 1 and 1.* 

75. In Article 9 the undetermined coefficient it"' of x'^ in P„,(ie) was 
arbitrarily written in the form ^- '-^ — j for reasons which shall 



now be given. 

In Ai'ticles 9 and 16 2 ^ Pm(*) ^^ obtained as a particular solution of 
Legendi'e'a Equation 

by the device of assuming that.s could be expressed as a sum or a series of 
terms of the form «„«"' and then determining the coefficients. We can, how- 
ever, obtain a particular solution of Legendre's Equation by an entirely differ- 
ent method. 

The potential function due to a unit of mass concentrated at a given point 

r^ , - 1 (2) 

and this must be a particular solution of Laplace's Equation 

I>}r-\- D^V+ B^V^O, (3) 

as is easily verified by direct substitution. 

If we transform (2) to spherical coordinates using the formulas of 
transformation 



we get 
(4) 



Vj^^^— 2rri[cos 6 cos S; + sin 6 sin 61 cos(^ — <f>i)] + r, 
as a solution of Laplace's Equation in Spherical CoSrdinates 

rD^{rr)-\-^K-^De{%m9I>er)+^^^V=^) [xin] Art. 1, 

If the given point (xi, pi, Hi,) is taken on the axis of X, as it must be that 
(4) may be independent of 1^, ^i =^ , and 



* English writers on Spherical HarmonicB generally use n lu place of x for c 
aliall follow them, however, onJy when we should thereby avoid confusion. 
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is a sohitioE of 

Equation (5) may be -written 

v=\ , ' -, (J) 

VI - 2 ^^ COS e + ^ 

T^ 1 1 ,-,, 



\ J. 



COS ^ + -^^ 



Vl — :i,i; COS fl + s' is finite and continuous for all values real or complex of 
s. It is double-valued but the two branches of the function ai-e distinct except 
for the values of 3 which make 1 — 22COsS + s^^0 namely s^cosfl+isinS 
and 3! ^ cos S — * sin 9, both of ivhich have the modulus unity and which are 
uritical values. 

is finite and continuous except for the values of 

Vl - 23 cos fl + 2' 
s ^ cos fl — i sin fl and s = coa 6 -|- i sin fl for which it becomes infinite ; it is 
double-valued but has as critical values only these values of z. It is then 
holovwfphk within a circle described with the origin as centre and the radius 
unity, aad can be developed into a power series which will be convergent for 
all values of « having moduli less than one. (Int. Cal. Arts. 207, 212, 214, 
220.) 

If then )■ > i\ ■■■: :::.: — - caii bo developed into a convergent series 

-^1 — ^008^ + ^ 

involving whole powers of — ■ 

Let y^?>™ -~ be this series, p^, of course, being a function of cos 6. Then 

[v. (7)] is a solution of (6). Substitute this value of Fin (6) and we get 

As this must hold whatever the value of t provided r > r^ the coefficient of 
each power of r must be Kero, and hence the equation 
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ZONAT. HABMOSICS. 




[AiiT. 75. 


But as 
it to 


we have aeei 
(1- 


1 in Art. 9 the substitution of a- = oo 


■sfl i 


n (<)) reduce.s 



and therefore s '=Pm 

is a solution of Legendre's Equation (1). 

If r < I'l - ■ ■ _^__„ — =^ can he developed into a convergent series 

-^/l — ?'' COS e + :^' 

involving whole powers of — - 

Let ^.p,„ ~ he this series. Then 

(v. 8) is a solntion of (6) ; substituting in (6) we get 

whence It follows as before that 

is a solution of Legendre's Equation. 

But p^ is the coefficient of the nith power of ~ in the development of 

(r /^-i )■ ^'^ )'. 

1 — 2— 'cosfi+ — „) * according to powers of —, or of the mth power of — in 

the development of (1 — 2 — cos tf + — ^1 ' according to powers of — , or 

more briefly it is the eoeffieient of the mth power of « in the development of 
{1 — 2a;.-; + z')- i according to powers of e, x standing for cos 6. 

(1 - 2x. + ,•)-.), = [1 - .(2x ~ »)]- S 

and can be developed by the Binomial Theorem; the coefficient of s,„ is easily 
picked out and is 

(2m-l)(2m - 3)-.-l r m(m-l) 

1^^ L'' 2(2m-l)'^ 

^ 2.4.(2m — 1)(2m*— 3) J' 

But this is precisely P,^(x). [v. Art. 74 (9)] 

Hence P^M is equal to the coefficient of the mth power of s in 
the development of [1 — 2xs + x''']-h into a power series, the modulus of z 
being less than unity. 
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76. If x^l F,„(x) = l. ¥ov if x = l {l — 2j;.v + zYi I'ednces to 
{1 — 2s + s^-i thatisto (1 — s:)-', .which develops iuto 

1 + .'- + *^ + .."+■,.'+■■■, 

iiiid. the coefRcieiit of each power .of ,■; is unity. Therefore 

^.(i)=i- (1) 

We have seen that if m is even JPm(^} contains only even powers of a: and 
terminates with the term involving a;", that is with the constant term. 

The value of this ooiistant term caji be picked out from the formula for 

P„(3;) rv. Art. 74 (-9)1. It is (—1)'^ ' f".' " " ''"^ ~' S or it can be found as 

follows: — It is clearly the value I'^(x) assumes when x^^O; it 'is, then, the 
coefficient of s"" in the development of (1 -|- «^— i ; but 

.1 _L ^ 1 1 1 2,1-3 , 1.3.5 , , 1.3.5-7 , 

(1 + ^^-^ = ^-2^+21^-2X6" +2X6:8^ -■■■ 

and the coefficient of s"*, m. being an even number, is ( — 1, i> j a 

If ™ is odd P^(^^ contains only odd powers of x and terminates with the 
term iEvolving x to the first power. The coefficient of this term can be 

picked out from (9) Art. 74 and is (— 1) ^ " — ; or it can be 

found as follows:— It is clearly the value assumed by — J*^ when x=^0. 

It is, then, the coefficient of s"" in the development of '.-7 ^ s- 

z ^ _3.3 , 3^ ., 3.5.7 _, 
(l + ^')% '" 2*^+2,4^ 2.4.6'^"' 

and the coefficient of s:'" in this development is (—1).* - " -— - - . _ ..^ > 
m being an odd number. 



i:fc_-zi). 



77. To recapitulate; 



f.C) 



_ 1.3.5- ■■(t!m-l) r _ ...(m^l) 
»! L 2(2m-l) 

^ 2.4.(2m — l)(2m — 3} 

m(»-l)(,.-2)(«-3)(,i.^4)(..-5) .._. 
2.46.{2to — l)(2m — 3)(2m — o) ^ 
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m, being a positive integer, is a Siirfaoe Zonal Hai-monio or Legendrian of the 
mth order. It is a finite sum terminating with the iirst power of a; if m ia 
odd, and with the zeroth powei' of x if m is even. 

P^{x) is the eoefEicient of the mth power of s in the development of 
(1 — 2xsi-\-f!,^-i into a power series. Henee if s<l 

(1 - 2a,s + s^)-i = P«(x) + P,(x).^ + F,(x).^' + P,(x).x' 

+ P,(x).^ + P,(x).^^ +■■■ + PJx)..'" + ■■■- (2) 

Whence 

jv— , '^n= i = 7 r^i(°'" "> + r -^■("' *> + ^ ^■<''°' *' + ■ 

V)-^ — 2rri cos ^ + r? ' L ' ' 

+5 -p.(«™ »)+■■■] "■ '■>'-i 

= - rP„(eos e) + ~ Pi(cos 0) + ^P2(eos ^IH 

+ ^P,(cos»)H 1 it .■<n. 

is a soliition of Legendre's Equation 

when m is a positive integer. 

F=)-'"P^(cosi9) 

and r= -^:^i -P«(coa 6) 

are solutions of the form of Laplace's Equation in Sphetieal Coordinates 
which is independent of ^, namely 

-P„.<1)=1. (6) 

-P..(-') = -'"...W- («) 

-f'».*.(-')=--P..H..W- <') 

P,.+.<0)*=0. (8) 

■<-,.w ( li 2.4.6.---2i» ^' 
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3.6.7. ■■■(3,. + l) 



r*S5±ife)' 



l,r 



(10) 



(") 



For convenience of reference we write ont a few Zonal Harmonies. They 
are obtained by snbatituting successive integers for wi in formula (1). 

F^ix) = 1(3x^-1) 

I>,(x)^'^{S5x*- $0x^ + 3) 

r,(x) = ^ (63*= — 70x' + Wx) 

P^(x) = ^ (SSla:" — 315a:* + 105x= — 5) 

F,(x) = ^ (429.K' — 6933;" + 31 5^' — 35^) 

P^(x) = jig (64353^* — 12012a;« + 6930a;* — 1260^^ + 36), 

Any Surface Zonal Hai'monic may be obtained from the two of next lower 
orders by the ai,d of the formula 

(»+ l)i". .,(«)- (2» + 1>A W +OP.-L W = (12) 

which is easily obtained and is convenient when the numerical value of x is 

DiSerentiate (2) witli respect to s and we get 



-('-") 



, = P,(x) + 2P,(i).« + 3P.(»).»' + ■ 



whence 



-(«-"=) 



= (l-2= + «')(P,(i) + 2P,(«).. + 3P.(j!).»- + ...). 



Hence by (2) 

(1 - 2» + ^•)(P,(a;) + 2P,(ai).s + SP.(j:).s' + ■ • ■) 

+ (.- I)(P.(..) + P,(a;).2 + P,(a!).2" + •■■)=() (13) 
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(13) is identically true, hence the coefficient of each power of s must vanish. 
Picking out the coefficient of s" and writing it equal to zero we have formula 
(12) above.* 

78. We are now able to solve completely the problem considered in Art, 9. 
We were to find a solution of the differential equation 

rD,^(r V) + ^^ A(sin $2),V)^0 (1) 

subject to the condition 

when = 0. (2) 



We know (v. Art. 77) that 



"^J-"'P„fC09ff) 



are solutions of (1). 
For values of r<.o 



Therefore for values of j- < c 
F= ^rPo(cos S) — ^ -I -P3 (cos 6) 

+ li 5 ^^ («o« ^) - Mi i ^' (""' ^^ + - ■ ■] (*) 

is our required solution ; because each term satisfies equation (1), and there- 
fore the whole value satisfies (1), and when 0^=0 

-P^(eosfl) = i'„(l) = l 

[v. (5) Art. 77], and hence (4) reduces to (3) and (2) is satisfied. 
For values of ?■ > (^ 

M _Mr lc= 1.3c' 1.3.5 cV "t ^., 

(^^ + ,^)i- ~- r L 2 .■= "•■ 2.4 ^■^ 2.4.6 r« + " ■ ■ J (^' 

Lr 2r»"''2.4)^ 2.4.6 /■'"* J 
* For tables of Surfa^if; Zonal Hiirmonics v. Appendix Tables I and II. 
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Therefore for values of )■ >■ c 
V=~r-P„ (COS 0)—^'- Pa (cos ff) 

+ 2i| ^= P^ C<>«^ ^) - HI ^7 ^e (cos e) + • ■ ■] (6) 
is 01.11' pequited solution. For it satisfies (1) and reduces to (2) when 6^0. 

79. As another example let us suppose a conductor in the form of a thin 
circular disc charged with electricity, and let it be required to find the value 
of the potential function at any point in space. 

If the magnitude of the charge is Maiid the radius of the plate is a the 
surface density at a point of the plate at a distance r from the centre is 

M 



^air\la' 



tonian Potential Function, S 61.) 

The value of the potential function at a point in the axis of the plate at the 
rtistajice x from the plate is easily' seen to be 

Mr 






M -x" — a' 

= — COS" ' ,; I ■- ^ ■ 

S)- 



l'+» 






if x>a. 
Integrating and tiien detennining the arbitrary constant we have 



■? + a? .12 
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We have, tliea, to solve tlie equation 

subject to the conditions 

when 6 — and r < a 

when fi ^= and r'> <i,. 
The required solution is easily seen to be 

if v<(i and 6 < ^ , 

and r=^["-3-^Pa(cose)+^^°P4(cos6)-J^^P„(eose) + --] 
if r>n, 

EXAMPLES, 

1. Given that if a charge M of electricity is placed on an elU^isoidal con- 

Mn 
ductor the surface density at any point P of the conductor is equal to -^ — r ' 

where 'p ie the distance from the centre of the conductor to the tangent plane at 
P (v, Peiree, New. Pot. I\inc. § 61); find the value of the potential iiuiction at 
any external point when the conductor is the oblate spheroid generated by the 

rotation of the ellipse "^ ~f~ 7I ^^ -'- ^l^ii''' its minor axis. 

Ans. (]) If the point is on the axis of revolution 

2SJiT^ — ¥ \- ^a\ia? + u} — }?■' ' W'-= + "^— ''^J 

X being the distiince from the centre. 

(2) If the point is on the surface of the spheroid 
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(3) If the distance t of the point fvom the eentre is less th;m Vc- — /'" ami 

+ 5(;^)^^-(""»)-6V=-^i ""•<"" "' + ■■■]■ 

(4) Tf the distanee t of the point from the centre is greater than S<i^ — ''^ 



-(^ 



5)-^ 



^ Pi (cos 6) ~ ^^—^^ P, (cos e) + ■ ■ ■ ~] ■ 



2. If the conductor is the prolate spheroid generated by the rotation of the 
ellipse —2 + ^=1 about its major axis, show that if the point is an external 
point and is on the axis at a distance x from the centre, 



'^2SI7? 



% I'^g "^ 



J.f the point is not on the axis and v > 






P,(oc 



+ ^- 



P.(« 



) + 



7r' 



Pe(eosO) + - 



80. As a third example we TFill find tlie value of tile potential function due 
to a thin homogeneous circular disc, of density /J, thickness A, and radius «, 

The value of * F at a point in the axis of the disc at a distance x from its 
centre is readily fovmd and proves to be 



2J»f^. 



If K>» 



F„ = 'iT7f,k{^-^ + !i^ — x) = ^ [\fx' + a^ — x;]. 

V ^a;V ^L 2a^= 2,4 :/^' ^ 2.4.6 a;" 2.4.6.8 3:'^ 

2i>fri» !.!»■ 1.1.3»' 1.1.3.5 »' "1 

"^ ,1 L2a; 2.4 *=■'" 2.4.6 a'^ 2.4.6.8 a^'"' J' 
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If «<« 

Vx +,. „„(^i + -j._„|_i + jj,-^- +^--+ .J 

■ « L <i^2.> 2.4 o'^ 2.4.6 »• 2.4.6.8 o'^ J 
Hence the solution for any external point is 
2jlf ria 1 1 a^ 



+111 °>-(-»)-Mf8 ?>•<«" «)+■■] 



J 1.1.3 «' ^ ^_^, 1.1,3.5 ffl' 
if !■ > «, and 



r=^ri--^'p,(eose) 

+ I J>. (cos fl) - |i ^>, (cos e) + |i| ^; P, (COS ^) - ■ - -] 



if )■<« and a<^ 



EXAMPLES. 



1, The potential function due to a liojiiogeneous hemisphere whose axis is 
taken as the polar axia, is 

if r <a anfl S > ^ ■ 

2. The potential fnnetion due Ik) a solid sphere whose density is propor- 
tional to the diatanoe from a diametral plane is, at an external point, 

„ 8 jlfrS.S 0.6.3.1 »• , „ 

5.3.1.1 a' „ , „, , 5.8.1.1 .3 »■ , , „ T 
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3. The potential fiinetion due to the homogeneous oblate spheroid generated 
by the rotation of — 3 + Vi = 1 about its minor axis is, at an external point, 

3 M r^ + a^-I^ / (a^-h^ + bx l 

. . , (a^ — }i^ — bx)\ -1 
+ sin-'-^ ■ '- ^ — x 

if the point is on the axis of the spheroid at a distance x from its centre, 
if r> (a^—lf-)^, and 

»-= (;Si)4- [l - (^i ^- (" "' + 1 ^¥j ^' ("" '> 

if r < (a" — l)'')i and S <^ ■ 

4. The potential function due to the homogeneous prolate spheroid 

x^ If' 

generated by the rotation of — ^ ■+ « ^ 1 about its major axis is, at au 
external point, 

if r>(a'-b'^i. 

81. The method employed in the last three articles may be stated in 
general as follows:- — Whenever in a problem involving the solviug of the 
special form of Laplace's Equation 

rD,? (r F) + -T^ De (sin ^ A F) = , 

the value of Fis given or can be found for all points on the axis of X and 
this value can be expressed as a sum or a series involving only whole powers 
positive or negative of the radins vector of the point, the solution for a point- 
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iiot on the axis can be obtftined by multiplying ea«h term by the appropriate 
Zonal Harnionic, subject only to the condition that the lesidt if a sei'iea must 
be convergent. 

It will be shown in the next article that P^(eos 6) is never greater than 
one nor less thaji minus one. Hence the series in question will be convergent 
for all values of nfor ivhich the original series W8S a^sohitdy eon-oerrje,nf. 

82.' In addition to the form given in (1) Ai-t. 77 for -P,^(*) other forms 
are often useful. 

It ought to be possible to develop P^(cos ff), which may be regarded as a 
function of 6, into a Fourier's Series, and such a development may be obtained, 
though with much labor, liy the methods of Chapter II. 

The development in terms of cosines of multiples of 6 may be obtained 
.much more easily by the following device. 

We have seen in Art. 75 that P^ (cos 6) is the coefiicieiit of the mth power 
of s: in the development of (1 — 2s cos ~\- :^^~i in a power series, and that 
if mod « < 1 (1 — 3s cos 6 + s)— 4" can i>e developed into such a series. We 
know by the Theory of Functions that only one such series exists, so that the 
method by which we may choose to obtain the development will not affect the 

(1 - 2s cos 6 + ^^)-i = (1 — s{ti9' + e-*') + .^^-1 

(1 — .ve'')^i may be developed into an absolutely convergent series if 
mod ^ < 1 , by the Binomial Theorem. We have 

(i ..e. , ^ i-r.^"^ -^2A ^2.4.6 ^2.4.6.8 ^ 

The product of these aeries wiU give a development for (1, — 2s cos S^-s^-^ 
in power secies. The coefRcient of e'" is easily picked out, and must be equal 
to .P,„{cosi9). We thus get 



2.4 {2m — l)(2m. — 3) *> 
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P.C"- 



„ 1.3.5.--(2«i — i)r,, ,, , „ 

'> =" 2.4.6. -2.. ' L^°""' + "l 



1-3"C»-1) 



r Gos(m — 4)^ 



, „ 1.3.6 «>(«»-l)(m- 2) ^ „„j^ 1 _,,, 

Tt' M. is odd the development nms down to cos d; if wi is even to cos (0), but 
ill that case the coefficient of cos (0), that is, the constant term, will tiot contain 
the factor 2 which is common to all the other terms, but will be simply 

r i.3.5---(^^- i)-]' 

L 2,4.fi.'--tfi J' 

We write out the valnes of P^(cos 6) for a few valiies of m 



= J (3 cos 2d + 1) 

-- ^ (5 cos S$ + 3 cos 0) 

^ ^ (35 cos ie + 20 cos 261 + 9) 

^ T^ 1^^^ *^"^ ^^ '^ ^^ ''"^ ^^ "'" ^*^ '^"^ ^^ 

= ^ [231 cos 6^ + 126 cos 48 + 105 cos 26 + 50] 

= j^ [429 cos 76 + 231 cos 59 + 189 cos 36 + 175 & 

= ^g| [6435 cos 8e + 3432 cos 66 + 2772 cos 46 

+ 2520 COS 26 + 1225] . 

Since all the coefdcients in the second member of (1) are positive, and since- 
eaeh cosine has unity for its maximum value it is cleai' that P^ (cos ff) has 
its maximum value when 6^=0; but we have shown in Art. 76 that P^ (1) ^^ 1. 
Therefore Pm(coa 0) is never greater than unity if 6 is real. It is also easily 
seen from (1) that P^(cos 6) . can never be less than — 1, 



A 


cos 6) 


p. 


0»») 


-Fa 


COS 6) 


Ps 


(cos 8) 


-P4 


(cos ^) 


JPs 


(COS 6) 


Pb 


(cos e) 


-P7 


(cos 6) 


F« 


(cos 6) 



W2> 
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S3. P,a(x) can be very simply expressed as a derivative. We liave 
_ (2,,.-l)(2m-3)-l r _ m^5» -1^ 

..(«-l)(»-2)(..^3) , -| 

^ 2.4.{2m — l)(2m - 3) J 

(m + l)m(»-l)(m-2) "I 

^ 2.4(2j» — l)(2m-3) J 

pP^ (x}dx^ = Cdx Cf^ (x)dx 

_ i2„.-l)(Mi^S)--l r , (,. + 2)(,» + l) . 
(m + 2)! L 2.(2m-l) ' 

(,. + 2)(m + l),..(»-l) ._. -I 

^ 2.4.(2m ~ l(2w. — 3) ' J 

J J'.(ct)<fc - ^2„)! L 2(2m-l) " 

2m(2m-l)(2m-2)(2m -3) ^,._, _ , . T 



2,4.(2w — 1)(2ot 

3)--' 

(2m)! 



-l)(2m-3)---i r . ._. ..(».-l) .._. 

(2m)! L '2! 



.,.(»-l)(m-2) _^,.._. 



+ ■ 



_ (2.»-l)(2..-3)---l 



(r'-iy- 

2m 

(2m 



»)! 
. , , 1.3.5 ■ ■ ■ (2m - 1) d' , , ,,_ 



This important formula is entirely general and }iolds not merely wlieii 
r = cos 6, but for all values of x. 
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84. Tlie last resiilt is so itnpcirtant that it is woi'th while to confirm it by 
obtaiiiiug it directly from Legeiidre's Equation 

V. (1) Ai't. 74. 

Let ns differentiate (1) with respect to « a few times representing 

;j^b,.',^,by.',^.by."',to. We get 






+ [m(m + l)-2(l + 2 + (l + --- + »)>"' = 






Following the analogy of these steps it is easy to write equations that will 
differentiate into (1). 

Let — -r=3, -—^3 -:p-r^2,&c. ihen 
dx dor (br 

ffiz 

will differentiate into (1), 

if differentiated twice will' give {1), 

if differentiated three tunes will give (1), and in general 

(1 _ ,, 2f + 2(» - »" S + [».(» + 1) - »(» - 1)] = 

if differentiated n times with respect to a; will give (1). 
If « = m + l (3)1 
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and tlie (m + l)st derivative with respect to a; of any function of x which 
satisfies (4) will be a solution of (1). (4) can be written 

^ ' dx 

and can be readily solved by separating the variables and integrating, v. Int. 
Cal. (1) page 314. It gives 

..= C(.'-1)- 



^ ^■(..■-l)- 



(5) 



is a solutioa of Legendre's Equation (1) and agi'ees with the value of P^(x) 
obtained in Art. 83. 

85. The equations obtained in Art. 84 are so envious and' so simply related 
that it is worth while to consider them a little more fully. 
We have seen that 

differentiates into 

(l-.-)J, + 2(„-l).£ + 2„= = 0, (2) 

that if we differentiate (2) m times we get Legendre's Equation 

(i-«')S-^«s+»(»+i)'=«^ ® 

that if we differentiate (2) 2»t times we get 

(l~:^)£,-2(- + l>| = 0r (4) 

that if we differentiate (2) m^n times we have 

and that if we differentiate (2) m + *^ times we have 

(l-.')f,-2(„ + )>| + [«(» + l)~,.(,. + l)> = ,^ (6) 

By the aid of (1) we found in the last article a particulai- solution of (2), 
namely 
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If ive substitute in (2) a = '/((a;* — l)"" following the method illustrated 
fully in Art. 18, we get ae the general solution of (2) 

A and B being arbitrary constajits. 

I — s — . ^ , is easily written out [v. fornuda (42) page 6. Table of lute- 
J (x — l)" 

grals. Int. Cal. Appendix]. If a; < 1 it vanishes when x=^0. If a; > 1 it 

vanishes when a; ^ as . If then « < 1 (7) can be written 



and if a: !> I 



^^ = A~ 



f arbitrary constants are avoided, 
leral solutions of (3), (4), (5), and (6). 



and in these forms unnecessary arbitrary constants are avoided. 
From (7) we can get the general solutions of (3), (4), (5), and (6). 

^'^^^^ ,, 

is the general solution of (3). 
is the general solution of (4). 
is the general solution of (5). 

is the general solution of (6). 

In each of these forms A and B are arbitrary constants and the integral is 
to be taken from to iB if « < 1 and from a; to co if « > 1. 

Of course (10) must be identical with the forms already obtained in Arts. 16 
and 18 as general solutions of Legendre's Equation. 

Equation (4) is so simple that it can be solved directly, and we get its 
solution in the form 

wliich must be eqiuvalent to (11). 
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Comparing (14) witli (7), the solution of (2), we see tliat every solution of (4) 
can be obtained from a solution of (2) by dividing the latter by (x^ — 1)'", or 
in other words that if we write (2) 

(l-.,£ + 2(,.^l>| + 2» = 0, (2) 

.nd(4)„ (i_,,)^_2(„ + l),|, = „ (4) 

,v = s,(x^ — 1)'" j and the substitution of this value in (2) will give (4), and 
the substitution of Si ^ —j — ^Yhi ™ (*) ^^^^ S^^^ (^)' 

We have, then, two ways of obtaining (4) from (2); we may differentiate (2) 
2-m times with respect to x, ov we may replace n in (2) by Si(x^ — 1)"'. 

If we use the first method we have seen that Legendre's Equation (3) is 
midway between (2) aud (4). That is if we diiferentiate (2) «i times we get 
(3) and if we tiien differentiate (3) m. times, we get (4)- Let us see if the 
half-way equation in our second process is Legendre's Equation. 

If « = ;,(a;^-l)f 

and p ^ si(3;^ — l)a 

. = „(x'-l)-. 

So that if in (2) we replace s by y(x^ — l)f and then repeat the operation 
on the resulting equation we shall get (4), Making the first substitution we 
find, 

(i-«')£-^-l+[-("+')~r^]'=»' w 

not Legendre's Equation but a somewhat more general foviu. Of course its 

solution is 

,/ = j(^-- 1)5 + i>(x- - i)!jprriy,i-* , ■ (i«) 

(2) and (4) are special forms of (5) and (6). Let us try the experiment of 
substituting in (S) &=i/(l — x^)^ aud in (6) a^ ' ™. We find that 
both substitutions give the same equation 
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The solution of (17) oan be obtained from either (12) or (13) and is 

which of course must be equivalent. 

86. In addition to the value of Pm(^) given in (1) Art. 8;^ there is another 
important derivative form which we shall proceed to obtain. It is 

P,(cos (9) = tJ^,.m+i2)™ Q . (1) 

We have seen in Art. 75 that - -- =-t— .^ =. can be developed into 

* -Jl~2-^cose + %' 
a convergent series if r^ < r and that the (m + l)st term of that series is 
" Mt-n ■ ^^^ ^'^ obtain this term by Taylor's Theorem. 



jl-2 5«„.» + ri V.'-2r.,»s« + ,,' ,S+7+-.._2„, + , 



Regarding this as a function of (a: — fi) and developing according to powers 
of j'l by Taylor's Theorem we get as the (m + l)st term 

^r,^B,\-, ^ 1 or <-^r,^J,,(l). 



Hence 



87. We have now obtained four different forms for our zonal hamionio, 
a polynomial in x, an expreasion involving cosuies of multiples of 6, a form 
involving an ordinary wtth derivative with respect to x, and a form involving 
a partial mth derivative with respect to x. We shall now get a form due 
to Laplace, involving a definite integral. 

C '^'i' = -^ -, (1) 

j/ a — 6 COS ^ («^ — 4^)^ 
if a^ > //^ [v. Int. Cal. page 68]. 
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I can be expressed in tlie form - 



and S ^ s V«^"— 1 and no matter what value x may have s can be taken so small 
that a^ will be greater than b". Then by (1) 

(1 — 2xz + a^)^ ~ TT J 1 _ sa; — s: V^^^. cos ^ ■^j} 1 — s(x + V-i^^^^^l- cos ^) 
= ^ /[I + ('^ + V^-^I-- cos ^)^ + (,<: + V^"-^, cos ^)^.-.=' 
+ (*■ + \/x'+~l. cos ,^)=^» + ■ ■ -jt^* 
if s is taken so small that the modnlus of «(« + \x^ — 1. cos tjt) is less than 1. Hut 
bv Art. 77 (2)P.„(x) is thecoefficient of 3" in the development of -; , 

hence P„(a!) = - j^ [.^ + v'^' — 1- cos <;.]'"<;<^ , (2) 

By replacing ^ by tt ~ ^ in (2) we get 

-; ^ — -; — —, = z TT . iind if iiKHl - < 1 01' in other words if 

(1 - 2xz + «=)* ^^ i^ _ 2^^ 1 _,_ l^i ^ 

moa s .P- - -^ Y\k can be developed into a convergent series involv- 

(^ --'-. + 7'} 

ing powers of — , and the coefficient of I -1 will be I'^(x); bnt tliis will be 
the coefficient of s~™-' in the development of -p — ^ — -j- — ^, according to 
descending powers of z, mod s being great er than 1. 

If now we let a = zx — l and b^=s'^z^~l, «^-— /i^ = l — 2j.'s + s'^ and 
s may be taken so gr-eat that w^ — 6*>0. Then by (1) 



(1 - 2a;2 + ^=)^ ttJ ,.,^ _ 1 _ - v^^^Tl. , 



't/ (« — V.^^ - 1. COS *) L (K — V',^^ — 1, cos ^) 
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and the coefficient of 



Replace <^ by tt — tjt and we get 



(6) 



88. In the problems in which we have already used Zonal HaTmoniex 
(v. Arts, 78-81) we have been able to start with the value of the Potential 
Function at any point on the axis of X, and it has been necessaiy to develop 
the expression for Fon that axis in terms of ascending or descending' poweis 
of X. If, however, we start with the value of V in terms of 6 for some given 
value of r, that is on the surface of some sphere, we must develop the function 
of 6 in terms of tional harmonies of cos 6 (v. Art. 10), and our problem becomes 
the following: — To develop a g;iven function of cos S in terms of zonal har- 
monics of cos 6, or to develop a given function of a; in terms of the fimctions 
J'mi^)) ^ ly'ig between 1 and — 1. 

The problem resembles closely that of developing in a Fourier's series, 
which we have already considered at such length. 

Let f(x) = A,P,(x) ■+ A,F,(x) + A,P^(x) + A^,(x) + ■-■ (1) 

for all values of x from — 1 to 1 and let it be required to determine the' 
coefficients. 

If f(x) is single-valued and has only finite discontinuities between .r = — 1 
and x^l we may proceed as in Art. 19. 

Let us take n-\-l terms of (1) and attempt to determine the coefficients. 
Take n-\-l values of x at equal intervals Aa; between x= — l and « = 1 
30 that (n + 2)Ax = 2; /(— 1 + Ax), f(~ 1 + 2Ax), /(— 1 + 3Ax}, ■ ■ ■ 
f[^ — 1 + (w + l)A3!j will be the oor res ponding values of ,f(x). Substitute 
these values in (1) and we have 

/(- 1 + Ax) = AJ',(- 1 + Ax) + A,F,(- 1 + Ax) 

+ A.,F,(- 1 + Ax) + --- + AJ\(~ 1 + Ax) 

/(— 1 + 2Ax:) = A„I\{— 1 + 2A«) + yiiP,( — 1 + 2Ax) 

+ A^P^i— 1 + 2Aa-) H f- A„P„(— 1 + 2A3^) 



(2) 



/(I - Ax) = A<^^(1 - Ax) + A,P,{1 - Ax) -f A,F,(l - Aj-) -f ■- ■ 

+ A„PJ1 -^ Ax),^ 

that is, n -\- 1 equations from which in theoiy the n -\- 1 coefficients 
A„, Aj. ■ ■ ■ Aj^ can be determined. 
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Following the analogy of Art. 24 let us multiply the first equation by 

P^(— 1 + Ax).Ax, the second by. "P^(— 1 + 2Ax).Ax, the third 'by 

I'^(— 1 -{- 3ilx).Ax , &c., and add the equations. The first member of the 
resulting equation is 

^/(— 1 + /i:Aa;)P,„(— 1 + ki!,x).Ax , (3) 

and the coeiSeient of any A as A, in the second member is 

^P„(— 1 + kAx)F,(— 1 + kAx).Ax. (4) 

If now n is indefinitely increased (3) approaches as its limiting value 

ff(x)FUx)da. (5) 

and (4) approaches Cp„(x:)P,(x)dx. (6) 

We have uow to find the value of the integral (Ij) or a.s we shall write 
it for the sake of greater convenience 

by (1) Art. 83. 

rd^'jx'^-i y A^°- l)" ^, _ r ^ft^-1)-" ^'--^(a^^-l)W 
J daf dx" L (^*™ dx"~' J 

_■ ,...(. i).,^-.,,.i). ^ (1) 

J dx"''^' die"-' ^ ' 

by integrtUwn hy parts. 
Now if s = X{x:' — 1)" 

| = 2„X(«--l)-.+ (».-l).f=(«-l).-[2„X+(«.-l)f].(2) 

Hence the^th derivative with respect to x of any function of a: containing 
(^ — 1)™ as a factor will contain {^? — l)"""" as a factor if p <in . 
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and when x^^ — 1 , so that (1) reduces to 

J lie" (ia;" J (fo^+V fk!'^^ 

It follows that 

^(_i). >-y-i)- . ^"(»^.-i)\ ,. (3) 

If n(.<M we get from (3) 

If, then, )K is not eqiial to n 

If ■/«=:); we have- to find f[P^(x)J(i^-. 

by (3), = (— l)"'(2m) ! ("(a:'^ — lydx . 
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J(«- - !)-<& = J(a. - l)-(»: + 1)-4j = - ~^ (^ - 1)— (>. + 1)- * ■*« 

= (-!)■ 



(»> + !)(». + 2) ■■• (2m + 1) 

(2'« + l) 



Ap ,.,Ti, _ 1 (-l)-(2»)!(-ir«!2 '" 



J[^,.W]"<i» = 



2m + l 



90. The solution of the problem in Art. 88 is now readily obtained, and 
re have 

/(«) = A.i\i:£, + AP,(^) + ^.P.W + ■ ■ ■ (1) 



where 



4. = ^^^//WJ'.W*'. (2) 

The function and the series are equal for all values of x from a^ = — 1 to 
a: = 1, aiid /(«) is subject to no conditions save those which would enable na 
to develop it in a Fourier's Series, [v. Chapter III.] 

Of course (1) can be written 

/(cos e) = ^^^(cos &) + ^,P,(cos &) + APs(cos ^) H 

where A,, = '^'"''^'^ ^f(c,m «)-P^(oos 6))rf(cos ^) 

or if /(co!^ 6) = Jf(fl) 

F(p) = .4„P„(cos e) + ^iP,(cos &) + JsPaCcos (3) -j (,S) 

where ^„, = ^^ + V j'(e)p^(cQB 0) sin ^.^6 (4) 

and the development holds good from S = to 6 = tt. 

If /(^) is an even function, that is, if /( — x) = f(x) (1) and (2) can be 
somewhat simplified. I'or in that ease it can be easily shown (v. Art. 77) that 



J/(a))P,, {x)ih: - 2j>(3,)P,, (x)dx , 
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aad that (/(^)-Pat+i(*^)''« = ; 

so that if f(—x)=f{x) 

f(x) = A,P^(x) + A^P^ix) + A^P,(x) + A^P,(x) + ■ ■ ■ (5) 

J,,, = (Ah + 1) J/(3.)P,,(*)rf* . (fi) 



where 



If /(tc) is an odd function, that is, if /(— a) = —/(a:) it can be shown in 
like manner that 

fix) = 4, + A,P,{x) + A,lMx) + ^,A(^) + ■ ■ ■ (7) 

where A^^^ , = (ik + H) Cfix)P^^^^{x)dx. (8) 

If it is only necessary that the development should hold for < a^ < 1 any 
i'lmction may be expressed in form (5) or (8) at pleasure. 



a. establish the fact that 



^P,,{x)P,{x)dx = by a more gen- 



eral method than that used in Ai't. 89. 

Let X^ be any solution of Legendre's Equation 

i [ (1 - »'> 3 + "(» + «• = » [- w ^* "J 

which, with its first derivative with respect to x is finite, continuous, and 
single-valued for values of x between — 1 and 1,-1 and 1 being included. 

|;[(i-,,!S.] + „(™ + i,x. = o (1) 

Multiply (1) by X^ and (2) by X^ and subtract and integi'ate and we get 

[»(„ + 1) - »(» + i)]/v.^» =jx. ;! [(1 - »i S']^»^ 
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Integrate by parts, 
[,«(™ + 1) - u(n + 1)]/X.X„<^ = [X,„(l - .=) ^f - X„(l - .^) ^'];: ' ^ 

A, ^ dx^ dx^ , , jA dx^ dx„ , 

Whence Cx^X^dx = (4) 

unless m^n. 

(S) gives at once the important formula 

J 'f-'^"'"' = „(„ + !) -„(„ + !) (5) 

from which come as special cases 

Jp.(x)P.(«,)^ = ^(^^i)_„(„^i) (6) 

and since P„(x) ^ 1 

unless w ^0. 

EXAMPLES. 

1. Show that I P^(x)dx ^0 if m is even and is not zero. 
1 . 3.5.7. ■ ■ ■ 



,_ . .^' 1 .3.5.7. ■■■)», , . 

<■ ^' nU-m. 4- 1 1 2.4.fi. ■■■l■m.--^^ " "' ^^ 



odd. V. Art. 91 (7) and Art. 77 (10). 
2. Show that 



iiFJx)P^{£)dx = if m and w are both even or both odd. 



V. Art, 91 (6) and Art. 'il (8), (9), and (10). ef. J. W. Strntt (Lord Uayleigh) 
Lond. Phil. Trans. 1870, pfl«e 679. 



2"-.(»-»)(» + » + i)(|l)'(Vi)" 
and (10). ef. J. W. Stmt 

3. Show that {{PJ.x)fdx = \ v. Art. 89 (5). 

J 2m + 1 
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,92. Formula (4) Art. 91 can be obtained directly from Laplace's Eqi^tioii 
by the aid of Green's Theorem (v. Peirce's Newt. Pot, Func. § 48). 

Take the special form of Green's Theorem [(18) § 48 Peirce's JSfewt. Pot. 
Pluic.] 

Cj'j'(UV^V—rVU')dxdyd^.=j'(UD„F—VT\Uyi, (1) 

where V^ stands for (I)^ -|- Z*/ + ^,)> -^n '^ the partial derivative along the 
external normal, and the left-hand member is the spaee-integral through the 
space bounded by any closed surface, and the right-hand member is the surface 
integral taken over the same surface, (v. Int. Cal. Chapter XIV.) 

If Cand f are solutions of Laplace's Equation V^f^=V^F=^0 and (1) 
reduces to 

C(UD„r— rDJJ)dii^i). (2) 

Now r'"X^ and )-"X„ are solutions of Laplace's Equation if u- ^ cos 
(v. Art. 16). 

If the unit sphere is taken as the bounding sui'face and U = v-'"A',„ and 
V= r'2^ (1) and (2) will hold good, 

D„r=nV-'X„, 
ds^Bine.ded-f,, 

and (2) becomes Cd<l, C(nX^X^ — mX^X„) sm0.d6 = O 

or •2rr(n-m)j'x^X„siii6.d0 = O. (3) 

Since a:; =; cos ^ , sin 6.d6 = — rkn and (3) reduces to 

Cx^X„dx = D* (4) 

unless vi = n. 

93. We can now solve completely the problem of Art. 10 which was iji 
that article carried to the point where it was only necessary to develop a 
certain function of in the form 

A^P^(cos 6) + ^,Pi(cos 6) + A,P^(Gos &) + ■■■ 

* It should, be noted that tiis proof is no more general tlian that of the last article, for, in 
order that Green's Theorem shoold apply to r^X„, this function and its flrst derivatives must 
be finite continuous and single-vahied within and on the surface of the unit sphere, (v. Peirce, 
Newt, Pot, Func, 5 48.) 
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given that f(ff) = 1 from ^ = to 6 = ^ 

and /($) = from 9 = ^ to f = tr . 

Tliis amounts to the same thing as developing F(x) into the sei'ies 



where -F(3;) — from -:«: = — 1 to , 


»=0 


and F(x) = 1 from ■j:, = to ;, 


r^l. 


By Art. 90 (1) and (2) 





1 z' 1 Z' 1 

and any coefficient -^m^ — o — I Pm(?^)'^^- 
By Art. 91, Ex. 1 

rP„(3;)&! = if m is even 

*• -' «t{™i + l) 2.4.6. ■■■(»! — 1 

Hence .4^ ^ if m is even 

_ e=J2m. + 1 1.3.5. ■ - ■ (m - 2) 



'^ -^ 2m + 2'2.4.6.---(TO — 1) 
Then _f-(^)^l + ^P,(^)_I.lp,(^)+l^.g/>,(,^)_.-. (1> 

a^d ''^ = ^ + I ''PKcos &)-l-\ '^nCcos ^) + § ■ II '^f .(™s y) + . - ■ (2> 
for any point within the sphere. 

94. If in a problem on the Potential runetion the value of V is given at 
every point of a spherical surface and has circular symmetry* about a diameter 
of that surface the value of Fat any point in apace can be obtained. 

We have to solve Laplace's Equation in the form 

rD?{r y)-\- -^f, A(sin ^ A F) = (1) 
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subject to the conditions 

V=f{e) when r=a 

We have /{$) = A^„(cos 0) + A^F^{aos 6) + ^,P,(cos ^) + ■ ■ • 



Hence 



'^— r/(6)P^(cos e) sin ii.<m. V. Art. 90 (4). 

r= A^ + A^ {^ P,(cos &) + ^s (^) P,(eos i9) + ^^ (^)V,(eos 6) + ■ ■ ■ (2) 
is the required solution for a point within the sphere, and 

F^ A„ ^-) + .4i (-Ypi(cos e) +- A^ i^P^{GO?. 6) + ^^ (-Yp,(cos <9) + ■ - ■ (8) 
is the required solutiou for an external point. 

EXAMPLES. 

1. If on the snrface of a sphere of radius b F is constant and eqiial to a 
show that V^a for any point within the sphere and F=^— for any 
external point 

2. Two equal thm hemiapherital shells of radms o placed together to form 
a spheiKal surface aie separated by a thin non conducting layer. Charges of 
statical electricity aie placed on the two hemi^pheies one of which is then 
found to be at potential a and the other it potential h. Find the value of the 
potential function it any point 

r= «-+ ' + ^s - .,) [; \ p,(<,„. ») - 1 i ^: P.(». ») 

for an internal point 

''==l-;!+(«-«)[i^>.(«"»)-r52-p.(«™») 

for an external point. 
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3. If r, ^/{coR $) when r = a, inid Fi = when r = h show that fov 

where J,„ = ^-'^^^ Cf(x)P^{x)dx . 

4. If F^ = F(<ios ffj .when r = h and F^ = when ?■ = « tlien for 
a <r<b 

where 7J,„ = -^~- CF{x)P^(x)dx. 

5. If the value of the potential function is given arbitrarily on the surfaces 
of a spherical shell but has circular symmetry* about a diameter F= V, + F^ 
(V. Exs. 3 and 4). 

6. Two concentric hollow spherical conductors are insulated and charged, 
Tlie inner one of radius a is at potential ^i, and the outer one of radius b is at 
potential q. Find Ffor any point in space. 

r=p if r<a, 

''-S('-0+,7^»(l"") « '<'■<"■ 



7. If F^O on tlie base of a hemisphere and F^:/(eos6) on tlie convex 
surface, sliow tliat for a point within the hemispliere 

f^=X-^«.^, (0°'^'-P«-ti(GOS 6) 

A,,^, = (ik + 3)j'f{x)P^^ ,ix)dx [V. Art. 90 (8)]. 

8. If the convex surface of a solid hemisphei'e of radius a is kept at the 
constant temperature unity and the base at the constant temi>erature zero 
show that after the pernianent state of temperatures is set up the temperature 
of any internal point is 

,.=|ip,(™«)-U£>.(. 



where 



pase 12. 
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9. A sphere of radius a and with blackened surface is exposed to the direct 
rays of the sun iai air at the temperature zero. Find the stationary temperature 
of any internal point. 

Suggestion: D,.u -\- 7iU — Mf{$) = fi when r = „. 

Let r=^4„^,i'™(cose), and /(e) =^^™P„,{eos fl) . 

Then we liave 

•^m ^ J^™(cos 0') + h ^^„,P.„(cos ff) - M ^B„,i'™(cos ^) = , 
whence ^m ^ • 

Here /(fl) = cose i£ 0<fl<^ aud /(e) = if J<(9<Tr. 

V. Art. 91 Ess, (2) and (3). cf. J. W. Stmtt (Lord Eayleigh), Lond. Ir-hil. 
Trans, vol. 160, page 587. 

95. The formulas of Art, 90 enable us to develop a given funetion of x in 
terms of Zonal Surface Harmonias, the development holding true for values of 
X between — 1 and + 1. If, however, we can show by outside considerations 
that a given function of x can be expressed in Zonal Surface Harmonics, the 
development holding true for all values of x, the formulas of Art, 90 will give 
us the development in question. 

For example if w is a positive integer k;" can be expressed in terms of Zonal 
Surface Harmonics no matter what the vaUie of x, and no Harmonic of higher 
order than n will enter. I'or the formulas giving the values of Fi(x), P^(x),--- 
P„(x) (v. Art, 77) may be regarded as n algebraic equations of the first degree 
in terms of x, x\ x",' ■ ■ ■ x" and P,(a;), J'a(a;),"-i'„(«). 

From these equations the w — 1 quantities a;,5c^,3^,---3;''~', can be elinii- 
nated, and there will result an equation of the first degree in x" and I'i(x^, 
Fi(x), ■ ■ ■ P^(x), which will enable us to express x" in the form 

A, + A,P,{x) + A^P^{x) + ■ ■ ■ + A,P,{x) , 

no matter what the value' of x, and we shall have the same formula when 
- 1< X < 1 as when a; > 1 or x< — l. 
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Let us obtain this development. By Art. 90 (1) and (2) 

X" = A,P^{x) + A^P^ix) + A^^(x) + ■ ■ ■ (1) 



where A^ = - 



-I^^en A^ = — 2^ 2^;^ J x" ^^^^„, ^ <;* by (1) Art. 83. 

By integration bij parts we get 

/«-^^^^Jjr^''*»^ = ''(«-i)('>-2) ■■•(»->»+ i)/«"--(i -»■)'««■ (3) 

a m<»+l, 
= if «>>«. 
By intBgTatwn h]/ parta we readily obtain tJie reduction fonnnla 



/■""'*=» 



if v,-\-M is even, 



+ 1 

= if n + m is odd. 
Hence A = (2^+ l>fa- l)fo-2) - ■ - fo- m + 1) 

if m < ». + 1 and m. + n is even, 

= if m > m or if m + w is odd. 
Therefore 

[(2» + ) )P.(«) + (3, - 3) 2i±i^ P._,(») 



1.3.5 ■ ■ ■ (2« + 1) 



-] (4) 



the second member ending with the term ■ — r- Po(x) if n is even and with 
.1 n-\-l 
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CISEFUI. FORMULAS. 

loe we write out a few powers of x 



=|i'.(«)+ip.(») 

= ^p.(.)+Pp.W+Mp.W + Jp.W 



128 



64 



48 



40 , 



If) 



^' = 6435 -P- W + 495 •^' ^ + IS •^' « +..39 -f"' « + 9 ^"("'>J 
If a given f imction ofaicanbeexpressedasa terminatini/ powm- series it » 
be deTeloped into a Zonal Harmonic Series by the aid of (4), Given tliat 

J^x) = ffio + diX + a^x^ + <ts^' H , 

let f(x) = -B. + S,P,(x) + B^,(x} + B,P,(£) + ---; 

then picking out carefully tlie coefficient of F^{x) we bavc 



-'! r„ I (m + l)(m + 2) 

1.3,6. ■■■(2„i-l)L-^ 2.(2m + 3) -*" 

(.. + l)(m + 2)(m + 3)(m + 4) 
"^ 2.4.(2m + 3")(2m + 5) 



..]. (6) 



96. Tlie development of 
Let — ^^^^ 



rff„(a;) 



s useful and is easily obtained. 



Then ^^^ = - 

by Art. 90 (2); 



■i/p.(.,^ 



j-P.(.)Si^^=cP.(.,P.(.)r>_j-P.,./.?^^. 
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[P„(a:)P„{a^)] =0 if m + n is even 

= 2 if m + n is odd. 

Since P„(iB) is an al-gebraic polynomial of the nth. degree 1 

algebraic polynomial of the 



dP„(x) . 



than m; conaec[uently — -r^ — 
than n and 



IS an 
t degree in x. Therefore in-(l) m is less 
algebraic polynomial in x of lower degree 



/p.w 



dP^(x) 



dx = l} 



by Art. 93 (.*i). 



We get then J,„ = 2m + 1 if 7« + h is odd and vi<n, 
r=0 if m + m is even ov m>n-l; 



the second member ending with the term 3-Pj(3;) if mis even and with the 
term P^ix) if n is odd. 

From (3) a number of Simple formulas are readily obtained. For example 



JP.(,),ix = j^ [P,._,(.) ^ P.„(,,)] . 



(-+^)'^-^="^^'^'+(»+'>^ 



(4) 
(f>) 
(6) 



[v. (4) and Article 77 (12)]. 

[v. (5) and Article 91 (7). 

97. By the aid of tlie formulas of Art. 96 a number of valuable develop- 
ments can be obtained. 

Let us get cos %$ and sin nQ n being any positive real. 
s =:; coa n$ and s =i sin n$ are solutions of the equation 



d^:t , 



i + n^^^O 



>y Google 



Chap. V.] AimiTIONAL DEVELOPMENTS, 

or if we let x ^^ cos 0, of the equation 

,, „, (^ da , „ 






dx 



>e the required development of eos nd or of sin uO. 



Then 



■^ L 1^^ dx J 



tj (!)■ 



£ = P,„(x) is a solution of Legendre's Equation (v. Art. 77). Heiiee 

* ' it" dx dx "C'Tij-r.W, 

and (1) becomes 

Formulas (4) and (6) of Art. 96 enable ua to throw (2) into the form 



■^""•Lam + l 1^ 2m + l (fo; J 



(3) must he identically true. Therefore the 
equal zero, and we have 



•g-.^.w 



"*■ 2m + l «"-{m + 3)" •■ 
Ire developing cos wS 

"fo ^ v; ( "^(^s 'i^ sin 6.<^^ 

= i/[™ (» + !)«- sin (" - 1 )«¥» , 



3 r 



■I n^-l 


~' 


(P) 


'cos lie COS ^ s! 


.nft<Ze 


by Art. 90 (4), 


9 «' d 


-. 


('') 
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(4), (5), and (6) give us 

COB nd = - .^J°2. 1)"" r A(coa 6») + 5 ^j^g^ ^(oos iS) 

If n is a whole number 1 + cos «Tr or 1 — ooa mtt will vanish and the series 
will end with the term involving P„(cos 6). Por this ease (7) maybe rewritten 

„ 1 2.4.6.---2J7, 



2'3.5.T."(2«+1) 



^[(2„ + l)i'.(e„s«) 



-(„-2)- 

I a-. T^ [~'-(» + i>']r»'-(»-i)'] p ,„„«i + ,,.1 ,«-, 

+ (2» ^>[„=-(„_2)'][»'-(„-4).]^-'(°"*'+ J- W 
If we are developing sin n$ 

1 r 1 SinHTT 

«„ = W sin me sin e.f^^ = — i- ^^^ . 



ai = ^ rsiiiMOeosOsinArff 
« = - J- 5^ [p.(cos ») + 5 ; 



+ '; 



"■(■'-g") 



S-JK-S")'" 



P.(eos «) + -■-] 



+ 11 |7^I^{S^^A(eos «)+...]. (9) 

If w is a whole number sin?i7r^0, and all the terms of (9) vanish except 
those involYing P,_i(cos 6), ^„+i(eos 0), P„+3(cios S) &c., which become inde- 
terminate. Tor thia case it is necessaiy to compute ff„_i indepeudently. 
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We have 



= -^^™- r[cos (n — l)e — cos (« + l)i']P„_,(eos e)d6. 

..„. = 5ipi.i||:^^^i?l=|.). [V. Art. 82(1,]. 



J2n-1 1.3.5. ■■■(2w — 3) 
'2.4,6^■■(2» — 2) 
and 



|[(2»-l)P._,(oos«) 



1. Show that 
whence 



[l + 6 (|)V.(cc. «) + 9 (g)'p.(c„, .) + 13 (|ff)'p,(». «) + -3 



[t. Art. &0 (4) and Art. 82]. 

2. Show that 

ctn ^ = f [S @Pt(cos 6) + 7 (|)(1) V,(cos ^) + 11 (|)(g)V,(cos ^) + ■ ■] 
whence 

[v. Art. 90 (4) and Art. 82]. 

3. By integrating the result of Ex. 1 and simplifying by the aid of Art. 96 
(6), obtain the development 

rin-. = f[3(i)'p.(,:) + 7(j!j)V.(.) 
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184 ZONAL HARMONICS. [Art. 97, 

ivhence « = J rP.(r,os «) - » (|)'p,(c.os ») - 7 (2!j)'p.(cos ») 

-"(•rfey^'C" ")-■■■]■ 

4. By integrating the result of Ex. 2 and simplifying by the iiid of Art. 96 
(fi) obtain 

-(l)(^e)"-.(«) + -] 

whence 
sin » = f [1 P.(C0B «) - 5 (j)(|)'a(»os «) - 9 ('H) (s^" ''.(cos «)-■■]. 

To make clearer the analogy of development io Zonal Harmonic Series with 
developmeiit in Fourier's Series we give on page 185 a cut representing the 
first seven Surface Zonal Harmonics P,(eos 6), Pa(eos 0), ■ ■ ■P,(coa &), which 
are of course somewhat complicated Trigonometric curves resembling roughly 
costf, cos 2fl, ■■ 008 7^; and on page 186, the first foar successive approxi- 
mations to the Zonal Harmonic Series 

[v. (1) Art. 93], and 

: [p.(cos ») - 3 (i)'p,(cos «) - 1 (^)'''.(oos ») 

-"(5ll)'-^'("™''>--]f"J 

(V. Ex. 3 Art. 97). 

[i] is equal to 1 from ^ — to ^ = ^ > a^^tl to from ^ — n" to S — tt; and 
[ir] is equal to & from ^ ;^ to 6 -= tt. 

The figures on page 186 are constructed on precisely the same principle as 
those on pages C3 and 64, with which they should be cai-efidly compared. 

98. By applying Gauss's Theormn (B. 0. Peirce, Newt. Fot. F\inc. § 31) or 
the special Form of Green's Theorem. 

f f CvVdxdydz = Cl>„ V'h = - iTrfCfpdxdyds, 
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Chai-. v.] THIN" SPHERICAL SHELL. 187 

[Peirce, K. l\ F, § 49 (149)] to a box cut from an iiifiuit(?ly tliiii shell of 
atti-aeting matter by a tube of force whose end is an element of the surface of 
the shell we readily obtain the important result 

i-jrpK = D„ri~ S„ Tj. (1) 

where p is the density and k the thickness of the shell, Vi the value of the 
potential function due to the shell at an internal point and F^ its> value at an 
external point, and where D„ ie the partial derivative along the external normal 
to the outer surface of the shell. 

If we have to deal with a surface distribution of matter we have only to 
replace pK in (1) by cr whore o" is the surface density, whence 

4'7ro- = I\r^~- D„ V^ (2) 

(v. Peirce, B". P. F. §§ 45, 46, and 47). 

Formulas (1) and (2) enable us to solve problems in attraction when we 
know the density of the attracting mass, and problems in Statical Electricity 
when we know the distribution of the charge, by methods analogous to that of 
Art. 94. 

For example let- us find the value of the potential functioJi due to a thin 
material spherical shell of density p and radius a^ 

Since V must be a solution of Laplace's Equation and must be finite both 
when )■ — and ?■ — co we have 

Fi =V^^?™P^(cos 6) 
Fa -=^3^ -^, -P^(cos 6) . 
Vi and Fg must approach the same limiting values as r approaches a. Henee 



T\ V^ = D,. F, = -%{m + 1) -;:£^' P„.(cot 
Therefore by (1) 

if K is the thickness of the shell. 
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p=/(cos«)=^C™P^(cose) 
C„ = '^^^ff(^)P^(x)dx by Art. 90 (2). 



*'"'''- Olid B •''" C I-" 




(2m + l)<.— ' "" "• 2m+l''-'" ' 




F, = 4to/< 2) 2i^ 5 ^''•"" "' ■ 


(3) 


r, = i-raxV J^' Ji] P,.(ijos «) . 


C) 



99. We can eow get the value of the potential function due to a spherical 
shell of finite thickness, provided that its density can bo expressed aa a sum of 
terms of the form Cj*P^(coa ff). 

Let a be the radius of the outer surface and h be the radius of the inner 
surface of the shell. 

1st. . — Let p = Cf'P,„(cos 6). Then for the shell of radius s and tliickness ds 

F, = 47rsrf.s 2-^rT -^ -P^Ccoa &) by (3) Art. 98, 

and Ta = 47rsds - — -y~: ^^zp, ^^(cos Q) by (4) Art. 98. 

Then if r < !, 

iirC (a''-'" 



^ j " (2m + l) (A-m + 2) 

47rC (g*^ +■" + - — 6 *^+ 
^(2»7. + l) (A + m + 3) 



"J '^^ (2«7, + l) (A + m + 3) >■'" + ' '• ' 



and if h <. r < « 



//* 4'jrC' rjA + m + 3 — W+oi + 3 



~^rsp'~']p.('"''>i>)- (S) 



+ (l-m + 2) 

2d. — If p==^C^i^P,^{cosS) the solutions will consist of sums of terms of 
the forms given in (1), (-2), and (3). 
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Chap. V.] ZONAL HARMONICS OP THE SECOND KIND. 189 

EXAMPLES, 

1. If the shell is homogeneous 

F=27rp(«= — S^ if T<b, 
r-|7r/>(«^-//)i-^ if v>a, 

r=2.p[.-f-g if ,<r<a. 

2. If the density is any given function of the distance from the centre 
F— — if !■>«, and F^ a constant if r<.h. 

3. If the density at any point of a solid sphere is proportional to the square 
of the distance from a diametral plane 



=?[",+?">.(».«)] 



4. If the density at any point of a solid sphere is proportional to its distance 
from a diametral plane 

''=-f G + s "^ ^■(°- «) - li S ^'C" •) + Im °i '''<■'■'"' «)-•■•] 

if r>a. Compare Ex. 2 Art. 80. 

100. We have seen in Art. 18 (c) (3) that 

C.W = gP.(.) /^^_^;'^^_^^^.,„ (1) 

no constant term being understood with 1 . _ , . ■ 

. is a rational fraction and becomes infinite only for x^=l, 
(l — x)\^r^{x)\ 

x^ — 1, and for the roots of P„(x')^=Q, all of which are real ajid lie 

between — 1 and 1, as can be proved by t)ie aid of the relation 

If ,7^^ > 1 ( — o,... , ^^o is finite aiid determiiiate and contains no 

J (1 - i")[P,(«)]' 

constant term. Hence if ^^ > 1 

for the constant factor of Q^(x) has been chosen so that O^^—l. 
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190 ZOHAL HARMONICS. [Art. 100. 

if x^ <il the second member of (2) is not finite and determinate, and we 
aie thrown back to the form (1), and C proves to be unity. 
(1) gives us readily 

(1) 

(6) 



if «">1. 

From Art. 85 (10) it follows that 





e.(») = 2iogj^ 




«,(«)=- 1+1 log i±| 


(2) gives IIS 


O.W = ^»s|^ 




«(^) = -l + Slog|^ 






;^ < 1 , and is eqnal 



(2m)! 

„,, ( -l)-t'2-ml J- r, . n,r i'" 1 



>M 0.(.) = '=£^'5i[(.-l)-/^,^,,] («) 



(2™)! ^L'-" ""-' J^ 
if a:^>l. 

(7) and (8) give us for Qo{x) and Qi(a:) the values already written in (3)^ 
(4), (5), and (6). 

By the repeated applieation of the formula 

(«■ + l)«.„("^) - (2m + l)xe.(x) +»«._,(«) =0 , (9) 

which may be obtained for the case where sc" < 1 from Art. 16 (13) and (14), 
and for the case where ic^ > 1 from Art. 16 (9), any Surface Zonal Harmonic 
of the Second Kind can be obtained from Qo(x) and Q,(x) as given in (3), (4), 
(.5), and (6). 
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AEalogous formulas for p^(x) and ([^(x) can be obtained without difficulty 
from Art. 16 (4) ajid (5). They are 

(:'«■ + iy^^+xi^) - (2m + l)xp^{x) - w?q^_,(x) - (10) 

and p^^,(x) - (2m + l)q^(x) -p^_,{x) = (11), 

and they bold good for any value of m.. 

EXAMPLES. 

1. Confirm the values of Qo(x) and Qj(x) given in Art. 100 (3), (4), (6), and 
(6) by expanding them and comparing them with Art. 16 (13), (14), and (9).. 

2. 'If the Value of Von the surface of a cone of revolution can be expressed 
in terms of whole powers positive or negative of r, V can be found for any 
point in apace, ef. Art. 81. 

If r^^('j^r'"+-^) when 6 = a then 

3. If ^=%(A^^ + -J^) when e = a, and F=0 when ^ = j8, 

r=VtA ,- I -».'ir 8.(°"»-P.(''"«)^-P.(°°«ffiO.(°°»«) l 

4. Hud V for points corresponding to values of $ between a and /3 wlieit 
V can be given in terms of whole powers of ?■ f or 6 = a and for 6=^fi. 

5. Find by the method of Art. 16 solutions of Legendre'e Equation of the 

-l)m(m + l)(m + 2) 




2'(2!)' 



C»> + i)- 



(.,.~2)(m-l)m(^ + l)(m + 2)(„ + 3) 
-t- 2"(3!)" P+i; i- ■ 

If m is a whole number, iF^(x) = P^(x) and _iP,„(3!) = (— l)"'P,,(!c), No 
matter what the valne ofjft, iP,„(a;)iaabsolntelyconvergent for — 1<«<3, 
and _iP„(a;) is absolutely convergent for — 3 < a; < 1 . 
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192 ZONAL HARMONICS, 

e. By the aid of (7) Art. 16 show that 

1 
r-sin (Klogr)A„(cos. 



"v; 



-^. 



c,os(nlogr)k„(oosff), 



r= -p. sin (n log )')^„(cos ff) , 



are solutions of Laplaee-'s Equation 

rD^(r V) + ^ ,/>,(sin 6 A T) = , 

4,(a!) =p_i»„(>:) = 1 H 2^ «• H p a:* 

'^ 6! ^ "^ 

and 

..,(1)- r^^gj..+(|)-] 



A„(a:) and l^(x) are convergent if a:^ < 1, bnt are divergent if i 
7. Show by tlie aid of Example 5 that 



F= sin (ii log ?-)^,(eos 6^ 



= cos (n log r)Jir„(cos & 



V— -p sin (?i log v)K^(— cos d}, 

F^ -p cos (ji log )-)-^n(— cos 0) , 

Vr 



itions of *■!>/(*■ F) + ^-2j A(sin 6 D^ V) = 

"■•■+©' 
^.(«)=>-p-i...(«)=i r— («-i) 

+ - 21(2!)' • <* ' 

[-+©'][-+(i)l-+©'] 

2-(3!)' 



(j,-l)-+. 
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Chap. T.] EXAMPLES. 19S 

and 

-I- 2'(3!)= (J^-hJJ -r ■ 

KJco^ff) is convergent except for 0^=7r, and iCi( — (los 6) ia convergent 
except for 6^0. 

k„(x), l„(x), K„(x), and K„(—x) are sometimes called Conal Harmonics. 
They are particular values of s which satisfy Legendre's Eqiiation written in 
the form 

(i-^'>£-^»|-(-+i>=<'- 

For an elaborate treatment of them see E. W. Hobson on "A Class of Spherical 
Hai'monics of Complex Degree." Trans. Camb. Phil. Soc.,Vol. XIV. 
8. If r=/{r) when 6 = ^, 



If V=f(f) when 6 = and r<a, and V^O when i- = a, 

V) when e — /3 and a < r < 6 , and V = ( 

Jy ^,„.(coag) r ^,r(logr-log«) -| 
^ "'K^iws^) L log i- log a J 



10. If V=f(f) when 6^/3 and a<r<6, and ¥=0 when 
and when r^^b, 



g « ^ r J ■ '• log 6 — log a 
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194 ZONAL HAKMONICS. 

11. If S > /3 COS ft must be replaced by (— cos $) in examples 8, 9, and 10. 

12. If V=f{r) when 6 = ^, and F=0 when $ = y, 

if /3<6<y. 

13. If F=/(^>) when fl = and a<r<&, F^O when 6 = y and 
a<.r<.b, and F=0 when I'^a and when i-z=S, 



-^ ■" i„.(eos j3)4„(eos y) — ^■(eos y)i„,<e(^ ;8) 



2 a /• ^ 

"■ log^' — logo; VrJ ^■". ^ 



if 0<O<y and «<c<5, 

14. If F=/(?-) when ^^^ and a<r<h, and F=0 when r= « 
and D,.F+AF=0 when »■ = &, 



■:^" _fi:„ (cos e) , ,,, 



^_2(a4+A%2_ 



" a^(log b — log «) + hb[hb(log h — log 
and a„, is a root of the equation 



o+iif''/("-) ■■■'"■■"=■ 



s (a log -) + A/- sin (a log -) = v. Att. 68 Ex. 5. 
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CHAPTER VI. 



I'HERICAL HARMONICS, 



101. When we are dealing with problems in finding the potential function 
due to forces which have not circular symmetry* about an axis and are using 
Spherical Coordinates; we have to solve Laplace's Equation in the form 

rmirV) +-^,l>e(sm6Dsr) + ^\-,mV=() (1) 

[v. (xiii) Art. 1]. 

To get a pai'ticular solution of (1) we shall assume i^ usual that F is a 
product of functions each of which involves but a single variable. 

Let V^ S.®.$; where S involves )■ only, ® involves only, and * ^ only. 
Substitute in (1) and we get 



B . d}^- "'" Gl sin fl d6 "^ * sin^ & d.j,'' 



(2) 
d@\ 



Id^ 



B di^ ® dS •^d.j,'^ 

As the first member does not contain ^ the second member cannot contain 
</i, and ass it coutaius no other variable it must be constant; call it «.*. Equar 
tioii (2) is then equivalent to the two equations 



■Jl<^), 



^- + „,=* = (3) 



(4) 



n dr'^ ^ ® sin e d& sin= 8 

(3) has been solved before and gives us 

$ = ,4 cos n<j>+ B sin n<i> (5) 

[V. Art. 13(«)]. 

The first term of (4) does not involve ff and the second and third terms do 
not involve r. 

* See note, page 12. 
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196 SPHEKICAL HARMONICS. [Akt, 101. 

— ^ ■ ^' must, then, be a constant; we sliall call it 'iii(m, + 1) as in Ait. 
13(c). Then (4) breaks np into 

/l^ = ,^(.^ + l)Ji (6) 

-^ ire ./ +h-+^)-^$^>-^- <'^ 

(6) was solved in Art. 13(c) and gives 

H = A^i-- -^ B^r-"'"'^ . (8) 

If in (7) we replace cos fl by /:* we get 

the equivalent of 

(i-"')S-=4+["'("'+i)-r^.]"=» w 

[v. (17) Art. 85], -which was solved in Art. 85 for the case where in and n ai'e 
positive integers and w < m + 1. v. (18) and (19) Art. 86. 
From (19) Art. 85 we get as a particular solution of (9) 



®=(1 -,*=), 



d'P^ili) _ .„ , d-PJi>:) 



d/i" ' d/i" 



if we restrict ourselves to whole positive values of m and n, iis we shall do 
hereafter unless the contrary is explicitly stated, and suppose m not loss 
than n. 

A second but less usefid particular solution of (9) is 

Combining our results we liave as important particular solutions of (1) 

r= T-(Jl oos ,.* + B sin «*) sin- » ^1^ . (12) 



where m. and. n are positi^'e integers and re <C ?« + 1 . 



^ (A 00. .* + yi sin ,.*) sin- « -"-^^ . (13) 

Google 
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102. sm"0^^^ 01' (1-^^!"^^^^^^=^^ is a new function of /:t, that is 

of cos 9, and we shall represent it by P^(/i)* and shall call it an associated 
function of the nth. order and Mtth degree. It is a, value of ® satisfying 
equation (9) Art 101. 

By difEerentiating the value of P^(x) given in (9) Art. 74 we get the formula 

(^ - ,,)(„, _ ,, _ !)(,,, _ ^ _ 2(„. - „ - 3 ) 
2.4.(27/i — l){2ni. — 3) 
the expression in the parenthesis ending with tlie term involving x" if wi — u is 
even and with the term involving x if m — n is odd. 

For eonvenience of reference we give on the next page a table from wliieh 
P^(n) can be readily obtained for values of m and n from 1 to 8. 
cQB n<f>Pj;(fi) and sin wi^ P„;'(/i), that is, 

,^,.,,,i^. /"-P.(M) ^„^ ,iii,,j.,in-g'^"^~'^^' 
rf/i" " ' dfi" 

are called Tesseral Harmonics of the mth degree and wth order, and are 
values of V which satisfy the equation 

m(m+l)r+^^A(sineAF) + ^7)|r=0 (3) 

or its equivalent 

.Bivi + 1) r + D^lQ. - ,x')I>^ F] + ^-^ Di r- . (.^) 

Tliero are obviously 2tii -\- 1 Tesseral Harmonics of the mth degree, namely 




6 — ™^ '- , sin m0 sm'" $ — ,,^ ■ 



If eacli of these is multiplied by a constant aaid their sum taken, this sum 
is called a Surface SjjAerioal Harmonic of the mth degree, and is a solution of 
equations (2) and (3). "We shall represent it by Y„,(m, ^) or by Y„,{6, <f). 

* Moat of tlie English writers represent this fmictioii by r,|I(ft). 
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n 


n = 1. 


11 = 2. 


» = .,. ' 


1 






2 


■V 


3 




4 
5 


|(V-i) 


15^ 


15 


^(V-3m) 


f(W-.) 


105^ 


^' (21^* - U^= + 1) 


f(3^-rt 


f(V-!) 


6 

7 


~ (SSn^ - 30^» + 5*.) 


!|5,S3,<-18,' + 1) 


f (n^-s„ 


Y„ (i29,fi - 4fl5/<< + 135^^ - 5) 


'-(U-V-UOua+lS^) 


a5<i4»,.-a«,. + s) 


— (TlSfiT - lOOlfif- + 385*.5 - 35fi) 


^(143m«-14V + 3.V-1) 


?f5 ,,„,, _ 2e,' + .V) 



)''"F„(^, <^) and -^^ 3^m(i". 'i') ^^'^ called Solid Spherwal Mann 
mtli degree, and are solutions of Laplace's Equation (1) Art. tOl. 



■HLdtn (4) 



To formulate : — 

y,n(f> *) =X[^' ''°^ "* ^"'" ^ " "^^^r' + ■»" si" «<'' si»" ^ 
or r,„(/^, <!>) = A,PJf^) +^[^„ cos n^PiliiM) + iJ„ sin «.</.P,;; (/:*)] (5) 

is a Surface Spherical Harmonic of the mth degree. 

A Tesseral Harmonic is a special case of a Surface Spherical Harmonic, and 
a, Zonal Hannonic a special case of a Tesseral Harmonic; P„i{ii) being tlic 
Tesseral Harmonic of the aeroth order and the mth degree; it might be 
written PXl^)- 

EXAMPLES. 

1. Show that 



-2x 



-[»(» + l)-j^J. = 



if we substitute (1 ^x^)t^ for s, even when m and n ave unrestricted. 
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« = 4. 


ii = 5. 


n^6. 


, = 7^ 


11 = 8. 
































105 










945,. 


946 








f(U„-l) 


10395n 


103S6 






^(13.-3., 


'■as^as,-.). 


135135H 


1.SG1.35 




^'{tS5^*-2S^»+l) 


!»f»,W-rt 


fflp <*■-.) 


2027025» 


2027020 



2. Show that i£ in the second equation of Ex. 1 we let y^ta^jif' we gpt 
. (m-.-i)(m + .. + l + t) (^ Art 16) 

whence s^p°(x) and ti=-q^(x) are solutions of the first equation of Ex. 1, 
no matter what the values of m. and n, if 

?:(«) = a - '•% [i - <''-'')(» + '' +l> ^. 



-2)(m + » + l)(m + ,i + 3 



-■] 



,,.[,_ fr>-'-'X^ + " + ^) .. 



(m-.-l)(m-..-3)(m + » + 2)(,,. + ,.+ 4) 



If m — « is a positive integer, pl{^) "!■ ?m(^) will tenninate with the term 
ivoiving a^^", and in that case 



=(1 -=.■)■ rx--- <"^"'<'"~" - 

l "'^L"^ 2.(2»-l) 



(.i^») (m-,.~l)(m-,.-2)(m-.- 3) T 

^ 2.4.(2m — l>(2m — 3} J' 
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200 SPHERICAL JTAKMONICS. [Aht. 103. 

the parenthesis ending with a term involving x" if m~n is even and x if. 
m-^n is odd, is a solution of the first equation of Ex. 1. If m and n are 

integers this value of s is /), \\ ^^(^) ■ 

(jim.) ! 

103. We have seen in the last chapter that in many problems it is import- 
ant to be able to express a given function of cos $, that is of /i, in terms of 
Zonal Harmonics of /t. So it is often desirable to express a given function of 
jw. and <j> in terms of Tesseral Harmonica of /j, and <i>. 

If, for example, we are trying to find the Potential Function due to certain 
forces and have the value of the function given for some given value of r, 
that is, on the surface of some given sphere whose centre is at the origin of 
coordinates, of course the given value will be a function of $ and <^ and if we 
can express it in terms of Spheiical Harmonics of 8 and we liave only to 
multiply each term by the proper power of r to get the required solution of 
the problem. For we shall then have a value of V satisfying Laplace's 
Equation and reducing to the given function of 6 and </) on the surface of the 
given sphere. 

104. Suppose that we have a function of ^ and given for all points on 
the unit sphere, that is, for all values of ft from — 1 to 1 and for all values of 
■^ from to 27r, fi and </> being independent variables, and that we wish to 
express it in terms of Surface Spherical Harmonics. 

Assume that 

/(/■. *) =2;[A,.P,.W +X(A,. oo. r^P») + £., sin »*P:W)] ^ (1) 

Let us consider first a finite case, and attempt to determine the coefficients 
so that 

/(M, 4-) =2[^o,^™(M) +X(A.. cos n^Fz(A + £„,„ sin «.^i-(^))] (2) 

shall hold good at as many points of the sphere sa possible. The expression 
in brackets in the second member of (2) is a Surface Spherical Harmonic of 
the mth degree and contains 2m -\- 1 constant eoeifi-cients. The whole number 
of coefiicients to be determined is then the sum of an Arithmetical Progression 
of j? -|- 1 terms the first term of which is 1 and the last is 2p-\-l , and is 
therefore equal to (p -\- ly. 

Let the interval from /* = — 1 to fj. = lhe divided into p-^2 parts each of 
which is Afi so that (j> + 2) A/* ^ 2 , and let the interval from qb =^ to ^ =^ 27r 
be divided into ^j + 2 parts each of which is A<^ so that (p -\- 2)A<ft = 27r. 
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ChaI'. VI,] IIBVELOPMENT IN" SPHERICAL HARMONIC SERIES. 201 

Tlieii if we substitute in equation (2) in turn the values (— 1 + A/t, A-^), 
(~ 1 + 2V, A<^), ■ ■ ■ [— 1 + (^ + i)A^, A*;.]; (- 1 + Afi, 2A<^), 
(~ 1 + 2A/i, 2A./.), ■ ■ ■ [- 1 + (;) + 1)A/., 2A*]; ■ ■ ■ [- 1 + A/:t, (_p + 1)A.^], 
[~ 1 + 2AAt, (p + l)A<f,), ■ ■ ■ [— 1 + (p + l)A/i, (^ + l)Ai^]; since the first 
member in each case will be known we shall have (2' + 1)^ equations of the 
tirst degree containing no unknown except the (p + 1)^ coefficients, and from 
them the coefficients can be determined. When they are substituted in equa^ 
tion (2) it will bold good at the (p + iy points of the unit sphere whertf ^ + 1 
circles of latitude whose planes are equidistant intersect ^j + 1 meridians 
which divide the equator into equal ares. If now p is indefinitely increased 
the limiting values of the coefficients will be the coefficients in equation (1), 
and (1) will hold good all over the surface of the unit sphere. 

To determine any particular constant we multiply each of oiu- (ji + 1)^ 
equations by A/t'A</» .times tlie coefficient of the constant in question in that 
equation and .add the equationa and then investigate the limiting form 
approached by the resulting equation as jp is indefinitely increased. 

As 2'> ia indefinitely increased the summation in question will approach an 
integration; and since dfid<i> = — sin 6.d9 d^ is the element of surface of the 
unit sphere, and as the limits — 1 and 1 of /a correspond to tt and of fi the 
integration is a surface integration over the surface of the unit sphere. 

In determining any coefficient as ^,„, in (1) the first member of the limiting 
form of our resulting equation will be 

f'^i'ffd^, •!>) cos «* P!i(l^)(ii^- 

In the second member we sliall come across terms of tlie forms 

Cf/^ Cam 14 cos n^ P„',(iJ,)P^^(iJ,)dft, Cd4, Tcos i^ c-m n-j, i;,[(ii)F^(ii)d/i , 

Cd4> pin n4. cos n.^, [ P •;(,.) j^.^M, Jrf-^ Jcos= nj, \_F-{fi)-]HiJ., 

and other terms all of which come under the form 

^d^^¥^i,i,,i.)Y„l,i.,^-)d,^, 

where y,„(/x, <l>) and y,(^, if.) are Surface Spherical Harmonics of different 
degrees. 

If we ai-e determining a coefficient 7i„,,„ the only difi'erence is that sin si^ 
and cos ntj> will be interchanged in the forms jnst specified. 



>y Google 



SPHERICAL HARMONICS. 



105. Tlie integral over the surface of the unit sphere of the produut of two 
Surface Spherical HarTrtonica of different degrees is zero. 



p^j' Y,(,i, ^) r^(^, ^)df^ = ft. 



For as we have seen U^i^Y,(fi,'ti) and V ^ r"'Y^(fi, if>) are solutions of 
Laplace's Equation. Hence by Green's Theorem, 



C{rjD„ V— VD„ U)ds = 



Z)„ F— I>,r = mr"'-' Y^Qm, <j>) , 
D„ U=D^U= li^-''Y,(fi, ^) ; 
UD„ V— VD,. U= (VI — £)r'-^--' Y^(fi, 0) r^(fi, ^), 
= (w.-l)Y,(fi,^)Y^(lM,^) 
on the surface of the nnit sphere; and 

(«>, - Jl^i(M, *) yU/^, *)^& = ('»' - l)fd<f,jY,(f,, 0) Y^(f,, 4.)d^ = . 
Hence unless I =^ m. 



j'd.j^j' r,(M, ^) YJj^, <f}diM = (i. 



EXAMPLES, 

1. Obtain (1) Art. 1.05 directly from the eijuation 

m(m + 1) Y^(fi, <}>) + /J^[(l - f>.')I)^ Y^ii^, ^)} + ^-^, 7J^ Y,„(fi, 4.) = 
T. (3) Art. 102, and Art. i)I . 

2. Show that the integral over the surface of the unit sphere of the product 
of two Tesseral Harmonics of the same degree but of different orders is zero. 



j sin k<j> cos li^.di^ = j sin ki^ sin l<^,d<^ =^ j cos A^ cos li^.dijt := . 



i.Pi{lx)F;'j:iJ,')djj.=^Q unless I =■111 
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Chap. VT.] DEVELOPMENT IN SPHBETCAr. KABMONIC SERTES. 



/p,WP,;(.,..=/(l-.,.^-5;^).^ 



d'PM dTJii) 









by integration hy parti 



equation (2) Art. 84 and remenibei'ing that 
a possible value of s'"""^' we get 



or if we multiply by (1 — fJ-^)"' 



(1 -/•")' 



.■ ■f*'-P,.W 



,^idti 



+ (,. + »)(«-» + i)(i -(.')- 



[('-r^]^-(..+.)<..-..+w-.-).-^9y* 



Hence follows the reduction formula 



■i^ 



= (,„+«)(«. -..+t)J"(i- ^-r 



_,.r-'p,») d-'F,M 



Using this formula n times we get 



V. Art. 89 (4) and (5). 



= unless I = 11. 



- 2m + 1 (»-..)! 
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204 SPHERICAL HARMONICS, [Art. 107. 

107. We are now able to complete the aolutioii of the problem in Art, 104 
aad since | eos^ n<l>.di!> ^= | sin^ n<)i.diit = tt and. i d<j)^ 2ir we get as the 
coefficients in (1) Ait. 104 

A...U = ^^ ■ ^-^]p'l'ff(l'> *) ™« ''^'i-Pmdl^ , (2) 

whence 

and the development holds good for all values of fi and ^ corresponding to 
points on the unit sphere, provided only that the given function satisfies the 
(iouditions that would have to be satisfied if it were to be developed into a 
Fouriei-'s Series. 

If we use fj,i and ^, in pliiee of /t and <{• in (1), (2), and (3), we can write (4) 
ill the form 

Fonnulas (1), (2), (3), and (4) are convenient for actual work; (5) is rather 
more compactly written. 

108. As an example let us express sin^ cos^ 6 sin ^ cos i^ in terms of 
Surface Spherical Harmonics. 

Here /(jj., i,)^- ^^(1 — M^) sin 2</.. 

_ 2m + 1 



" CnXi — ft^rjn)d/x. Csin 2<l>.d<f, = , 
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Chap. VI.] 



ILLUSTIIATIVE EXAMPLE. 



2m±l (m n) ' r,^ _ ^^p~(^)rf^ hin 2^ cos n,i>.d<i> = , 
47r (m-i-7i).J J 



^ unless B ^ 2 



li n = 2 Tsiii 2<^ sin n<l>.d,l) ^ pin^ 2<^.rf^ = tt, 






ted integration by pai'ti 









= if w,>4, 

= 720j(/.^-l)'rf/.-4096 if 



i.nd ^2,, = 

By a like process we find 



1 9 2! 4096 _ 



105 



= and ifs,! = T7. ■ 



siii^ e ijos^ C sin ^ cos ^ = |^ P|(fi) sin 2^ + jpg -P4(m) sm 2^ , 



- sm ^rfi sm^ 



,^^) 



= — sin* sin 20 + t-j sin^ 9 (i/x'' — 1) s 



Henoe 

(1) 

(2) 
(3) 



The required expression might have been obtained without using the 
formulas ot Aa't. 107, by a very simple device, as follows: 

sin^ co9= sin <;> iio& <{> = ■= fi' sin^ $ sin 2<;, . (4) 
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SPHERICAI, HARMONICS. [Art. 109. 



If now we can express fj!' in the form V ■ y\ - the work will be done. 



^ 4.3 dii^ 



2_ ^^'PjC/t) , ^ d'^P^ip) 



2. Sliow that 



whence /i" = zrrrz — rT^ + o-f 7 a 

105 d/i^ 21 d^^ 

and substituting this value in (4) we get (2). 

EXAMPLES. 

1. Show that 

.... » .iu. « ,i. ♦ ..B' * = [j4j PI W + l4 -f «") ] ■'» ■^* 

2* = 2 .OS 2.^ [Ij p,'(rt + *^j-' -p;« + iff- -p;w + ■■■]■ 

3. If in a problem on the Potential I'un'ction V=/(p., if) when /■ ==: a, we 
shall obviously have 

^=i)5 [^--^™('^) +X«"> ™« ""^ + -^".^ «"^ «'^)-^'^;(m)] 

at au internal point and 

f^=Xi^' [^«,.<-p™(/^) +X(^."' '=°' ''''' + ^"■■« '^^ '^*)-^^~(m)] 

at an external point, where Ao,„, A„,^, and -B„„i have the values given in (1), 
(2), and (3) Art. 107. 

4. Solve problems (3), (4), and (5) of Art. 94 for the case where Fis not 
eymmefcrical with respect to an axis, 

109. Any Solid Spherical Harmomc r'^Y^Qj.,^) being a vahie of P" that 
satisfies Laplace's Eq^uation in t^pherical Coordinates will tuansform into a 
function of x, y, and s satisfying V^I^^O if we change to a set of rectangular 
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Chap. VI.] ANOTHER DEriNITION OF A SPHERtCAT. HARMONIC. 207 

axes having tlie same origin and the same axia of X as the polar system. 
Moreover the new function will be a homogeneous rational integi'al Algebraic 
function of x, y, », of the mth degree. 

For eaf!h term of r™ cos n'pP^,(fJ-) is of the form 

Cj'"'coR"-^''^Ein^"-'^ sin"Seos™~^'~"fl 

where 2k<n + l and 2l<7n- n + 1. 

This m.ay be written 

Cr^. r™-='-"cos'"~='-"e. )■"-"= sin"-^*ecos-'-^,<i..!^'^ sin ^*0siu^*-^ 

which becomes C'(x'' -\-- y^ -\- ^^' x"'~^'~'" y"~''^ s'"^ , 

and is a homogeneous rational integral Algebraic function of x, y, and s of th& 
mth degree. The same thing may be shown of each term of r"" sin )n^P„",(^). 
Consequently i^Y^(/i,tfi) is a homogeneous rational integral Algebraic func- 
tion of the »ith degree in x, y, and «. 

110. Any homogeneous rational integral Algebraic function S„(x, y, s) of 
the With degree in x, y, and s, which is a value of V satisfying S7^V= con- 
tains 2m + 1 arbitrary constant coefficients. 

¥or S,„(x, y, s) will in general consist of ■ ' ■ ■ ■ ■ ■ — ^ ^ terms and will 

therefore contain ^^— — coefficientB. 

W^S^(x, y, s) wiU be homogeneous of the (m — 2)d degree and will contain 
■ ^ ~ coefficients, which, of course, will be functions of the coefficients in 



S„(x, y, s). Since V^i5,„(a:, y,r^ = ^ independently of the numerical values 

of X, y, and s the — ^ - „ ■■ - ■ coefficients in VS^fa;, y, s) must be separately 

^ mfm-l) 
zero, and that fact will give us — ^ - ^ equations of condition between the 

(m +1X^ + 2) ^^,.^^^^ coefficients and will leave ("^ + lK'^ + 2) _ m{™^) 

or 2ot + 1 of them undetermined. S^(x, y, s) contains, then, the same number 
of arbitrary coefficients as »^I'^(^,</>). 

We can then choose the coefficients in r™ Y^(/j., t^) so that it will transform 
into any given S^(x, y, «). 

Consequently a Solid Spherical Hai-monie of the mth degree might be 
defined as a homogeneous ratiimal integral Algebraic function of x, y, aJtd s, 
S,Jx, y, z), of the mth degree satisfying the equation \7^S^(x, y, z) = ; and a 
Surface Spherical Harmonic of the nitb degi-ee as such a function divided by 
(x' + y^ + 3')'| , that is by r'". 
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2*8 SPHERICAL HARMONICS. [Art. 111. 

EXAMPLES. 

1. Show that if S^(x, y, «) is a Solid Spliei'ical Harmouie of the ?«th degree 

^X^Sm(x> V> «)] = «(2™ + n + i)i^-'S^(x, y, s). 
Suggestion ; 

2. Sliow that if f„(x, y, «), is a rational integral homogeneous function of x. 
y, and s of the «th degree it can be expressed in the form 

f,(x, y, s) = Sjx, y, «) + r^S„_,(x, y, s) + r*S,._,{x, y,£)^---, (J) 

tenninating with ')'—'^Si(x, y, «) if n is odd, and with r"S„{x, y, z) if n is evesi. 

Suggestion: If a term rS„_i were present in the second member of (1), and 

we were to operate with V^ on both members we should by Ex. 1 have a term 

— S„_i which would be irrational when all the other .terms of the resulting 

equation were rational. No such term, then, could occur. In the same way 
it may be shown by operating twice on (1) with V^ that there can be no term 
^^S,_i in (1); and thus step by step we can reach the result formidated in (1). 

3. Express x^yn in the form S^ + ^S^ -\- i^Sa . 

Suggestion .■ let a; V = S, + r'Sj + r*Sa 

and take V? of botli members we get 

2yz = 14,S^ + 20^So. 
Operate again with V^. = 12051,. Whence 

6'„-0, S.^'^yz, ami S, = 1^ (Qx' - f ~ ^^y.. . 

4. Express sin^ 6 cos' sin qb cos <j> in terms of Surface Spherical Harmonics. 

Suggestion: sin' 8 cos' S sin i^ cos i^ — — ^ ■ 

For result y. Art. 108 (3). 

111. A transformation of coordinates to a new set of axes having the same 
origin as the old set will change a given Sui'faee Spherical Harmonic into 
another of the same degree. For such a transformation does not change the 
form of Laplace's Equation V'F^O if both sets of axes are rectangular, 
and it is effected by replacing x, y, and » in the Solid Hai-monic correspond- 
ing to the given Surface Harmonic by x cos ai + y cos etj + 3 cos «,, 
acos /3|-|-y cos /3a + «<ios^g, and 0; cos yi + !/ cos y; + s cos ya respectively, 
where the cosines arc the direction cosines of the new axes, and it will leave 
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the function a homogeneous funetion of the mth degree in the new variables, 
and on dividing this by the mth power of the unchanged radius vector we shall 
have a Surface Spherical Harmonic of the mth degree. 

112. We have seen in Art. 75 that if (Xi, y^, .^i) are the coordinates of a 
given point 

V= -= -— (1) 

\!{x - x,Y + (y - if,y + (s - ^y 

is a solution of Laplace's Equation VT^O, and transforming to spherical 
eoSrdinates that 

F=-, ' <2) 

Vr' — 27Ti[cos 6 cos 6, + sin e sin 6, cos (<^ — ^O] + '■? 
is a solution of 

l>;\r V) + -^-^ A(sir. 0Der) + ^^^ -»/ ^= • (3) 

If y is the angle between the radii vectores )■ and *■! of the points (x, y, k) 
and (a^i, y-^, ^i) (1) can be written 

Y= , ^ (4) 

\lr^ — 2m-j cos y + j-f 

which must be equivalent to (2), and hence 

cos y =^ COB tf cos fli + sin 6 sin 6^ cos (^ — <^i) . 
(4) which is a solution of (3) is of the same form as (S) Art. 75 and by 
developing it as we developed (5) Art. 75 we find that 

F=P„,(cos7) 
is a solution of tlie equation 

H^'' + ^) + -^te ^'^^''' ^^0^)^ sT^ ^l ^-^ (^) 

and that V= r-P,^(co3 y) and V= -^ P«(cos y) 

are solutions of (3). 

If we transform our coordinates keeping the origin unchanged and taking as 
our new polar axis the radius vector of (x„ y-i, s,) y becomes our new 6 and 
P^(cos y) reduces to P^(co8 ff) , a Surface Zonal Harmonic, or a Legendrian,* of 
the mth degree. It is then a Legendrian having for its axis not the original 
polar axis but the radius vector of (x-i, y-i, a,). Since a Legendrian is a Sur- 
face Spherical Harmonic, 

P™(cos y) = -Pm[cos 6 COS ^i + sin B sin 6^ cos {4> — ^i)] 
is a Surface Spherical Harmonic of the mtli degree. 
* V. Art, 74, 
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It is, however, of very special form, since being a determinate firaetioa of 
H, <l>, /ii, and ^1 it contains but two arbitrary constants if we regard it as a 
function of /i and ^, instead of containing 2)« -I' 1- 

It is known ss a Laplace's Coefficient, or briefly as a Laplaclan, of tlie mth 
degree. 

We shall soon express it in the regulation form of a Surface Spherical 
Harmonic. 

■ The radius vector of (xj^, y^, St) is called the axis of the Laplacian and the 
point where the asis ctits the surface of the iniit sphere is the pole ot the 
Laplacian. 

We shall represent the Laplacian P^(cos y) by L^(f^, ^, /^i, i^i). Of course 
^j«(Mi 't'l 1' "^i) ==-fm(/*) =^^m('^^ ^)) ^^^ i^ really independent of (&, 

113. If the product of a Surface Spherieal Harw/)nic of the mth degree by a 
Laplacian of the same degree is integrated over the surface of the unit sphere, the 

„ ._ i^ 

fm-f ] 

the pole of the Laplctoian. 
That is, 

Transform to the axis of the Laplacian aa a new polar axis, and let Z^{f^, ip) 
be the transformed Spheridal Harmonic. L^(fi, <j), fi,, <j>i) will become Pn(f^)> 
and (1) will be proved if we can show that 

(V. (5) Avt. 102), 

pC jz.(ft *)PM'it = ^^^ A (T. (6) Art 89). 

But Z^(l, 0) — An, since P„(l) = 1 and P,^(l) contains (1 — 1)J aa a factor 
and is equal to zero. 
Hence (2) is proved. 
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114. We can now express a Liiplacian in the regalation form as a Spherical 
Harmonic, by the formulas of Art. 107. 

LJ^fi, <l>, |iii, .^j) — P„(cos y) = -P„,[coe 6 cos 6, + sin & sin 6^ cos (<l> — <>|)] 

=X^A,^P,(f>.) +2)(^„,. cos n<f, + B,,, sin «0)P;'(m)1 

2,11, + 1 ?I / 
where ^(,,„ = — r | d<ii I L^(js,, ijt, /t^, <p,)P„^(/j,)diJ: 

= T?' 2^1 ^-<'"' = ^-W "y (1> ^■■'- "=>' 

A., = ^^^1^ (m+ljj '''*'/^-*''' *■ ''■• *■' °" "*-P,:W* 



JJC^')' 



2m + l(m — »)! 



cos «.^|P„'}(^,) by (1) Art. 113, and 



£qr^; J"<i*J"i.((», *,»■„*,) sill »* P;(/i)<i,- 

= ^JJ^F;^^ sin «*i-;(,.,) by (1) Art. 113, 

and A„^^ ^ A„^^ = B,,^,^ ^ by Art. 106 unless kt^m. Hence 

L^(/j., ^, ^„ *0 = P^(fi)P^(/^0 + 2^[ j^~"j; P^(^)P^(/..) cos r<0- ,^. J . (1) 

Each term of a Laplaeian. involves a numerical coefficient, a factor ■which is 
a function of fj., a second factor which is the same function of /^u and a third 
factor which is of the form cos /c(<l> — ij>^. We give on the next p^e a table 
of the first few Laplacians taken from Minchin's Statics, omitting in each term 
for the sake of brevity the function of /j-i- 

By the aid of (1) we can write (5) Art. 107 more compactly. It becomes 
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CllAl'. VI.] SOLUTION BV DIRECT INTEGRATION. ZlS 

EXAMPLE. 

Work the problems of Art. 108 and Art. 108 Exs. 1 and 2 by the aid of (3) 
Ai't. 114. 

115. Such problems as we have handled in Arts, 98 aad 99, and also prob- 
lems difEering from them in not having circular symmetry about an axis, can 
now be solved by direct integration, 

T"or instance let it be required to find the value at an external point of the 
potential fiinotion due to the attraction of a solid sphere whose density at any 
point is proportional to the product of any power of the radius vector by a 
Surface Spherical Harmonic. 

Lot ' p=CrfY„,(f^„^,). 

Then using our ordinary notation we have 

V= Cdn fd4,, CMI^^dM^. 

J J J^ y/yi _ 2rr^ cos y + r^ 
Biit by (3) Art. 77 

\r^ — 2rri COS y + r,' ' L J 

+ '^ A(COS y) + - ■ ■ +'5 P,(C0S y) + -] 

if T>r,. 
Consequently since 

F reduces to the single term 

F= ^, Cr;" + '--^"-di; Cd4,^ fy,^(t^i, ^i)-Pm(cos yy/j,^ 

2m + l m + A + 3 }"' + ' 
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214 SPHERICAL HARMONICS. [Abt. Ho. 

EXAMPLES. 

1. Solve by direct integration the problems worked in Arts. 98 and 99 and 
Examples 1, 2, 3, and 4 of Art. 99. 

2. The density of a solid sphere is proportional to the product of the 
squares of the distances from two mutually perpendicular diametral planes; 
find the value of the potential function at an external point. 

Ans. p = kr^ Qos'di sin^fli cos^qdj 

^= ¥ G + ? (s ■^■W + 53 «" ^♦■P'C)) 

3 &olve Example ^ by an extension of the method cf Arts. 98 atid 99. 

4 A conduetmg sphere of radius ( connected with the ground by a wire is 
placed m the field o± f roe d le to in electrified point at which m units of 
electricity are concent) itel Pini tie vilue of the potential function due to 
the induced charge 

Sujqestion Let fi be the potentiil function due to the point, and V^ that 
due to the indured chaige and let 6 be the distance of the point from the 
eentie ot the apleie Ihc i 

Fi^ , ' == 

^ll' — M co^e + ? 

'-^[Po(cos^) + ^Pi(cos^)+^Jp,(cose) + -'-] if r<b. 

= ^ rPo(cos ^ + ^ P„(cos ff) + ^^ P,(cos 0) + ■ ■ -1 if r>b. 

Ks = J<,Po(cos tf) + ^1 - P,(cos 61) + Js ^ P3(coa i») + ■ ■ ■ if r<a. 

^ Jo-P„(cos^) + J,^Px(coB^) + Ja^P,{eosi9)4--" if r> a. 
When r=a F, + F^ = . Hence 
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and 

F, = — ^ rP„(cos 6) + l -Pi(eo3 S) + ~ Pg{oos ^) + ■ ■ -1 if r<a 

^ — ^ rP„(cos 0) + ~ P,(co3 6) + ;^, r^(<ios G) + --~\ if r>a. 
Hence the effect of the induced charge is precisely the same at an external 
point as if the sphere were replaced by -j- units of negative, electricity con- 
centrated at the point r = j, 8 = 0, v, Peirce, Newt. Pot. Func, § 66. 

116, If the two points P and P' are taken on the line Olf whose direction 
cosines are A, fi, and v, and if ti and u' are the values at P and P' of any con- 
tinuous function of the space coordinates, then , is called the 

partial derivative of u along the line Ofi"and will be represented by J^i^u. 

Let X, y, « be the coSrdinates of F and x + Aa;, y + A«/, s; + As .the coordinates 
of P'; then 

where e is an infinitesimal of higher order than the first if Ak, Aj/, and As are 
infinitesimal (t. Dif. Cal. Art. 198). 

Hence ^' = -D,- ;^ + i>,.. ^ + A"- ;^ +|§r- 
■■> ^ A« Aw , As 

Therefore B^u = X2>^m + /aTJ^w + vD^ti. (1) 

If V^M = 0, BlB^Dlu is a solution of Laplace's Eq^uation. 
For V\D'SD^D^u) = DsD^D^CVu) = . 

Hence if V^m^=0 P/^u is a solution of Laplace's Equation, and if OHi, 

Olfs, OHf, ■ ■ ■ are a set of lines through the origin D^ J?^ I>^ ■■ -u is a solution 

of Laplace's Equation. 

117. If H,. is a rational integral homogeneous Algebraic function of x, y, 
and a of the Mi degree 

and is of the form .^ /t ' . 
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216. SPHERICAL HARMONICS. [Art 118. 

The Bame thing Ran be proved of 2K(-i) and i), (--p) and therefore holds 
/H,\ ^ ' ' ^'' ' 

good of D^i—jj. 

If ?( is a homogeneous fuiietioii of x, y, and s of the degree —w, — l and 
V% = then V^(j'^+'m) = 0. 

V^(,*^ -^ . „) = (2m + l)(2m + 2),-^- ■ u 

+ 2(2m+ l)7-^"'-^(3^i?,« + yD^u + ^A«) + ^^--^^V^M 
= 0, 
since icI>jW + yB^ti + sD^m = — (m + 1)m 

by Euler's Theorem (v. l>if. Cal. Art. 220). 

M M 

118. — =^ - ^ = is a solution of Laplaee's Equation (v. Art. 75) 

■'■ Va:= + y^ + s' 

and is of the form ■ — - ■ 

l?,,DiI>^^---Di,^( — f is then a solution of Laplace's Equation by Art. llfi; 

Jf 
it is of the form -j^-j; by Art. 117 and is a homogeneous fiuiotion of the 

degree -m-l. 

Therefore ■>''"'*'D, D^D^ ■■■I>l ( — -I is a solution of Laplace's Equation, 

and is a rational integral homogeneous Algebraic function of x, y, and s of the 

Mth degree, and is consequently a Solid Spherical Harmonic of the mth 

degree (v. Art. 110); and j-^+'AjA^A/" ' A„{~) is a Surface Spherical Hnr- 

monic of the *»th degree. 

Moreover since tlie direction of each of the lines OiT,, OH^, ■ ■ ■ OR^ depends 
upon two angles which may be taken at pleasure, these angles and M are 

2m + 1 arbitrary constants and may be so chosen that r"' + 'A^Z),^'-iJ^( — j 
may be any given Siirface Spherical Harmonic. 

Consequently any given Surface Spherical Harmonic may be regarded as 
M 
formed by differentiating — successively along m determinate lines OH^, OH^ ■ ■ ■ 

OH^ and is given except for the undetermined factor Jtf when these lines ai-e 
given. 

The lines Oi/"„ OH^, OH^, ■ ■ ■ OH^ are called the axes of the Harmonic, and 
the points where they meet the surface of the unit sphere the poles of the 
Harmonic. The m axes of a Zonal Hai-monic coincide with the axis of coordi- 
nates (v. Art, 86) and consequently the ™ axes of a Laplacian coincide with 
what we have called the axis of the Laplacian (v. Art. 112). 



>y Google 



Chap. VL] K00T« Of zonal AND TESSBRAL HARMONICS. 217 

119. Any Surface Zonal Harmoww P^(}i) is equal to zero for m real and 
distinct values of ;t which lie between — 1 and 1; and any Associated Fimc- 
tion F^{}i) is equal to zero for m. — n real and distinct values of /a which lie 
between — 1 and 1 . 

, , i.L..ji,.^..o lu, J., c« a factor, v. Art. 89. 

dfir • 

From Eolle's Theorem, " If f(x) is continuous and single-valued and is equal 

to zero for the real values a and 6 of x, j - -^ is equal to zero for at least one 

real value of x between a and h" (v. Dif. Cal. Art. 126) it follows that since 

= for at least 



_!).__ 



one \ahie of ^ between — 1 and 1. - ^ — cannot be equal to zero for 

more than one value of /j. between — 1 and 1, for it contains (/i^ — 1)"'~' as a 
factor and ib a rational Algebraic polynomial of the 2m — 1st degree. 

In like manner we can show that —^ — 7-; = has m — 2 roots equal to 

dfj? 

— 1, m — 2 loots equal to 1 and two real roots between — 1 and 1 which 

separate the thi-ee distinct roots of ^ , ~ =0: and in general if A<m + 1 

dHu^-lY' ** 

that — ^'^-, — — = has ?ii — k roots equal to — 1, vi — k roots equal to 1, 



Hence P„,(/i)^0 ov ~ ' , - " ' ' ^, „. ^^ ^^ has m real and distinct roots 



and k real roots separating the k-\-l distinct roots of - 

d/j,'^ 
between — 1 and 1, and it has no more since it is of the Bith degree. 

The same reasoning shows that ■ — , , — ^ - ^^ has m— n distinct real 

d/j.""-^" 

roots between — 1 and 1, and therefore that P^(/i) is equal to zero for in — n 

distinct real values of /i between — 1 and 1. Since -P,S(m) contains sin" tf as a 

factor it is also equal to zero wheu /a = — 1 and when /a = 1 . 

cos M^ is equal to zero for 2n equidistant values of <p, and sin «<^ is equal to 
zero for 2n values of ^. Hence any Tesseral Harmonic sin n^P^f^jj^ or 
eosn^P^(^) is equal to zero for 2n equidistant values of 1^, for /i^^l, for 
^ _, — j^^ g^jjij £qj. ,fn — jj ^^g^ g^jj^ij (jiffepgnt values of fi between — 1 and 1. 

It follows that the value of any Surface Zonal Harmonic F^{(i) at a point 
on the surface of the unit sphere will have the same sign so long as the point 
remains on one of the zones into which the surface of the sphere is divided by 
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218 SPHERICAL HARMONICS. 

tke m circles of latitude corresponding to the m roots of P^{it.) ^ 0, and will 
change sign whenever the point passes from one of these zones into an adjoin- 
ing one; and that the value of any Tesseral Harmonic sin m^P^(/i) at a point 
on the surface of the unit sphere will have the same sign so long as the point 
remains on any one of the tesserae into which the surface of the sphere is 
divided by the m~n cirelee of latitude corresponding to the roots of -P,;(/a) = 
and the 2m meridians corresponding to the roots of sin mj) ^ 0, and will change 
sign whenever the point passes from one of these tesserae into an adjoining 
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CHAPTER VII.* 

CYLINDRICAL HARMONICS (BBSSEL'b FUNCTIONS). 

120. In Arts. 11 and 17 we obtained 

;: = AJ-^(x) + ■BK^{x) 
is the general aolution of Fmirier's Equation 
(f's , 1 



^0, 



Jo(-) = l-i.+ 



and is calLed a Cylindrical Harmonic or BesseVs Function of the zeioth order; 
and where 

ji:.(») = *(.)ioB« + |;-^,(i + i)+^,(i + l + i)-... (4) 

and is called a CyHndHeal Harmonic or Bessel's Function of tlie Second Kind, 
and of the zeroth order. 

In Art. 17 we found that s=J„(x) 

is a particular solution of Bessel's Equation 



dh: 1 1 <^ 1^ 



(l-i^« = 0, (6) 



s nnrestrieted in value 



x" r x^ 

■^"C^) = 2"r{M+r) L"^ ^ ^{n + 1) "*" 2'.2 l(n 



2"r{« + l)L 2> + l) ' 2'.2l(« + l)(»i + 2) 

^ 2^3I(« + l)(« + 2)(w + 3) + ■ ■ J ^^^ 
and is called a Cylindrical Harmonic or Bessel's Function of the «th order ; 
and that unless n is an integer 

r. = AJ„(x) + BJ_„(x) 
is the general solution of "Bessel's Equation. 

*The student should re-read carefully AMs. 11, 17, and 18(i^) before beginning tliia 
cliapter. 
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220 CYLCNDEICAT^ HARMONICS. 

If n is an integer it can be shown that 

(v. Forsyth's Diff. Eq. Art. 102), and then 

» = AJ„(x) + B{K^(x)} 
is the general solution of Beasel's Equation and 

_i/»y'g (-!)'■ rj + i^i^ ,._(,i 

2\2/ A(n+ky.k\\_ 2 3 k 

V. M. Bocher, Ann. Math. Vol. VT, No. 4. 



^M « 



121. ■ A useful expression for 'I„(x) as a definite integral can be obtained 
without difficulty from" Bessel's Equation [(6) Art. 120] by a slight modifica^ 
tion of the method given by Eorsytb (Diff. Eq. Art. 136). 

It was shown in Art. 17 that s ^= x^v is a solution of Bessel's Equation if 
V satisfies the equation 

Assume v = C T ws (xt)dt (2) 

where x and t are independent, T is aji unknown function of t, and a and b 
are at present undetermined. 

Then T'-^~ p^'^i^ (^')<^^ 

and d^^^~ P'^ ''°^ '^^'^'^' ■ 

Substituting in (1) after multiplying through by x, we have 

Cq. — f)Tx COS (3-./)(^i — C(2n + 1)(2' sin (a;()(ii = . (3) 
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Chap.vh.] bessel's functions as definite integrals. 221 

By integraii&n by parts ive find that 

("(1 — t) Tx cos {xt)dt =V (l—t^T sin (^0~| 

- ("[(1 - O ^- 2fr1 sill (xi;)dt , 
and (3) reduces to 

[(1 - (<) J-sin («()] -/[(I - !-)§-'+ (2» - l)!r] sin (»,0<i! = 0. (4) 
If we determine 2' so that 

and "- and S so that ^(l -f)Ts,m {xt)~\ = (6) 

(4) wiU be satished and our problem will be solved. (5) gives 

T=€{l-t^r-i, (7) 

and (6) will obviously be satisfied if a — — 1 and h = l. 

Hence v ^ C CQ^3:^M^ j, , ,,l,ti,, ,f a), 

and .^C'-CQ^zfn^S^^ (8) 

is a solution of Bessel's .Equation. 
n we let t = cos 4, in (8) we get 



x" I sin^ 1^ cos {x cos •^)t?^. 



Expand cos (a: cos •^) into a series involying powers of a:eos^, integrate 
term by term by the aid of the formulas 

fsiii- x.dx = ^. ^ ^ ; [Int. Ci.1. (1) Art. 99], 
• Kl + l) 
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' 222 CYLINDRICAL HARMONICS. [Art. 122. 

I sm" 3^ cos™ x.dx ^ -7- — ~ — ■ 

(Int. Cal. Art. 99 Ex. 2), and compare with (S) Art. 120, and we get 

2Vxr(» + -y 

If jt is a positive integer (9) reduces to 

Let n, = in (9) or (10) and we get 

1 r- 
J^(x) ^ - I cos (x cos *)rfi^. (11) 

EXAMPLES. 

1. Obtain Eorniula (11) directly from Fourier's Equation, (2) Art. 120. 

2. Prove by integration by parts that if w > — - 

j sin^ ^ cos "^ sin (x cos ili)d^ ^= | sin^+^i^cos (a; cos ^)rf^. 

3. ProTe by int6ffratit?n by parts that if m > ^ 
I .siii^" <ji cos (/d sin (x cos ^)rf^ 

1 ^ 
— -| I [SMsin-"^— - (2)j — 1) sin^' + ^tj]] cos (a;cos i^)!^-^. 

122. We can now readily obtain a number of useful formulas. 
Differentiate (11) Art. 121 with respect to x and we get. 

■■ "p ' = ( COB 1^ sin (x cos ^)(?(^ 

~ — ~ Tsin^ ^ cos (x cos ^)i^i^ by Ex. 2 Art. 121, 
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Hence by (10) .Art. 121 ^^ = ~ ^i(ai). (1) 

In like maiuiei by the aid of Exs. 3 and 2, Art. 121, we can obtain the 
relations 

""" = ; 3.:^^. _...„,.) (3) 

if « > - ^- ■ ■ 

(2) can be written 

Ji".7._,(r»).fc ->)■«.(»!) (4) 



(2) ajid (3) can be written 
„ d.T„{x) 



-V ,ix'^-\J^{x) = x^J^^.ix) 






dJJ^_ 



2^ = 



-■r.^,(') --■'.{") (5) 



-J.^.W + jJiWi (6) 



J.-,W -■'.*■(«) W 



and ^"'.(r.) = J._,(.!) + ./.+ ,(«). (8) 

The repeated use of formula (8) will enable ns to get from J^(x) and J-,(x) 
any of Bessel's Ennctions wliose order is a positive integer. For example, we 
have 
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224 CYIJNDKICAL HAKMONICS. [Akt. 122. 

Prom ii table giving the values of Ja{x) and Ji(x), then, tables for the 
functions of higher order are readily constructed. Such a table taken from 
Hayleigh's Sound (Vol. I., pj^ 265) will be found in the Appendix (Table VI.). 

By the aid of (5) and (6) any derivative of ^^(x) can be expressed in terms 
of J"„(fl3) and r/„+i(a;). For example 

If we write J„(x) for s in Fourier's Equation [(2) Art. 120], then multiply 
through by xdx and integrate from zero to x, simplifying the resulting equa- 
tion by integration hy parts, we get 

whence by (1) CxJ^ixjdx = -xj-^{x) . (9) 

If we write 'Ji,(x) for a in Fourier's Equation, then multiply through by 
x' — ^^ dx and integrate from zero to x, simplifying hy iTitegration by parts 
we get 

l'[(^)"+(-'-w)']-/<^-w)*=»^ 

wlie™eby(l) j,i(J.(x)ydx = ~HJ,{x))'+ (J,{x))'-]. (10) 

In like itiannerwe can get from Bessel's Eijuation [(5) Art. 120] the fornuila 

J^(j-.(»))fc = \ [-'(^)'+ (;■■' - «-)(*(«•))-] (11) 

which (6) enables us to reduce to the form 

Jx(,Ux)ydx = ^[(-7-„(^))^ + (./;, ^ ,(*))=] - nxJ„(x)J„ ^ ,(,*) . (12) 

Foi'mulas (9), (10), (11), and (12) will prove useful when we attempt to 
develop in terms of Cylindrical Harmonics. 
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Chap. VII.] PROPERTIES OF BBSSBl/S FUNCTIONS, 225 

Values of J^(x) fov larger values of a; than those given in Table III,, 
Appendix, may be computed very easily from the formula 

2 ! (8*)^ 

_ ^ 4! (8a:)* J'^'V^ 4 "' iV 

+\tLTT8r 

3 ! (8x)' ^ jsiiH^.< ^ ^,;. (i,>j 

V. Lomrael, Studien liber die Bessel'sclien Fuiictioneii, page 59. 

The series terminates If 2n is an odd integer, but otherwise it is divergent. 
It can be proved, hoivever, that in any case the sum of m terms differs from J'Jx) 
by less than the last term included, and consequently the formula can safely 
be used for numerical computation. 

EXAMPLES. 

1. Confirm (1), (2), and (3), Art. 122, by obtaining them from (3) and (6), 
Art. 120. 

2. Confirm (1), Ai-t. 122, by showing that Foui'ier's Equation will differ- 
entiate into the special form assumed by Bessel's Equation when n=^l. 

3. Show that (9), Art. 122, is a special case of (4), Ai-t. 122. 

4. Show that the limit approached by rT„(x) as n increases indefinitely is 
zero, and by the aid of this fact and of (8), Art. 122, prove that 

■f.t. (»> = ;[»'.(■») - (« + 2)J.«(») + (» + 4),?„^,(,,) + -..]. 

5. Prove that 

^^ =^Li^^W) - (n + 2)./;„,(x) + (u + 4)J„,,(x) + -]. 

/ 'A* 

6. Show that the substitution of (1—^) for x in Legendre's Equation 

will reduce it to the form 

and that the limiting form approached by this equation as n is indefinitely 
increased is Fourier's Equation, and hence that '7"„(.i') can be regarded as some 

constant factor multiplied by the limiting value approached by F,il ^1 

as m is indefinitely i 
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123. To complete the solution of the drumhead problem taken up in 
Art. 11, we found that it would be necessary to develop a given function of )■ 
in the form 

/(,■) = A,J,(^i,-) + Jrr,(l^,r) + A^,(fi,r} + ■■■ 

where fi,, /i^, fi^, &c., are the roots of the transcendental equation J'o(f'^) ^ ; 
and in Art, 11, Ek. the developm,ent of unity in a series of precisely the 
same form was needed. 

(a) Jjet us consider another problem. 

The convex surface and one base of a cylinder of radius a and length b are 
kept at the constant temperature zero, the temperature at each point of the 
other base is a given function of tbe distance of the point from the centre of 
the base ; required the temperature of any point of the cylinder after the 
permanent temperatures .have been established. 

Here we have to solve Laplace's Equation in Cyliiulrioal Coordinate.s 
([xiv] Art. 1). 

B^hc + - I),.H + \ Dili. + JJ^io = (1) 

subject to the conditio: is 

M =: when s; = U 

«=/(,■) " . = s, 
and from the symmetry of the problem we know that D'^u = 0. 
Assuming as usual u = R.Z we break (1) up into the equations 



whence k =^ sinh (j*z)Jo(im') (2) 

and u = cosh (/is)^o (/*)■) (3) 

are particular solutions of (1). 

If /ij. is a root of J„(/i.a)==0 (4) 

-,, = sinh(^,^)J-„(Mp.) 
satisties (1) and two of the three equations of condition. 

If then f(r) = A,J,(/i,r) + A^h(,j^r) + A^J„{^v) + ■ ■ - (^) 

Mil Mai Mai i^i!-> being roots of (4), 

smh (/lift) "^'^^ ^ ainh (jK,6) "'>'^-' ' ^smK(ji.^i) "v^" -' "■ ' 

satisties (1) and all of tbe equations of condition, and is the required solution. 
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FLOW" OF HEAT IN A CVLINDEK. 



(6) If instead of keeping tlie uonvex siirfaoe of the cylinder at the tempera^ 
ture zero we surround it by a jacket impervious to heat, the equation of 



condition u 


= when r ^ < 


* will be replaced by i>,i 


hy 




dr 


that is by 




M)'(/^") = * 


by 




J,(f.O,) ==(!.: 



or (V. (1) Art. 122) 
(7) 

If now in (5) and (6) fHt f^i l^s, &e., are roots of (7), (6) will be the solu- 
tion of our new problem. 

(c) If instead of keeping the convex surface of the cylinder at the tempera- 
ture zero we allow it to eool in air at the temperature zero, the condition !( — 
when r — a will be replaced by I),.u-\- /ih^=0 when r^a, or if 

n ^ sinh (fis:)Ju(fi7-) 
by /ijg'(/ir} -j- h,Ja{iir) = when v = a 

that is by fiaJaXf^) + «At7„(/:«() = or (v. (1) Art. 1.22) 

by fiajj^^fm) — akJii(fia) — . (8) 

If now in (6) and (6) fi-,, /*2, /ig, &c., are roots of (8), (6) will be the 
solution of our present problem. 

124. It can be shown that Jo(x) =0 (1) 

M^)~0 (2)' 

and kJ„'(x) + XJo(x) = (3) 

have each an infinite number of real positive roots (v. Riemann, Par. Dif. Gl., 
§ 97). The earlier roots of these equations can be computed without serious 
difficulty from the table for the valrres of J(,(x) (Table VI., Appendix). 

The first twelve roots of Ja(^) = and J,(k) = are given in Table IV., 
Appendix, a table due to Stokes. . Large roots of Jo(!e) ^^ and of Ji(x) = 
may be very easily computed from the formulas 

«'S' „e , .050661 .053041 , .262051 

^_ „. , .151982 .015399 -245835 
^-' + -^ iHM +(4.. + !)'' (4.s + l)^+"" W 

given by Stokes in Camb. Phil, Trans., Vol. IX,, x^^ representing the sth root 
of Jo(x) ^ 0, and x'^f the *tii root of J',{x) = 0. 



* We sliall find it convenient to use the familiar notation otf(x) = ^^ (y, Dif. Cal., p. 110). 
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125. We have seen in Ai-t. 123 that 

U = sinh (fif,z)Jo(!it^) and V^=sm'h(^fifi)Jg(ii,r) are solutions of S7^{J^=0 
and Vf=0 if we express Laplace's Equation in terms of Cylindrical 
Coordinates (v. (1) Art. 123). 

Hence, if JdS represents the surface intcgi'al over any closed surface, we 



C(UI)„r— VDJJ)dS = 



by Green's Theorem (v. Art. 92). 

If we take the cylinder of Art. 123 as our surface, and perform the 
integrations and simplify the resulting equation, we iind 

\rJ^{fi^r)Ja{l/.ir)dr = — [ii.^a.Jf,{itfl.)J^{iita) — /i,a Jo(^ta)<7„'{;t^)] 

•J Mi ~ 1^1 

Heiice if /i^ and fi, are different roots of 

or of (/,{fta)=0, 

or of /iaJ,(fia) — \J„{na) ^0, 

thea (■'■J^{iJ.^r)J,,{iXir)dr = 0. (2) 

EXAMPLE. 
Obtain (1) Art. 125 directly from Fourier's Equation 

126, We are now able to obtain the developments called for in Art. 123. 

Let /(>■) = A,J,(fi,r) + A^J„{p^r) + A„I^{,^,r) + - - - (1) 

lj.i, /^2) Ms) ^I'-j lieing roots of 'T(,(f''ii) =0, oi' of Ji(f>-a) — «, or of 
tiaJi(fi,a) —\J„(f;i.a) =^0. 

To determine any coefficient A^. multiply (1) by rj„(^^^r)dr and integrate 
from zero to a. The first meiuber will become 



J'-f{r).J„{^L,y)dr. 

Hostoc by Google 



ChaI'. VIJ.] CYLraDEICAL HARMONIC SBllIES. 229 

Every term of the second iiuMiiliei' will vanish by (2) Art. 125 except the 

by (10) Art. 122. 

The development (1) holds good from r=0 to r^^ii (v. Arts. 24, 25, and 88), 
If /*!, /ta, >(s, &c., ai'e roots of Jo(f^"-) ^0, (2) reduces to 

If fj-i, fi^, fig, &c., are roots of Ji(fici) = 0, (2) reduces to 

If fti, /ij, /tj, &c., are roots' of /i«Jj(/iti) — A(7"o(/ia) = 0, (2) reduces to 

For the important case where /(?■) — 1 

Jr/(r),7i(^,r)dr = J|./„(;.,r)^r - ^ J^.r„(^)<?X = ^^ ^i(^,b) (6) 

by (9) Art. 122, and (3) i-ednces to 

_l ^ -^ , (7) 

(4) reduces to ^,. = except for 7t — 1 when /i^ ^ and we have Jj ;= I , 
2* 



(5) reduces to A^. = 



(X' + M«-«^)<A(Mt''-) 
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EXAMPLES. 



1. Show that in (12) Art. 11 any eoeffieient ' ^^t lias the value given in (3) 
Alt. 126 ; and in the answer to Art. 11, Ex. the value given in (7) Art. 126. 

2. Show that ii a drumhead be initially distorted so that it has cii-cular 
symmetiy, it will not in general give a musical "note ; that it may be initially 
distorted so as to give a musical note ; that in this case the vibration will be 
a steady vibration ; that the periods of the various musical notes that can be- 
given when the distortion has circnlai' symmetry are proportional to the roots 
of Jolx) =^ i that the possible nodes for Sneh vibrations are concentric circles 
whose radii are proportional to the roots of (/(,(«) ^0. 

3. A cylinder of radius one meter and altitude one meter has its upper 
surface kept at the temperature 100°, and its base and convex surface at the 
temperature 15°, until the stationary temperature is set up. Find the tempera- 
tui'e at points on the axis 26 cm,, 50 cm., and 75 cm. from the base, and also 
at a point 25 cm. from the base and 60 cm. from the axis. 

Jm., 29°.6 ; 47°.6 ; 71°.2 ; 25°.8. 

4. An iron cylinder one meter long and twenty centimeters in diameter has its 
convex sui-face covered with a so-called non-condncting cement one centimeter 
thick. One end and the convex surface of the cylinder thus coated ai-e kept at the . 
temperature zero, the other end at the temperature of 100°, Find to the neai'est 
tenth of a degree the temperature of the middle point of the axis, and of the 
points of the axis twenty centimeters fiom each end after the tempei-atures 
have ceased to change. Given that the conductivitj of iion is 0.185 and of 
cement 0.000162 in C. G. & units Find also the tempeiatnre of a point on 
the surface midway between the ends, and of points on the surface twenty 
centimeters from each end Find the ttrnperatuies of the thiee points of the 
axis, supposing the coating a perfect non-eonductoi, and again supposing the 
coating absent. Neglect the cuivature of the coating 

Ans., 16°.4 ; 40° 86 , 72° 8 j 15" 3 , 40° 7 72° 5 , D" ; 0°.0 ; 1°.3. 

127. If instead of considering the coohng of a cylinder as in Art. 123 we 
have to deal with a cylindrical shell whose curved surfaces are co-axial 
cylinders, we are obliged to use the Bessel's Functions of the second kind. 
Let our equations of condition be 



u=f(r) " 
Then (v. Art. 123) 



u = when 



■i!>(fc»)[j.(f 
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where /i^. is a root of the equation 

J^)-^K.(^a)^<l (1) 

will satisfy Laplace's Equation [(1) Art. 133] and all of the equations of 
condition except the second. 

is the required solution if 

/(.■)=X^. [*(«•) -g^A-(„.)]. p, 

The development (3) is easily obtained. 

Gall the parenthesis for the sake of hrevity Bn(fj.^r). Then by the method 
of Art. 125 we get if we integrate over our cylindrical shell 

fvB„(^,r)B,(^f)dr = (-1) 

if ti-i. and /Xj are roots of (1) ; and by an easy extension of (10) Art. 122 

/•■[-B.Cf.')]"* = iH«.'(»'n'- "'[».V.«)]"}- (5) 

Determining the coetfleients in (3) as in Art. 124 ami siiiiplifyinff by the 
aid of (4) we have 



2j./«[^*.^)-|^ii:*..-)]* 



^•"[•'•■(-''-^^"'m]"-"{*(''")-|^)^*'»']' 



If a membrane bounded by concentric circles of radius a and radius li, and 
fastened at the edges, is initially distorted into a form symmetrical with respect 
"to the centre, and then allowed' to vibrate 



X A. oos (M,.0[.'.(W) - 1^) Jf.(«')] 



where yl,. is obtained from (6) Art. 1.27 by replacing e by k 
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[A.- 



128. If in the cooling of a cylinder u^=Q when s: = 0, m =^ when s 
and M ^'/(«) when r=^ct, the problem is easily solved. 

If in (2) and (3) Art. 123 ^ is replaced by fit we can readily obtain 

» = sin. (fiz)Ja(firi) 
and s = COS (us) Jail*''''-) 

as particular solutions of Laplace's Equation [(1) Art. 123] ; and 



.J,(xi) = l+--\r 



where 

by Art. 31 (7) and (8). 

Hence 

is our required solution. 






22.4^-^2=. 4^.6^'^*' 






■ds 



=Sa: 



■''Kir) 



(1) 



(2) 



(3) 



1. If the cylinder is hollow and we have u 
s — ft, M^O when r^=c, and. «=;/(«) when s 



= when s 
= a ; then 












''VTI Ht) 



where j^,. has the value given in (2) Art. 128, and 
5^(») = K,(»)-J.(ri)logi 

[v. (4) Art. 120], and is real. 

2. A hollow cylinder 6ieet long whose inner surface has the radius 3 inches, 
and whose outer surface has the radius 1 foot, has its bases and outer surface 
kept at the teniperatiire 0°, and its inner surface at the temperature 100°, until 
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the permanent state of temperatures is established ; lind the temperatures of 
two points ill a plane parallel to the bases and half-way between them, one of 
which is 6 inches and the other. 9 inches from the axis. Ans., 49° .6; 20°.2. 

129. If in the problem of Art. 123 the tempevatuves of the points of the 
upper base of the cylinder are un symmetrical so that u =f(r^^) when a=^b, 
we have to get particular solutions of Laplace's Equation [(1) Art. 123] for 
the case where D^u is not equal to zero. We. readily find that 

M^^sinh(/:ts)[^cosmr^ + Bsinm<^]J),(/ij-) 

and '( = coah (ji^)[A cos )i<f + ^ sin ni^'\Jj^(fi,r) 

are siicb solutions, and that 

is the solution of the given problem if 

where /a^ is a root of the equation 






= 0. (3) 



EXAMPLES. 
1. Show that 



[M/;'^(fta)='".,+i(Mi.«)— ■Mf'''«(M^■ffly, + l(yWIa)]- 



2. Show that 
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3. Show that in Art. 129 



Jd4,frf(r,4,)J,(y.,r)dr 
■*"■* = i " 7.5[J,(^,.)]' 



f(J* r./(.-,+) cos «* J,(fcr)* 
4 _?sL_I , 

Jd<l,Jrf(t;4,) sin »*.7.(ft.-)* 
''" = ^*' «•[.'„,(/<.«)]' 

4, Obtain the coefficients for the case wliere the convex surface of the 
cylinder is impervious to heat. 

&, Obtain the coefficients for the case where the convex surface of the 
cylinder ia exposed to aii- at the temperature zero. 

6. Show that if in a di'urahead problem of Art. 11 the initial distortion is 
unsymmeti-ieal, so that we have to solve the ei^uation [xi] Art. 1 subject to 
the conditions s ^^/(r, i^) when ( = 0, Z>,z^O when ;=: 0, s ^=0 when r;= «, 
the solution is 

where Ag^, ^nk-> ■^•i.i-f ^^^ -^n^ have the \alue8 gnen in Ex S 

7. What modifications do the statements made in Ex 2, Ait. 126, need to 
make them apply to the unsymmetiical ciae tieated in Ex 6 ' 

Show that any possible nodal system in Ex 6 is composed of concentric 
circles and of radii whose outer extremities aie equidistant v. Rayleigh's 
Sound, Vol. I., Arts. (202-207). 

8! Solve the problem of Art. 127 and of Art. 127, Ex, for the nnsyiu- 
metrical case. Suggestion: AJ„(x)-\-BK^(x) is a solntion of Bessel's 
Equation, 

y. Solve the problem of Art. 128 and 'of Art. 128; Ex. 1, for the case where 
u^f(g,<l>) when r^a. Suggestion: u ^= sin fi,!i{A cos n<l> -\- B smntfi),Ti,(ij,rl) 
is a solution of Laplace's Equation, and /(s, ^) can be developed into a double 
Eourier's Series [v. (15) Art, 71], 



>y Google 



OiiAP. VIJ.] EXAMPLES. 2a5 

10. Show that in dealing with a wedge eut from a cylinder by planes 
passed through the axis, or with a membrane in the form of a circulai' sector, 
it may be necessary to use Bessel's Functions of fractional or incommensurable 
orders. 

11. Bei-novMU's Problem (v. Chapter IX). In considering small transverse 
vibrations of a uniform, heavy, flexible, inelastic string fastened at one end 
and initially distorted into some given curve, we have to solve the eq^uation 
J^^!/=^<'\xD^l/-\- D^y), subject to the conditions l>,y=0 when ( = 0, 
y=f(x) when (^^0, j/=^0 when x-==a\ the origin being taken at the 
distance a below the point of suspension and the axis of X taken vertical. 

Sliow that y=^^^k cos i^-ifit B^(fi^x) , 

= .7.(2Vi) 
and fi^ is a root of the equation 



12. As a simple ease under Example 10 consider the vibrations of a circular 
membrane fastened at the perimeter and also along a radius and then initially 
distorted (v. Bayleigh's Sound, Art. 207). In this case we must modify the 
formida given in Ex. 6 by dropping out the terms involving coshi^ and by 

taking «==„■■ The required solution is 



where y[t(, is a root of 



J^JjiO) 



p<i.frf(r,4,) 5m'!^J^(ij.,v)dr 
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For tlie terms in which m is odd, Jm(x) can he readily obtained from (13) 
Art. 122, which will become a finite anm. 
For example, (13) Art. 122 gives the values 

^iW=-Vl;[(i+S)™'+s™-]i *'■ 

13. The q^uestion of the flow of heat in three dimensions involves a problem 
not unlike the la,st. 

Suppose the initial temperatures of all points in a sphere of radius o giPen, 
and let the surface be kept at the temperature zero. Then we have to solve 
the equation 

D.u = '^, [l>,.(.»i),«) + -J^^ A(»n OD,.) + J^^ i),.„] (1 ) 

([iv] Art. 1) subject to the conditions 

n^O when r = r^ 

u =f{r, e, 4.) when i = 0. , 

If we assume u = T.R. V where T is a function of t only, R of r only, and V 
of 6 and 4> only, (1) can be broken up into 

f+— » (^) 

«(« + 1) r+ X-^ i>,(,m HI), r> + ~i}ir=o (s) 

dm , 2dJt r , «.(m + i)-|„ „ 

Hence T=«— "■, r= !'.(>.,+) [t. Art. 102 (2)], and 7; is still to be i'miml. 
If in (4) we let x^ar and s ^= R^r it becomes 

which is satisfied by s^-7",„^j(.7;). {v. Art. 17.) 
Theiefore Ji^ — -j= J^ 1 1("**)- 
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Chap. VIL] FLOW OF HEAT IN A SPHERE. 237 

/(,., e, *) =-T-% f'i<l>i (/('■. ^1) *i)-P«.(eos y) sin e.rf^i by (3) Art. 114, 

whei'e «( is a root of the equation 



where 

Tlie final solution i 





(«.)-ti 




2/>1/.,.(') J.*. («.'■)*■ 


'"'"■* 


«'K„(«^)]' 


V?--*;, 


,.(■■) = X ■»..-.•''-«('■»') 




2/'«'.,.M-'.*,(«#)* 






el Riemann, Par. Dif. Gl., §§ 72 and 73. 
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CHAPTER VIII. 



LAI-LACES EQUATION IN CUEVILINEAR CO&RDINATKS. 
ELLIPSOIDAL HARMONICS, 

130. Orthogonal- Curvilinear Coordinate!:. 

H -F,(f»,y, =)=,.) 

l\{x,y,i')=P,\ (1) 

-f.(»,!/,») = P.J 
are the equations in rectangular coordinates of three surfaces that ai'e mutually 
perpendicular no matter what the values of pi, pj, and pa, the parameters p^, 
p^, and pai tii*y 1'6 regarded as a set of coflrdinates for a point of intersection 
of the three surfaces, in the sense that when pi, pa, p^ are given the point in 
question is determined, and when tlie point is given the corresponding values 
of pi, p2, pB, can be found. 

From equations (1) x, y, and s can be expressed in terms of p^, p^, and pa. 
Suppose this done. If now x, y, s ai'e the rectangular coordinates of the 
point- pi = «, p'i^= l, pa = c, the rectangular coordinates of the ^Kiintg 
p^ = a + dpi, p2 = h, p, = c, ai'e obviously ^ + D^^x.dpi + ti , y + D^j/^dp-, + e^, 
sf + i3^j¥.rfpi + eB, where £,, tj, and t, are iuiinitesimals of higher order than 
dpi. Hence the square of the distance between the points will differ by an 
infinitesimal of higher order than that of dp^ from d?if where 

Then if dn^ is the element of length normal to the surface p^ = a, dn^ 
normal to p^^b, and dn^ normal to ps^c 

d,^ = -l", Jn, = *!, ''». = *»• (3) 

h, hi Ag ^ ' 
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Thfi element of siirface ■ i^i^i od the siirface p, = <i is easily seen to be 

dS,='^^, (4) 



aJid the element of volume <lv is 



KXAMPLE. 
Show that, A2= (Z)^pj)2-j- lI)^p^f-\- {D,p^ 

hi = (D^p,)" + (D^p,r + (D,p,Y. 



(5) 



Suggestion: If h^ has the valne just given ^ - S ■ - ^"S — ^ are the 



direction cosines of the normal at any given point of p, ^ a. (v. Int. Cal.. 
page 161.) Then 

,/«. = :^£& ^^ 4- :^^ ,7., -U :^' ,7, = 1 ^„. 



131. IjWplae^a Situation in orthogonal curvilinear coordinates. 
If we apply the special form of Green's Theorem 

fj'j''V^rdxdyd^.=Jl>,VdS (V. Art. 98> 

to the space bounded by the surfaces p,=^a, p^^b, ps = a, p-^ = a-\-dp^, 
Pi^b-i-dps, pa^e-\-dpa, we have 

whence 

VT=w..[ft.(^A.F) + i>,.(;^_i.,.r)+i>,.(^_i,,.r)], (6). 

and Laplace's Equation in our curvilinear system is 

'•**-[^'41''«'')+^'.(*l.^"'')+°'-t-|^'.'')]=''- OT' 
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[A,i- 



Jf it liappens that V^pi = 0, V = pi will satisfy (7) and we shall have 
hihshiI>i,(—j-\=0. In like manner if VV2 = we have D^(~-\~0, 
and if '^% — we have 2)^/^-^^ — ; and therefore (7) reduces to 

h^D^ r + hiD^ V + kiD^^ V=0 (8) 

when VV, = 0, Wa ~ 0- a^id VVs = 0. 

132. If instead of having the value of the Potential Fiuiction V given on 
the snrface of a sphere as in our Spherical Harmonic problem, we have it 
given at all the points on the surface of an ohlate spheroid, and are required to 
find its value at any internal or external point, we can easily get a solution by 
methods in no essential respect different from those already employed, if only 
we rightly choose our system of coordinates. 

If we take an ellipse and an hyperbola having the same foci, and revolve 
them about the minor axis of the ellipse, we shall get a pair of surfaces which 
are mutually perpendicular ; a plane "through the axis of revolution will cut 
both the spheroid and the hyperboloid orthogonally. 

The equations of the three surfaces can be written : — 



F,(x,y,,.,\)^-, + - 



5 + 7 



-1=0 



(1) 



F,(?>, 






= 0, (3) 

where A^ ~> b'^ > ^^, 2b being the distance between the foci. 

For all values of A, jJ-, and v consistent with the inequality above written 
the surfaces (1), (2), (3) intersect in real points and cut orthogonally. 

X, /J,, and v can be so chosen that the surfaces will intersect in any given 
point, and therefore can be taken as a set of curvilinear coordinates, and 
Laplace's Equation can be expressed in terms of them by the aid of "Formula 
[xv] Art. 1. 

From (1), (2), and (3) we readily get 



^1 + "^ 
JK^-b^(b^- 



6^(1 + :,=)' 



(*) 
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whence DiX= , ■■ - 



and 

[v. 130 (2)]. In like 






± = '' ^ (6) 

and [xv] Art. 1 becomes 



which is Laplace's Equation in terms of onr ^heroidal Coordinates A, /i, and y. 

If now in place of X, fi, and v we can introduce some function of k, some 
function of p, and some function of v which, therefore, will represent tlie 
same set of orthogonal surfaces, and if we can choose three functions a, ji, 
and y, which of course are functions of x, y, and e, so that V°« ^ 0, 
V^^^O, and VV'^O, equation (8) must reduce to the simple and sym- 
metrical form given in [xvi] Art. 1. 

These functions a, 0, and y are easily found. Equation (8) is V^f'^f* 
expressed in terms of X, ij., and v. Assume that F is a function of k only ; 
then i>^r=0, and D,V=0, and (8) reduces to 

A[Wa^ — 6^Ar]=0 

whence AyA' — 1/ — =: c, , 



dV^ 



"aVa^ - 



and is a function oi A which satisfies Lapla^ 
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Take this as a loaving C; at present iindetei' mined, so that 

o,dX , K, ,X 

da^ — , ■ and a^— sec~'T- 



In the same way we get 
(v. Int. Cah Art. 4(j, Ex,) 



and /3 =: — y secli~ 



and y =^ ti, fe 



Substitnting these values in (8) and taking c,^ — (.j = ?,, and Ca = 1, 
(8) reduces at onee to 

^lr+^lf+^!=fl,;K=o, (9) 

or since X^ftseca, /( = Z'sech/3, and f^=tany, (10) 

to eos''aZ)J'F+cosh^^i?pV+(cosy^ — cos'^(t)i>^''F = (11) 

which is Laplace's Equation in terms of what we may call Normal Oblate 
Spheroidal Coordinates. 

In using (11) it is to be noted that tlie point whose coordinates are (a, ^, y) 
is the point of intersection of an oblate spheroid whose semi-axes are 6 sec a 
and h tan a, an unparted hyperboloid of revolution whose semi-axes are 
b sech p and b tanh ^, and a plane containing the axis of the system and 
making the angle y with a fixed plane ; and that if the axis of revolution la- 
the axis of ¥ and the fixed plane is the plane of ^Y, the rectangular coordi- 
nates of (a, 0, y) are 

x = /j seca sech^cos y, 7/ = 6 tan a tanh /3, s =^ 6 sec n aeuh ^ sin y (12) 

If now we let a range from to - , /3 from — oo to co ,■ and y from to 27r, 

we shall be able to represent all points in space ; and if we agree that negative 
values of ^ shall belong to points below a plane through the oi'igia and 
perpendicular to the axis of revolution and positive values of ^ to points 
above that plane, not only shall we have no ambiguity, but also the rectangulai- 
coordinates of any point as given in (12) will have their proper signs. 
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EXAMPLES. 



1. If the spheroid is a prolate spheroid, the ellipse and eonioeal hyperbola 
must be revolved about the major axis of the ellipse, and the plane must con- 
tain that axis. In place of equations (1), (2), and (3) of Art, 132 we have, 
then, 

where X- '> l- "> fi- . 






Laplace's Equa-tion becomes 

(1) reduces to ■§^^ + t^^, + ,,, ^'~f k -^v' ^=0, (2) 

bdX , j^ Mfi 

where da^ — —. -„> d&^=- ". - . 

K^ — Ir '^ b^ — fi^ 

a = ctnh~^T' S^=tanh~'^) and 7^=tan~'i'. 
b h ' 

Since X=^h ctnha, ^^b tanhyS, and c;^ tauy 

(2) can be reduced to 

sinh^ aD^V-\- cosh^ l3DgV+ (sinh^ a + eosh= /3)Z)/ r=0. (S) 

In using (3) it is to be noted that the point (a, (3, y) is the point of inter- 
section of a prolate spheroid whose semi-axes are Jctnha and Scscho, a 
biparted hyperboloid of revolution whose semi-axes are S tanh ji and b sech ^, 
and a plane containing the axis of revolution and making the angle y with a 
fixed plane. 
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If the fixed plane is that of (XY) the rectangular coordinates of any point 
(a, p, y) are 

a; = 6 ctnh a tanh (i, y^b cseh a sech ^ cos y, s ^: J csoh a sech ^8 sin y , 

and a may range from oc to 0, /3 from -co to co , and y from to 2'7r. 
Negative values of ^ are to be taken for points lying to the left of a ]ilane 
through the origin perpendicular to the axis of revolution, 

2. Transform Laplace's Equation in Spherical Coordinates [xiii] Art. 1 
to the symmetrical form 

where <x^-) /? = logtan-) and 7 = -^. 

3. Transform Laplace's Equation in Cylindrieal Coordinates [xiv] Art. 1 
to the symmetrical form 

where a = log )■ , ^ — ^ , and 7 = s . 

133 In eich of the cai^ei we have couMdered, it has been easy to pass 
from Laplaue s Equ ition in terms of the chosen coordinates representing an 
orthogonal '^JStelll ot surfaces to the symmetrical form [xvi] Art. 1 ; and it is 
evident that tur new looidinate a is 1 value of V corresponding to such a 
distribution that the suifoces ohtiined ]>y giving particular values to pi are 
equipoterUuil surfaces that ^ is a value of F corresponding to such a 
distiibution that the surfaces obtained by giving particular values to pj ai-e 
eqiiipotential suif'ue'^, and that 7 is i vilue of V corresponding to such a 
distribution that the surfaces obtained by gi\ mg particular values to p^ are 
equipotential surfaces a /3 and 7 ire t tiled by Lame " themiometric 
parameters." 

The condition that these values should exist, for a given system of surfaces, 
that is, that the distribution described above should be possible, is readily 
obtained. We shall work it out for a. It is merely the condition that V in 
Laplace's Equation may be a function of p, alone. 

If P" is a function of pi alone 

■^ dp, ^"^ " dp, ^' " dpi "^ 
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AT=f?(Z,.P,)-=fA-P.. 



Thetsfore [(i>rf,)"+ (D.p,)' + (Ap,)'] -J-, + [-».'p. + O/p, + A'pi] J 



-P.'pi + A'pi + A'pi 
(-Brf.)" + (-£>,«)'+ (An)* 



dp^ ' dpi 



where J^i(pi) may be any functioD of p, alone. Our rec^iiired conditions are 
tlien 



= .*iW 



and when they are fulfilled the original curvilinear coerdinatea pi, pa, ps, 
correspond to possible equipotential or isothermal surfaces, theiinametvio 
parameters a, j3, and y exist, and the recjuction of Laplace's Equation to the 
symmetrical form [xvi] Ait. 1 is possible, 

134. Eeturniug to our Oblate Spheroid problem of Art. 132 we can proceed 
as usual to.break up onr equation (11) Art. 132. 

Assume that V^L.M.N, where L .is a function of a only, Mot fi only, 
and Hfoty only. (11) Art. 132 becomes 

cos' a d^L coBh=;8 d^M [cosh' ^ — co s ° a] d^N_ 



cos^<x . d^L 1 coshV ^^^ 


Id^N 


C03h^/3 — eos'arfa' ' JW"cosh'y3 — cos=a rfjS^ 


Ndy^ 



The first member is independent of y, and the second membei' is independent 
of a and /3, and the two hiembers are identically equal. The second member 
is then independent of a, fi, and y and must be constant; call it n\ We have, 
then, 



dm , 



+ n^N= 



(1) 
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and +__^ „.(„,i.^_«„.„,=„. (2) 



(1) gives US ]V ^^ A cos ny -\- B ainny. (3) 

(2) can be written 

whence eos= « xi + ['''' '^'^^^ " ~ ™("*- + 1)]-^ — '* (*) 



and 



(5) 



If we introduce x =: tanh /3 in (6) it becomes 



7 + 



[m(m + l)-^^]jM--0 (6) 



where since a; = tanh /3 au'd ^ may have any value from — oo to oo , x niay 
have any value between — 1 and 1. (6) is a familiar equation having for a 
particular solution 

M^ (1 " S ^^^^ = P^¥) = -P:(t^nh ^). (7) 

(v. Arts. 101 and 102) 

If we introduce in (4) a: = tan a it reduces to 

(8) is an unfamiliar equation, but it can be treated as (6) was treated if we 
take the pains to go back to the beginning and follow the steps of the treat- 
ment of Legendre's Equation. 

This labor can be saved, however, by noting that if we let a; ^^ (8) I 
d^L 



(v. Art. 101), 



^0 
J-— y-_i 

and is identical in form with (6). Hence 



where y = i tan a, are particular solutions of (4). 
We can avoid imaginaries if we use the values 
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Since we assumed V =^ L.M.N we hare 

r= (A cos ny-\-B Bin my)>»(taiih ^)(— tf-'-P^li tan a) "] 

aad r^McosJiy+5sin«y)P»(tanh^)i'«+" + 'sec"a^^^?i^-^2ii^ (" ^^^'^ 
^ ' . ' "■ {(/{?. tan a))" J 

as particular solutions of (11) Art. 132. 

If the problem is aymmetrical with respect to the axis of the spheroid 

Z>^F=0, n^^O and our particular solutions (10) reduce to 

V= (- 'l)'"P^(i tan «)i'^(tanh 0) \ 
and F=i'"+'Q^(Uii,no)P„{tanh/3). J 

If, then, V is given on the surface of a spheroid as a function of ,8 and y, 
we must express it as a function o£ tanh j8 and y, and shall be obliged to 
develop it in terms of Spherical Ifarmonies of tanh and y by the formulas of 
Chapter VH, using the first eq^uation in (10) for the value of F^ at an internal 
point, and the second for the value of V at an external point. If the problem 
is symmetrical, we must develop in Zonal Harmonics of tanh by the forinulas 
of Chapter VI. 

A convenient form for Q„(i tan a) is obtained from (2) Art. 100 ; it is 

QJi tau «) - - iP^ii tan „) J^^-^-^^-^^^ . (12) 

Hence Q,(i tan a)=- */^, - - iQ - '^} (13) 

EXAMl'LES. 

1. A condrrctor in the form of an oblate spheroid whose semi-axes are 
A sec ttu ^nd ^ tan do is charged with electricity and is found to be at potential 
Ffl ; find the value of tlie potential function at any internal or external point. 
Here Va ^^ FoPo(tajih 0). Hence at an internal point 

and at an external point 

{■2 ""V 

Since V in (2) involves a only, the equipotential surfa^'.es are all spheroids 
confocal with the conductor. 
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2. The upper lialf of aji oblate spheroid whose aemi-axes are h sec cto and 
b tan «„ is kept at the temperature unity, and the lower half at the tempera- 
ture zero. Find the permanent temperature at any internal point. 






_1. , 3P,{ttana) 
'■ ' 2 "^ 4 F,{i tan a,) ^ ■^™'"" ^^ " 8 ' 2 P^(i tan"*,) " 



(v. Art, 93). w may be expressed in terms of x, y, and s without serious 
difficulty [v. (12) Ai-t. 132], 

= i4.3y_I 1 l' \2 5f + 15>/fa^ + y^ + s-^ - V') - W!/-] 
^' 2^ Ac. 8'2'2 Sc' + Sc "^ 

if 2c ^= 2/' tan <t(, =; minor axis of spheroid. 

135. Let us now find the potential function at an external point due to 
the attraction of a solid homogeneous oblate spheroid, using the method em- 
ployed in Arts. 98 and 99. 

Consider first the potential function due to a shell bounded by the spheroids 
for which a =^ ^ and a= i^^d<^. 

By (1) Art. 98 we have 

where fi is the density and k the thickness of the shell, Fj the value of the 
potential function at au internal point, and V^ the value of the potential 
function at an external point. 

Let Fi^2^^(— i)'"P^(itana)P^(tanh;3) 

and r, = ^B^i^-'^QJi tan a.)P^(tanh fi) [v. (11) Art. 134]. 

Since V^ and Fj must have the same value when a=^^ 

A ■7;--.^^i fa(^tan.^) _ ? dx 

^^ - ^' PJS tan <!>)-'- '^ -^;J (1 + .J^)iP„,{xi)r ^^^ 

[v. (12) Art. 134], 

Hence f , = ^i'"B^ P^(tauh ^) PJi tan a) j"——- 



^J^(l+x%P^(xl)l,^ 



:ind V, = %i-B^P^it^nh ^)P^(i tan a)f^^^^^^^j^„_. 



(^) 



Z)„ F, = D^ Fi . i>„a . I)^ v., = IK r, . P>„a 
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[ O. F. - B. rj. . « = [D. F, - i). rj. . »(J).a). . , 

= P.(''.-f'.)]...[^.«]. = .. 
F,-F. = Si.i,.P.(..„h«P.(it.n.)J— ~J^L^.. 






i„ = *! = ^ = ^5!Iii'ji = Sso„ ,;,»„.„ + ta„h- ,3. Ja (4) 

4, 4, A'-i' 

V. Alt, 130 (3), and Ait. 132 (5) and (10). 

i sec </, Vtan^ <t + tanli^ (3 
Hence [^ F, - fi, FJ„ - , = , ^ =X'"'^ 4"'i-r^S ' 

K = [<;«]„ ^ ^ = /) sec -i. VtanV+tanii^ . rf<^ 
by (4), and (1) may be written 

iirpf/' sec^.^(taii^^ + taiih^;8)f;^ = X''"-^™"PrV~^' ^^^ 

Since tanh' ^ = ^ Po(tanh ^) + § ^^(tai.li (i) 

by (5) Art. 95, to satisfy (5) we must give m the values and 2 aiid 

Ba = ^ irpb^ sec-<p(3 tan* 4, + X)cl<l> 
and -S, = * iTp/'^ see" ^(3 tan^if> + l)i/(;>. 
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250 ELLIPSOIDAL HARMONICS. 

Ho that by (3) 

V, =^ ^TTpfi^ sec^ 1^(3 tan^ ij> •+■ V)d<t>\ I : — , ^ 



-'■•<'"'•»'■'"" •:i(?w?s5)7] 



and V. = ^Trpb' sea^ <j)(S tan^ <j> + l)rf^[iQo(* tan a;) 

+ i«Pj(tanh P) Q^(i tail a)] . (7) 

The potential function at an external point due to the solid spheroid for 
which ■ o = tto is 

r= fVi = i wph^ sec^ a„ tan a^liQa(i tan a) + i=P2(tanh ;8) Qs(i tan a)]. (8) 
^ = ,t 
If 2(', is the major axis and '2c the minor axis of the spheroid 

^Trp'r sec tio tEin a„ = 5~/ — ^^7" 

■where M is the mass of the spheroid. Therefore 

M 
F= - [iQ^(i tan a) + ^"^^(tanh ^)Q,(!. tan <i)] (9) 

is the required value. (9) can be reduced to 

EXAMPLES. 

1. Break up the equation (3) Es. 1, Art. 132, for the prolate spheroid, and 
obtain partieulai- solutions of the term 

V=(A cos ny+B sin «y)P^(tanh /3)P^(ctnh a), 
V = {A cos ny + 1! sin «v)P,:;(tanh ^) (- 1)^ csch" a^^^^^~^- 

2. Break up and solve the equations of Exs. 2 and 3, Ai-t. 132, and show 
that they lead to familiar forms. 

3. If in Ex. 1, Art. 132, the conductor is a prolate spheroid wliose semi- 
axes are !i ctu a„ and b csch do show that 

V= Vu at an internal point. F— V,,^ at an external point. 
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: to the attrae- 



4. Show that the potential fimction at an external ^joint c 
tion of a homogeneous solid prolate spheroid is 

M 
F — — [ Qo(ctnh a) — P3(taiih ff) ^^(ctnh a) ] . 

Ellipsoidal Swritionics. 
136. If we are dealing with aa ellipsoid instead of a spheroid, we can take 
as our orthogonal system of surfaces a set of confocal quadrks ; 



r.+ 



j!_ 



+ v 



-1=0 



i + -TiTi + -i^,-l=0 



v"^ v" ~ h"- v" — e" 



where x''>fl''>/i^>S*> c^- Here the first surface is 
second an unparted hyperboloid, and the third a biparted hyperboloid. Each 
of the three principaj sections of the system consists of confocal conicsj and it 
is well linown and is easily shown that the surfaces eut orthogonally. X, fi, 
and n will be our curvilinear coordinates, and are Icnow 

We find witliont difticnlty that 



AVV 



(f-i ')(M'-i.')(f- 



JS. 



,^ (X'-i')(X'-e') 
' (i'-M')(X=-«")' 



_ (>.'-f)(e'-y-) 
(iM'-^Xk'-f.') 



(x'-o'W-f.ti, 


■-.,•1 


,'(.-- 1--) 




,, (S--.-)(o' 


-'•) 



(i" -■.>)(,.' -I.') 



(2) 



(3) 



To avoid ambiguity, we shall suppose that of the nine semi-axes in (1) 
V'c' — ft? is to be taken with the positive sign for a point on the half of the 
unparted hyperboloid on which s is positive, and with the negative sign for a 
point on the half on which ^ is negative ; ^b^ — v^ is to be taken i^ith the 
jiositive sign for a point on the half of the biparted hyperboloid on which y is 
jiositive, and with the negative sign for a point on the half on which j/ is 
negative ; v is to be taken positive for a point on the half of the biparted 
liyperboloid on which x is positive, and negative for a point on the half on 
which X is negative, and that the remaining six are to be always positive. It 
follows that our Ellipsoidal Coordinates have the disadvantage that to fiilly 
fix a point we need to know not merely jthe values of its coordinates A, fi, and 
V, but the signs of ^i:'' — jjl^, and \lli^ ~ v'^ as well. 
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We shall see later, Art. 139, when we eome to introduce what we may call 
the Momtal Ellipsoidal Coordinates a, fi, and y that they are free from this 



It is to be observed that X may range from c to od, /j, from b to c, and c from 
- i to 6. 
The element of length perpendicular to the Ellipsoid is 



,^^=^(^'-f^'X^'~-')., 



The element of Ellipsoidal surface ia 



^^ _,.,.„ „., I (A'-y-)(>--»-) 



iS = J^ = (^'- 



-■'^or- 



and the element of volume is 

iA*. V(i'-«')Ci"-c")(M'-«')(e'-/'')(S'--")(«'->'') 

The surface integral of any given function of ^ and u taXiin i 
ellipsoid is 

J/(^,i/>iS= J*J[/,(M,») +/■(/•,.-) +/,(fc») 



where fi(tJ;v), fti(fifV), fs(/J.,v} and fi(jj.,v) are the values of the given function 
ou the fouv quarters of the ellipoid into which it is divided by the planes of 
{XY) and {XZ). 
Laplace's Equation proves reducible to 

{IA? - v'-yyt F+ (X= -v'^Dl V+ (X' " f,-^)DlV~Q (8) 



dv 
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a, /5, and y can be expressed as Elliptic Integrals of the first class and are 

whence A ^ — -r^z r ( mod - ) = y ( mod - )» 

sn {K —a)\ <•/ cii a\ cf 

(V. Int. Oal. Arts. 179, 192, and 196). 

137. If in (8) Art. 136 we assume F= J.Jf.iV where L involves a only, 
M involves ^ only, and N involves y only, (8) can be w;ritteii 

L dd''^ M djS" iV" dy"" *■ -^ 

(1) is too complicated to be broken np by our usual metliod. 
If, however, we let 

Ldd^~^"'^' MdjS'~^^''*' jV-V"-^'''"' 

substitute in (1) aiid make use of the fact that the result must be identically 
zero, we find that the coeflicients are zero for all values of k except k=^0 and 
A — 2, and that ao=^ — 6o = Co,and aj=^ — 62 — c^. 

Therefore (1) can be hcoken ilp into the three equations 



-^^ ,1 ^M.r 
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We shall find it convenient to take ■ a^ as m(m. + 1) and ^a 
whence 



^,- [m(m + l)X'- (4' + o>]i = () 



JJ+ [m(m + 1)^-- (»■ + «>]»= 
^ - [m(». + !)«• - (S- + ,>]iV= 0. 
■eplaoe a, (3, and y by their values ii 



[Ajit. 137. 



(2) 



terms o£ \, /i, and 



(X> - I/) (i' ~ «') ^ + i(i' - S' + X" - c>) 



' dX' 



3 + mCa*^ — *' + F 



[».(.« + 1)A' - (4" + c-Mi = 



.<iW 



- [m(m + !>■- (S' + «>]*= 



y (3) 



Whence if L = E^(X), it follows that M~ E^{tJ.) and N— E^(v), and that 

F=S£(A)Ej(rt-EJ(») (4) 

is a solntion of Laplace's Eqnation, (8) Art. 135. 
The equation 

- [m(m + 1)^' - (b' + c^)p-]z = (5) 

is known as Lamp's Eqnation, and ^^(a;) as a Lame's Function or an Ellip- 
soidal JIarmonic. We shall suppose tn a positive integer. 

To get a particular solution of , (5) let s =; S"^*^- Substitute in (5) and 
reduce and we get 

IMk + 1) - m(m + 1)]«, - [{6^ + ,^^)(fc + 2)^ -?,]«,,, 

+ &V(i + 3)(A + 4K^, = 0. (6) 

We have now only to choose a sequence of coefficients satisfying (6), and we 
may take any two consecutive coefficients arbitrarily. 
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(6) which is ordinarily a relation connecting three consecutive coefflcienta- 
reduces to a relation between two when k ^ m, when A ^ — 3, and when 
k^= — 4. If we take a^+j^O, a„^.^, «„+«, &e., will vanish. Let a^=^l. 
If m is even the coefficient of a^ in (6) will be zero ; if p has sneh a valne 
that a_3 is zero, a_i, a_s, &c., will be zero, and there will be no terras in 
the solution involving negative powers of x. 

If we write the values of a„,_a, «„i_4, &c., by the aid of (6) we see that 
a,„_2 is of the first degree in^, n-^_4 of the second degree in p, &c., and it_a 

of the degree «■+ 1 in P- There are then "„ + 1 values of p which we shall 

a&ll Pi, Pi, Ps, &c., for which a,_2 will vanish, and for which our solutions will, 
be of the form 

E^ix) = x'" + «™_,x"-^ + «„,_,x'"-* + ■■■ + «„ 

if 'm is even. 

If m. is odd, the coefficient of a-^ in (6) will vanish and we can choose p so 
that «_i shall be zero, and then all coefficients of lower order will vanish.. 

«_j is of the degree — ^ — in p, and there will be — ^ — values pi, p^, p^, 

&c., of fj for which 

Following Heine we shall call the solution just obtained K^,(x) so that 

«W = «- + »,.-,i— + «.^.«— + ■■•. (?) 

terminating with (jg if m is even, and with a,x if m is odd. If m is even,, 
there are ^ + 1 of these functions K^-^^x), K^(x), &c., and there are — - — 
of them if m is odd. The coefficients ,can be computed by the aid of (6). 
If in Lame's Equation (5) we let s = yya;^ — l>' we got the equation 

- [(m + 2) (m - 1)J!' + 1= - (1-- + «■),]„ = 0. (8) 
Letting v = %a^x'' we obtain the relation 
[i(i + 3)-(m + 2)(m-l)]<.,-{{4' + c")[<t + 2)'-ri + 6»}a,„ 

+ SW(i + 3)(i + 4)«,^, = 0. (9) 
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Proceeding exactly as before, we find that there are -^ values q-i, q^, g^, &e., 

of ^ for which r = x"'~' + ii„_s3:'"-"-^ |-»iX if m is even, and — ^ — 

values for which v ^af"~' + »ni_3^"'~' H + "n if ""i is odd. 

Calling V \/x- — 7^ Ll{x) so that 

L^{x) = ^x^-l^{x'"-' + u,_,x''-^-^a^_,x^"-'-\- ■••-], (10) 

terminating with a^x if m. is even and with a„ if m is odd, we have — 
values of E^{x), namely L^{x), L^(x), &e., of the form (10) if m is even 
and — ^— values if m is odd. 

By interchanging b and c in (8), (9), and (10) we may show that if 

Ml'(x} = V^e- ~(^lx'"-' + a.„__^x"'-= + a^^^x-"-' + ■ - -] (11) 

there are ^ values of E^{x), namely M^{x), M^{x), M^(x), &c., of the form 

m + 1 
(11) if in is even and — ^ — values if in is odd. 



Finally if in Lamp's Equation (5) we let ,t = v\l{x^ — b'){x^ — v') we get 

- [(.« + 3)(». - 2)i< _ (J! + ,^(p - 1)], = 0. (12) 
If now we let v^ S^i-i'^^ we obtain the relation 
[i(i + S)-(».-2)(». + 3)>, 

- (S' + c'Xtl- + 2)(/i + 4) + 1 -p]o,», + SV(t + 3)(S + 4)a,^, = 0. (13) 

Proceeding as before we find that there are 
for whicli v = x^-''-\-n^_ti^-^-\ra„^,._x-"-'- 
—^ — values for which v = x"-- + a„_^x'°~' 

Calling r\/(x' — b%x' — <.^} JV>(a:) so that 



^'^,(x) = >J{x'-IA){x'~c^)l:^-'- + (j.„_ 
terminating with Wo if mi is even and with a^] 
of £!r„(x), namely i\'"^(a'), -A^i'(a'), -^^'(a;), &c., of the form (14) if 
— 77 — values if m is odd. 



' 2 


values of 


»i, 


»„ »., &o. 


oty 


+ ■■ 


• + 'i, 


, if 


,. 


is even, 


and 


'+■ 


■■+« 


''"■ 


if « 


i is odd. 




.4 a:"- 


- + „ 


™-r. 


X"'- 


■" + -] 


(14) 


icif 


mis 


odd, 


we 


liave -^ values 


)f the fom 


1 (1' 


Oil 


: m is even aud 
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Suminiag up our results we see that 2m + 1 Ellipsoidal Harmonics -B^fs:) 
each of which is a finite sum of the m th degree in x, or in x and t/j^ — h^, or 
ill X and v'ie' — c', or in x and Va^ — l^ and Var* — c^. 

It was proved by Lam^ that the 2m + 1 values of p, namely pi, pj,i P$, ^c., 
?i' ^at ?3. &^c-i ''ii '"si ''31 ^i^-' *ii ^s) *sj &G., were all rea3, and by Liouville that 
they were all different. 

We give tables of the Ellipsoidal Harmonics for m = 0, wi ^ 1, mi = 2, and 
m =^ 3. The coefficients were obtained by the aid of formulas (6), (9), 
and (13). 

N,(x) =0 



K,(=,) 


= 1 


i.W 


= 


Jf.W 


= 


«;,(>;) 


-0 



«,(x) 



iCjXi) = I- - J [S' + 1» ~ v'(f + =■)■ 


-3iV] 


«. W = I' - J [S' + «■ + V(S' + «')■' 


— 363c^] ■ 


«.(«) =V'(.t'-S')(.i'-e') 







-e.W 






/fj-(,r) = 

r-H') - 

Lf(x) = 










j[2(S> + i-)-\'4(4 


+ .»)'-15S>. 


|[2(i' + + i'4(* 
=T=[i»-KS' + 2«'- 

"•[.t'-l{2»'+/- 


+ O' - 15S% 


\-\l(lf + 2iff- 


-5W)] 
-5SV)] 


- ^(26- +«•)•- 


-64¥)] 
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It is to be noted that since in the solution (4) of Laplace's Equation, 

we have the same m andp in each of the three factors, we sha,Il have to deal 
merely with products made up of factois of the same form, for example, 

IC'V^) S:^\ti-) K*{v) , LJ%^) LJ\/J.) LjIXv) , &c.; 

and that in a solution of the form 

we shall have for a given m just 2m + 1 tenns. 

138. From the particular solution of Lame's Equation [(5) Art. 137] 
gi ^ IS^(x), we can get by formula (5), Art, 18, the general solution. 

Making .^ ^ and 5 =: 2m + J. we get a second foroi of particular solution of 
Lamp's Equation, z = FS,(x) where 

We shall call F^(x) a Lame's Function oftlie secoiid kind. 

It is easily seen to approach the value zero as a; is indefinitely increased. 



1. If an ellipsoidal conductor is charged with electricity, and is found to 
be at potential V„, show that since Fu— VoKa(k), 

at an internal point, and 

V= rji^ij,)KJv)[ KM f , ! i^ 

^Jr„(>.)f, -^^ 1 

{^•-i')(x'-c-)lK,(x)fJ 

= rr f "^ ■ C - ^' 1-r ^' " . 



>, Google 



NORMAL ELLIPSOIDAL COORDINATES. 



''A-^-^r— - ^- (10) Art. i36. 



2. Piiid the value of the potential function at an external point due to the 
attraction of a solid homogeneous ellipsoid (v.. Art. 135). 
Observe that 

(i- - M")(P - >■') = J[3i' - 2(6- + ^P -F JW]sr,(rtir.W 






Vc^^ + rt')* — 3W 



where Ji!f is the mass of the ellipsoid. 

J«. F=Jf| f , ''" -= 

\J^(,t--l')(x'-c') 

^ — f KtMKMKtm f , ''' = 

2V(4' + t")'-3SwL ' ^" ' ^ 7 »/(a,--6')(»=~<?).(irf.(a,))' 

139. If for the sake of brevity we represent - by k, and (1 ■ — :J by 7c' in 
the formulas (11) Art. 136 we have 

^""^t™"*' '' = d„/J(mocU')' " = *»!'(»»") (1) 

and from these we get without difficulty (v. Int. Cal. Art. 192) 

r-, 7,. fife' r~; — r» ^A'snS , ,,, -1 

en<t(mod/c) an^S ^ "^ 



fr^ - M" = ^^ '^™°'^ '^''' ^''' - ^' = "'in T (ni'3'^ '^)' 
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If we let a range from to K, and /3 from to 2K\ and y from to 4A', 

where K and ff are the complete Elliptic Integrals J*'IA, — I and F\k',-^ 

respectively, (a, ^, y) may represent any point in space, and there will be no 
ambiguity in sign (v. Art. 136). 

We may note that if < ^ < ^', s is positive ; if K'<^< 2K', s is 
negative; if < 7 < JT, x and y ai'e both positive; if K<.y<.2K, x is 
positive and y negative j if 2K<.y < ZK, x and y are both negative ; and if 
ZK<.y < 4iir, X is negative and y positive (y. Art. 136). 

We can write the values in (4), (5), (6), and (7), Art. 136, more neatlj- by 
bringing in a, ^, and y. We get 

1 ; 



dn = -SQf^lj:^){X'-— v')da, (3) 

dS = -, (m' - i^) \'{X= - fi.')(y'^vi dfidy, (4) 

dv^-^ (X= — m') (A' — v") (fi' — v^) dad^dy. (5) 

For the integral of any function of a, /J, and y over the ellipsoid a = a,,, we 
shall have 

fF(a, fi, y}dS - ^^Jdifna,, 0, yXiX^ - ^)\! {\^ - ti?X>? ^ dy. (fi) 

140. If we make use of the formula (2) Art. 92 

^{UD„r— VJ'J„U)dS = i) (1) 

and take as our closed surface any given ellipsoid, we can get a very importaut 
result. 

If Tf=:E^(k)E£(/j:)JSi',(v) and V=£^{k)F„\/i)ES(v) 

then V'f:'= v^r^o. 






UD„V— VDJJ 



D„ r= TK VT)„a - E?,(a)E;(v)'^'^ , " '^ :--..^, 



^e,,^e,^e,^e,^(e,w^-e,^^^^^^^_^^^_^. 
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Integrating UTJ„V — VD„U ovev the whole ellipsoid, aiicl writing the result 
equal to zero, we have 

J/i^/Ei;«s,!(-)i!.'«^.'(-)[«W-2^-i''rW'^^](».'-.').ir=o. 

Heme J<i^jfjf;(M)-Ei«-B.'(M)-E.'(v)(>i' - O"*"/ = (2) 

But as our ellipsoid may be taken, at pleasure; k and a are unrestricted, aiid 
if (3) is true it must be true identically. 
If we divide (3) by [-S^^(A)]^ it becomes 

-y-\ ") ■ ( ■ — and -~^ = a constant ; 

and this obviously cannot be true unless, n = vi and ? =p. 

EXAMPLES. 

1. Show that it follows from (2) Art, 140 that 

Jd^j'ES,(fi)ES,(v)E^,(fi)E:>(v)(iM' - ^)dy = 0. 
Suggestion : 

+jf i-'W^'W (c" - ^) df. 
If in the lafit integral we replace /i by /3 ^ 2K' it becomea 

V. Arts. 136 and 139 and Int. Cal. Art. 196. 

2. Show that 

J<i/sjr[«2(>').B«')]"(/''- »")<iy = »JdlijlJSH^)Si{„)J(_ii' ~ .■■)dy. 
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141. We can now solve the problem of finding the value of V at any point 
n space when it is given at all the points on the surface of the ellipsoid. 



We have first to develop in BlEpsoidal Hs^monics a function of ^and v or 
rather of a and /5 given at all points on the surface of the ellipsoid in question; 
and this is now easily accomplished by our usual method, which leads us to 
the result 

/(».,fty)=2; x^.«-«-*«<'c)' (1) 

fdl}ff(a., ft y) JS»(rt-B;>(»)(M' - '')<ly 
where ^m.p*- ~ "' '/<■ k'~~ " — ' {") 

Oiir final solution is 



at an external point. 

Lame has proved rather ingeniously that 

can always be found and that it is equal to -^ multiplied by a rational integral 

function of the coeffieients of M^^(x) and of <? and 1-1 ■ 

Of course the labor of obtaining even, a few terma of the development of a 
function that is in the least complicated is enormous. 

142. If in Laplace's Equation (8) Art. 136 we let V^= A'^{A) U supposing 
U to be*a function of /3 and y only, we get after replacing ■j^.'v — ™1 
by its value m(ni + 1)\' — (6^ + c^>. [v. (2) Art. 137] 

(*■ - v')Dl O + (X- - yf)!)', V+(f.'-,f) [m(m + l)i" - (If + .>>] P = ; (1) 
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and since by hypothesis U is independent of A, the coefficient of A^ in (1) 
must vanish. Hence 

DlU-\- Dp/-\- (fi^ — 2^)m{m. + 1) U= 0. (2) 

Of course U^ Ef/fi) E^(v) will satisfy (2). 

EXAMPLES. 

1. Siibstitute 17= ^£(/i)A^(v) in (2) Art. 142 and by the aid of (2) Art. W7 
show that the equation (2) Art, 142 is satisfied. 

2. Obtain (2) Art. 140 directly from (2) Art. 142. 

3. Conical Coordinates. Consider the system of coordinates defined by the 
equations 

x' + f + :^' = r' 1 



^ 



If' v' — O- v^—& J 

where <?~> jj?'> 1/ > i'^. 
Show that 

l>c^ ' -^ i^(i= — <?) ' <?{f — If) 



(1) 



A|=-— ^^ — -, hi = \. 



Laplace's Equation is 

DlV+I>^r+ (fj? — i^DJfB,. r)=() (2) 

where a^ I - , ■ .. = and S= \ ,^=:-::-:- ...... — d ? 

If F= (/.M (2) breaks up into 

|(^f)=„(„+i,*, p) 

I>IU+ J)^U+m.(ni + l)(/i= - v')U = 0. (4) 

(3) gives B = Ar"'+ Br-'"-'. 

(4) gives U=Eg(fi)Eg(p) (v. Art, 142). 
So that a' solution of (2) is 

But since (2) is Laplace's Equation, V^ Ar'^Y^(fJ.,iti), if expressed in 
Conical Co&rdinates, must satisfy it, consequently E.S,(fi) £!^(y) must be simply 
a Spherical Harmonic of the mth degree. 
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Toroidal Coordinates. 



143. Any pair of circles belonging to the oi-tliogonal system obtained and 
figured in Ait. 46 can be represented by the equations 

sinh a cosh a \ 



sin^ cos^ J 

if wo take 2« instead of 2 as the distance between the points common to the 
second set of circles. 

If we rotate the system about the axis of y we get a set of spheres and a 
set of anchor rings which cut orthogonally. These and a set of planes through 
the axis of revolutiou will form an orthogonal system of surfaces, and the 
pai'ameters corresponding to them . may be taken as a set of curvilinear 
eoSrdinates and may be called Toroidal CoSnIinafes. 

If we take the axis of the system as the axis of Z, the equations of a set of 
the surfaces may be written 

sinh^ a cosh- a 



y = x tan y j 

a, ff, and y being regarded as the coordinates o£ a point of intersection of the 
three surfaces. 

Finding Laplace's Ecjuation in the usual manner we get 

a sinh a cos y a sinh a sin y a sin y 

^ cosh a ip cos ;3 coshai^cos^ " cosha rp cos/3 

— / ; j, .> ct sinh a _l - f — « cosh a 

■ cosh a :f cos ^ ' cosh a ^ cos j8 

_ eosli g ^ COB g _ cosh a rp cos g __ coshg ^ cos ,8 . 

and Laplace's Equation becomes 

r osiBh. ^.1 r »sinh. T 

Lcosh o q: COS |8 J "Lcosha Tfc,os/3 "^ J 
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or DJTIU V) + IM^^S n + ^^^ '■-»; V=0. (2) 

We cannot proceed further by our usual method, for the assumption that V 
ia a function of a alone, or tliat F is a function of ^ alone, proves to be 
inadmissible. Indeed, not only are a, ^, and y not thei-mometric parameters 
(v. Ai-t. 133), but iro therniometric parameters exist, and no possible distribu- 
tion cau make our anchor rings or our spheres a set of equipotential surfaces. 

We can, however, simplify (2). It can be written 

-D'( J^V^) + -?'!( rV?) + ^7^ m V^-j - V(Dl^r + .DI^JT') = 0. (3) 

I)l\l'--\- Dg^/r proves equal to — . i hence if U^ Vsjr (3) becomes 

sinli^a(Z);f7-+ DlU) + D'-U-^\ U= 0, (4> 

for which particular solutions can teadily be found by our usual process. 
(4) can be brolcen up into the three equations 

sinh' o ^, - [.«(... + 1) + «■ sii.li- a] C = 0. (7) 

S = A oos(». + +)y + -B !iii(r» + J), 
JTf = Ai cos nfi + /?, sill nfi. 
If we introduce into (7) x ^ ctnli a it lieconies 

a solution of which is 



It is to be noted that since ctnh a is greater than 1 

P"(ctnh a) — i^ csch" a -- , : . — r-p- 
'"^ ' (rfctnhti)" 



(v. Art. 102). 
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The constant coefficient* i" can be rejected and 
as a particular solution pf (4). 



U^ lA aos(m + i)y + B sin(m + ^)y](^i cos n^+ B, sin w^)csch" a "^"^^"^^f^^^y 



(d etnh a)" 
lias been called a Toroidal Harniouic. 

EXAMPLE. 
Given the value of the potential function at all points on the surface of au 
anchor ring ; find its value at auy point within the ring. 

Suggestion: If V^^f(fi,y) when a=^ao, the function to be developed is 

and the development will be in a doable l^'ourier's Series (v. Art, 71). 
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CHAPTER IX.* 

HlSTOltiOAL SDMMAIiV. 

The method of devBlopmcnt.m series which has enabled us in tiie preceding 
chapters to solve problems in various branches of mathematical physics, had 
its origin, aa- might have been expected, in the theory of the musical vibrations 
of a stretched string, -It- was in the year 1753' that Daniel Bernoulli 
enunciated the principle of the coexistence, of smail oscillations, which, in. 
connection with Taylor's and John Bernoulli's theory of the vibrating string, 
led him' to believe that the general solution of this problem could be put in 
the form of a trigonometric series. . This principle also led him. and Euler to 
treat in a similar manner the problems of the vibration of a column of air and 
of an elastic nod. The problem of the vibration of a heavy string suspended 
from one end was also treated in the same manner by these mathematicians 
and deserves' special mention here as in it Bessel's functions of the zeroth 
order appear for the first time.* In none of these cases, however, was any 
method given -for determining the coefficients of the series. 

This last .remark also applies to the more complicated problems of the 
vibration, of- rectangular and circular membranes, which were discussed by 
Euler" in 1764, and in the last of which the general Bessel's functions of. 
integral orders occur. 

It is in problems connected with astronomy that the first completely 
successful application of the method here considered occurs. Legendre in a 
paper published in the M^moires des Savants £trangei-s for 1785, first 
introduced the zonal harmonics P^ and applied them to the determination of 
the attraction of solids of revolution. He was followed by Laplace, who in 
one of the most remarkable memoirs ever written* determined the potential 
of a solid differing but' little from a sphere by means of the development 
according to the spherical harmonics Y,^. 

1 See two articles by Bernoulli and one by Euler in the Memoirs of the Academy of 
Berlin for tliis year. 

2 See the Transactions of the Academy of St, Petersburg for 1732-33, 17.34 and 1781. 
8 Traiiaactions of the Academy of St. Fetiecaburg. . 

' "ThSorie des attractions des spii^roides et de la figure des Planfetes" M^moirea de 
I'acad^mie des sciences 1782. Tills article, although bearing an earlier date than that of 
Legendre, was really inspired by it. It is hei-e that "Laplace's equation" first appears, 
occurring, however, only in polar coordinates. 
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Very closely related to this problem is Gauss's celebrated treatment of the 
theory of terrestrial ma^etisin,' which we will for that reason meotioii here, 
although it was not published until more than half a century later. This 
paper is particularly noteworthy as it contains a numerical application of the 
method on a larger scale than has ever been attempted before or since. 

After the researches of Legendre and Laplace there was a pause of a 
quarter of a centui-y until in 1812 Fonrier'a extensive memoir : TMortu du 
■nwuvement de la. chaleur dans les corps solides was crowned by the French 
Academy. Although not printed until the years 1824-26," the manuscript of 
this work was in the meantime accessible' to the other French mathematicians 
presently to be mentioned. The first part of this memoir, which was repro- 
duced with but few alterations in the Theoris analytique de la chaleur (1822), 
contains a treatment of the following problem^ and of practically all of their 
special cases ; 

(a) The one dimensional flow of heat, (i) The two dimensional flow of 
heat in a rectangle, (c) The three dimensional flow of heat in a rectangular 
parallelopiped. (d) The flow of heat in a sphere when the temperature 
depends only on the distance from the centre, (e) The flow' of heat in a 
right circular cylinder when the temperature depends only on the distance 
from the axis. In these problems not merely the simpler boundary conditions 
are considered but also the question of radiation into an atmosphere. In 
special cases of the first three problems just mentioned fwhen one or more 
dimensions become infinite) the series degenerate into "Fourier's integrals.'' 

More important even than any' of these special problems is the great 
advance which Fourier caused the theory of trigonometric series to make, 
first by determining their coefficients' and then by asserting that any function, 
even though for different values of the argument it is expressed by different 
analytical formulae, can be developed in such a series.' The fact that the real 
importance of trigonometric series was thus for the first time shown justifies 
us in associating Fourier's name with them, although, as we have seen, they 
were known long before his day. 

Fourier's results were extended by Laplace in 1820' to the general (unsym- 
metrieal) case of the flow of heat in a sphere, and by Poisson* (1821) to the 
unsymmetrical flow of heat in a cylinder. 

1 Reeultate aua den Beobachtimgen des magnetischen Vereins im Jahre 1838. Leipzig, 
1839. Hepriutfid ill Gauss's collected worlis, Vol. V., p. 121. 

2 M^moires de I'acad^mie dea sciences for 18IB-20 and 1821-22. 

3 Lagrange had practically determined these coefficients long before but failed to notice 
what he had got. 

* Connalssance des Temps pour I'an. 1823. 

'' Journal de l'£cole Polyteclmique, IS' Cahier. Although the final forms to which Poisson 
j-eduoes his results are similar to Fourier's, his methods are very d 
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111 1835 Green published a paper' in which the method we are considering 
is employed to determine the potential of a heterogeneous ellipsoid. This 
paper, in which the analysis is iierformed at once for space of n dimensions, 
anticipates much that was snbsequently done by others, but has failed to 
exert an Influence proportional to its importance. 

At about this time Lame began a series of publications which have con- 
nected his name inseparably with the problem of the permanent state of 
temperature of an ellipsoid. In the fii'st of these ^ the equation V^F=0 is 
transformed to ellipsoidal coordinates and is then broken up into three 
ordinary differential equations. The rest of the solution, however, is hardly 
touched upon. Lame's most important work on this subject' was published 
in Liouville's Journal in 1839, and in it the complete solution of the problem 
is given. Lame clearly shows in this paper how he arrived at his solution, by 
considering first the simpler case of a sphere where, instead of the polar 
coordinates $ and ^, the parameters of two families of confocal cones of the 
second degree are used as coordinates. This system of curvilinear coordinates, 
which, when applied to the complete sphere, mei-ely gives the old results of 
Laplace in a new fonn, is barely mentioned in Lamp's later publications. In 
the same volume of Liouville's Jouriial Lara^ published a second paper in 
which he applies his results to the special eases of ellipsoids of revolution. 

These two papers form the starting-point for a series of ai-ticles on the 
same subject by Heine and Liouville. Heine in his doctor dissertation ' (1842) 
determined the potential not merely for the interior of an ellipsoid of 
revolution when the value of the potential is given on the surface, but also 
for the exterior of such an ellipsoid and for the shell between two confocal 
ellipsoids of revolution. Even in the first of these problems, which is 
equivalent to that of Lame, he simplified Lamp's solution materially by 
showing that the functions used may be reduced to spherical harmonics, 
while in the other two problems he introduced, spherical harmonics of the 
second kind, which were then new. Shortly afterwards^ Heine and Liouville 

1 "On the determination of the exterior and interior attraction of ellipsoids of variable 
densities." Transactions of the Cambridge Philosophical Society. 

2 M^moires des Savants fitraiigers, Vol. V. Although the volume is dated 1838 this pai)er 
(which was reprinted in Liouville's Journal, 1837)mnBt have appeared at least as early as 1835. 

3 "Sur I'equLlibre des Temperatures dans un ellipsoVde ii trols ax^ in^ux." An article 
by the same author on the two dimensional potential will be found in Vol. I. of this Journal. 

' lieprintcd in Crelle's Journal, Vol. 26 (1843): 
In the same Journal for 1847 F. Neumann discussecl the related problem of the magnet- 
isation of a soft iron ellipsoid of revolution. 

' Heine: Crelle's Journal, Vol. 29, 1845. Liuuville: Liouville's Journal, Vol. X,, 
1845, and Vol. XI. , 1848. For a treatment of the problem of tlie potential of an ellipsoidal 
aheli by means of a. development of - in terms of LamS's functions, see a paper by Heine 
in Crelle's Journal, Vol., 42, 1851. 
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published simultaneously two papers iu which they ariived independently of 
each other at about the same results. In each of these papers attention is 
called to the fact that the product of the two Lamp's functions is a spherical 
harmonic, and. this fact is made use of to throw Lamp's solution of the 
problem of the permanent state of temperatures of an ellipsoid into a more 
elementary forifi. Besides this the second solution of Lam6's equation is 
introduced for the sake of solving the potential problem for the exterior of 
the ellipsoid. 

In thus following up the theory of heat and the related potential problems, 
we have lost sight of the CLuestion of small vibrations, to which during the 
early part of the century a great deal of attention had beeu devoted by 
Ifoisson, who frequently made use of the method of development in series. 
In his memoirs' most of the problems left unfinished by Bernoulli and Euler 
ai'e thoroughly treated, as well as various slight modifications of them. 
When, however, he attacked the problem of the vibration of an elastic plate 
he was unable to make much progi-ess, owing in part to the erroneous form of 
his boundary conditions. He was, nevertheless, able to solve the problem of 
the Sj/mmetrical vibration of a free circular plate. The Complete theory of the 
vibration of a free circular plate was first given by KirehJioff.^ 

Passing now to a new subject, the theory of the equilibrium of an elastic 
spherical shell, we find a solution by Lam^ iu Liouville's Journal for 1854, 
and by Sir William Thomson (1862) in the Philosophical. Transactions for 
1863. Both of these papers consist of an application of the spherical harmonic 
analysis to this rather complicated problem. Thomson, however, considers 
besides Lame's problem certain related questions and the form of his analysis 
is very different from Lamp's, being of the same nature as that used in the 
Appendix B of his Natural Philosophy of which we shall have to speak 
presently. These investigations form the starting point for a number of 
recent memoirs among which those of G. H. Darwin on cos mo graphical 
questions deserve special, mention. 

Closely related to this last mentioned problem is the theory of the small 
vibrations of an elastic sphere. While the simplest case of this problem was- 
treated by Poisson in the memoir referred to abovej the general solution has 
been only recently obtained by Jaerisch (1879)' and Lamb (1882).* The- 
functions involved are the same", as ihose . which occur in ,the problem of the 
non-stationaiy flow of heat in a sphere as solved by Laplace, 

The Appendix B of Thomson and Tait's Natural Philosophyj ' to which we 
have already referred, deserves to' be regarded as one of tile most important 

^ See especially the one in the M6mbires de Tacad^mie des sciences, Yol. VIII,, 1829. 
2 Crelie's Journal, Vol. 40, 1850. a Crelle's .lourlia!, Vol. 88. 

< Proc. Lond. Math. Soc. ' First edition, 1807. This appendix 

was evidently written aa early as 1862, as Thomson refers to it ia the memoir quoted above. 



>y Google 



TOROIBAL AND CONAL HAKMONICS. 271 

contributions to the general theory. The way in. which , aplierical harmonies 
are introduced (as homogeneous functions of the rectangular coordinates) was. 
then newi' and the aolation of the potential problem for a, variety of new 
solids waa indicated ; viz., for solids whose boundaries consist of concentric, 
spheres; cones of revolution, and planes. We shall have more, to say presently 
concerning the method employed for the solution of these problems. 

Although connected only indirectly with the theory we are. discussing, it 
will be well to mention at this point the method of electrieail images which is. 
also due to Sir William Thomson (1845). This method enables us to solve 
many potential problems for the inverse of any solid when once we, have 
solved it for the solid itself. By means of this method most of the solutions 
«f potential problems obtained by our method may be applied at once with 
very little modification to systems of curvilinear coordinates derived by 
inversion from those we have used. It will not be necessary to mention 
Separately problems of this sort, as it is clearly immaterial whether they be 
solved directly or by means of the method of inversion.^ 

Returning now to the Continent, we lind as the next important questiom 
taken up the problem of the potential of an anchor ring. The first publication 
on this subject is a monograph by C.Neumann' (1864), tut in Riemann's. 
posthumous pajjers which were not, published uiitil 1876, ten years after his 
death, will be foiuid a short fragment on this subject, which {ef. the last page 
of Hattendorf's edition of Riemann's lectures : " Partielle Differential glei- 
chungen ") would appear to date back to the winter 1860-61. This fr^ment 
is of peculiar interest, as the opening paragraphs clearly show that Biemann 
had in mind an extended article. on the fundamental principles of our subject. 

We will next mention two papers by Mehler in which the functions knowK 
as " conal harmonics," which had already been introduced by Thomson in the- 
Appendix B above mentioned, were applied.to tlie solution of two problems in 
electrostatios. The first of these papers^ (1868) deals with the soljd bounded 
by two intersecting spheres,- while in- the . second ' (1870) the infinite cone of 
revolution is treated. Both of these problems are essentially different from 
those discussed in the " Appendix B," inasmuch as the infinite series which 
we usually have degenerate in these cases into definite integrals, just as they 
do in some simpler cases treated by Pourier. The later of. the two papers 
just quoted also contains valuable information concerning the nature of the 

1 The same method was used at about tlie same time by C!ebscli. 

= A case in point would be the potential problem for the shell between two non- intersecting 
spheres, since these spheres can be inverted into concentric spheres. This problem 

treated directly by C. Neumann in a monograph published in Halle in 1862. 

"Theorie der ElektricitSts- und warme-Vertheilung in einem Ringe." Halle. 

Crelle's Joui-nat, Vol. OS, ISCIS. 

Jahresberieht des Crymnasinms 7X\ Elbing. 
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sohition of aimilar problems for the hyperboloids and paraboloids of I'evoloi- 
tioii. The solutions of theae problems are not, howeyer, given. 

It remains, in order to close the history of this part of the subject, to mention 
a number of memoirs which although treating entirely new problems are of far 
less importance than most of. those considered up to this point, partly because, 
the solution is not brought to a point where it can be of much immediate use, 
and partly because most of the methods employed are such as could not fail 
to present themselves to any one attacking these problems. 

Of these the first is a paper by Mathieu' on the vibration of an elliptic 
membrane (1868), in which the functions of the elliptic cylinder occur for ihe 
first time. 

This was followed in the same year by a paper on closely allied subjects hf 
H. Weber,^ in which not merely the case of the complete ellipse is briefly 
considered, but also that in which the boundary consists of two arcs of 
eonfoeal ellipses and two arcs of hyperbolas confoeal with them. The special 
case in which the ellipses and hyperbolas become confoeal parabolas is also 
considered, whereby the functions of the parabolic cylinder are for the first 
time introduced. 

In Mathieu's "Gours de physique math^raatique " (1873) tlie problem of 
the non-stationary flow of heat in an ellipsoid is touched upon, and an 
elaborate though not very satisfactory treatment of the special eases where 
we have ellipsoids of revolution is given. New functions appear in all of 
these problems. 

Of late years C. Baer has supplied a number of missing links in the chain 
of problems here considered by treating in succession the potential problem 
for the paraboloid of revolution,' the parabolic cylinder* and the general 
paraboloid.' In the first of these problems Bessel's functions occur, as had 
already been stated by Mejiler, while in the last we find the functions of the 
elliptic cylinder. For each of the three systems of coordinates employed the 
SEime author also touches upon the more general problem of the non-stationary 
flow of heat, in which new functions occur. 

Except in the case of the anchor ring we have found so far only such solids 
treated by our method as are bounded by surfaces of the first or second 

1 Liouville's Journal, Vol. XIII. 

2"Ueber die Integration der partiellen Uifferentialgleichung t-j- -I- — + fc% = 0." 
Math. Ann , Vol I. No physical problem is mentioned in this paper. 

*"Ueber das Gleichgewictt und die Bewegimg der Warme in einem Rotationspara- 
boloid." Die*«rtation, Halle, I88I. 

* " Die Fuiiklion des parabolisohen Cylinders," Gyinnasialprogramm Cilstvin, 1883. 

' " ParaboliBclie Coord inateii," Frankfurt, 1888. See also a paper by Greenhill in the 
Proc. Lond. Math, Soc, Vol. XIX., 1889 (read Dec. 8, 1887). Also a posthumous paper liy 
tame in Liouville's Journal for 1874, Vol. XIX. 
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degree. Waiigeriii' (1875-76) considered in connection with the theory of 
the potential, more general systems of curvilinear coordinates than had 
previously heen used in physical questions, namely, cyolidie cooi'dinates.' He 
showed, however, merely how to break up Laplace's equation into three 
ordinary differential equations.' 

An important branch of our theory which we have not yet touched upon 
dates ba«k to the year 1836, when Sturm published a series of fundamentally 
important papers in the first two volumes of Liouville^s Journal. The 
physical question which lies at the basis of these papers is the problem of the 
flow of heat in a lieterogeneoqs bar.* The method here employed depends 
upon the fact that the functions which occur ai-e characterized by the number 
of times they vanish in a certain interval. This same idea reappeai-s in 
Thomson and Tait's Appendix B already referred to, but first finds its full 
expression in this more general field of the three dimensional potential in an 
article by Klein : " Ueber Kfli'per welche von confocalen Flachen zweiten 
Grades begrenzt sind"^ (ISgl). Still more recently (1889-90) Klein has in 
his lectures extended this theory to the treatment of solids bounded by six 
confoeal eyelids, and has indicated how all the potential problems heretofore 
treated by our method are special cases of this one.* 

Of late years, especially since the year 1880, the younger English mathe- 
maticians have done a vast amount of work in the theory we are here 
considering. Although much of this work is of great value, hardly any of it 
can be regarded as being a real development of the method ; it is rather an 
application of it to a great variety of problems. We must therefore content 
ourselves with giving a mere list of a few of the more important of these 
papers. 

Niveu: On the Conduction of Heat in Ellipsoids of Revolution. Phil. 
Trans., 1880. 

Niven: On the Induction of Electric Currents in Infinite Plates and 
Spherical Shells. Phil. Trans., 1881. 

1 PreisBchrlften der Jablanowski'solien Gesellschaft, No. XVIII., and. Crelle's Journal, 
Vol. 82. See also, concerning a still further extension, the Berliner Monatsbfricbten 
for 1878, 

^ Cyclida ate a kind of surface of the fourth order (see Salmon's Geom. of three Dimen- 
sions, p. 527). In his first memoir Wangerin eoneiderB only eyelids of revolution. 

' See also a paper by this author in Griinert's Arcliiv for 1873, where the problem of the 
equilibrium of elaBtic solids of revolution is treated. .,- 

' The similar proWem of the vibration of a. heterogeneous string under the action of iin 
external force was treated by Maggi (Gioraale di Matematiche, 1S80). Several special cases 
are also considered here In detail. 

SMath. Ann., 18. 

' For an exposition of this theory see the memoir : Ueber die Reihenentwickelungen der 
Potentialtheorie, Gottinger Preissohrift, 1891, by the writer of the present chapter. 
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Jiioks : Ou Toroidal Functions. Thil, Trans., 1881. 

Sieks : On the Steady Motion and Small Yibrationa of a Hollow Voitex. 
Phil. Trans., 1884, 1886 

Lami: On Ellipsoidal Curient Sheets. Phil. Trans., 1887. 

Chree: The Equations of an Isotropic Elastic Solid in Polar and Cylin- 
drieal Coordinates, theii Solution dnd Application. Camb. Phil. Soc. Trans., 
XIV., 1889. 

Hohsoii: On a Class of Spheiical Harmonies of Complex Degree with 
Applications to Physical Problems. Camb. Phil. Soe. Trans., XIV., 1S89. 

Chree: On some Compound Vibrating Systems. Camb. PJiiJ. Soc. Trans., 
XV., 1891. 

Niven: On Ellipsoidal Harmonics. Phil. Trans., 1892. 

The historical sketch we have just given would naturally require jis, a 
supplement some account of the work that has been done on the question of 
the convergence of. the various series which occur. This, however, would 
carry us too far, and we will content ourselves with mentioning the two 
fundamental memoirs by Dirichlet in Crelle's Journal, one in 1829 on 
Fom-ier's series, and one, which has been criticised to some extent by subse- 
quent mathematicians, in 1837 on Laplace's spherical harmonic development. 

Another subject which naturally presents itself here is the theory of the 
various new functions we have met. Those properties of these functions, 
however, which the physicist needs have usually been investigated by the 
physicists themselves in the papers mentioned above ; while any thorough 
account of the development of the theory of these functions would lead us 
into the vast region of the modern theory of linear differentia] equations. 

We will therefore close by merely giving a list of books which will be 
found useful by those wishing to continue their study of the subject further. 

We begin with the books relating directly to physical questions : 

Fourier; Tb&irie Analytique de la Chaleur, 1822. 

Lami: Leqona sur les Fonctions inverses des Transcendantes et les Surfaces 
isotheruies, 1857. 

Lame: Lemons sur les Coordonnees Curviiignes et leurs diverses Applica- 
tions, 1859, 

Mdthieii : pours de Physique Math^matique, 1873. 

Jiiemann: Partielle Differential glejchungen, und deren Anwendimg auf 
physikalische Fragen (edited by Hattendorf), third edition, 1882. 

F. Neitrnann: Theorie des Potentials und der Kugelfunktionen (edited by 
C. Neumann), 1887. 

Thomson and Tatt: Natural Philosophy, second edition, 1879. 

RayUigh: Theory of Sound, 1877. 

Btrsset : Hydrodynamics, 1888. 

Love: Theory of Elasticity, 1892. 
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Heine: Handbuch der Kugelt'unktionen (second edition), 1878-81. 

Ferrers: Spherical Hai'monica, 1881. 

Haentssehei: Reduction der Potentialgleichung auf gewohnliche Ditferential- 
gleichungen, 1893. 

These last three books would also belong in the following list of books 
relating to the theory of the various functions we use : 

Todhunter : The Functions of Laplace, Lam^ and Bessel, 1875. 

Lommel : Studien liber die Bessel'schen Funktionen, 1868. 

K Neumann : Beitrage zur Theorie der Kugelfunktionen, 1878. 

And finally concerning the question of convergence : 

O. Neumann: tJber die nach Kreie-, Kugel- und Cylinder-Functionen 
lortSchreitenden Entwickelungen, 1881. 
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APPENDIX. 



TABLES. 



Tatle T., a table of Surface Zonal Harmonies (Legendriane), gives the values 
of the fii'st seven Harmonics Pi{costf), Ps(cos^), "-P, (cos6) for the argument 
6 in degrees. It is taken from the Philosophical Magazine for December, 
1891, and was computed by Messrs. C. E. Holland, P. E. James, and C. G. 
Lamb, under the direction of Professor John Perry. 

Table II., a table of Sru'face Zonal Harmonics (Legendrians), gives the 
values of the first seven Harmonies P-i(x), Pa (a:), ■■■ P^ix) for the argument x. 
It is reduced from the Tables of Legendtian Functions computed under tlie 
direction of Dr. J. W. L. Glaisher, and published in the Report of the British 
Association for the Advancement of Science for the year 1879, 

Table III., the table 6i Hyperbolic Functions, gives the values of k% it", 
sinha;, cosh a;, and gdic (Gudermannian of x) for values of x from 0.00 to 1,00; 
and the values of logsinha; and logcosha; for values of x from 1.00 to 10.0. 
The values of gda", logsinh«, and logeoshic are taken from the Mathematical 
Tables prepared by Professor J. M. Peirce (Boston: Giim & Co.). 

The logsinha: and log cosh* for values of x between 0.00 and 1.00 can be 
obtained from the values given for the Gudermannian of x in the table by the 
aid of the relationB 

log sinh X ^ log tan (gd as) 
log cosh X = log sec (gd x) . 

Table IV. gives the first twelve roots of J,, {x) =^ and J^ (x) ^ each 
divided by ir. The table is taken from Lord Rayleigh's Sound, Vol. I., 
page 274, and is due to Professor Stokes, Camb, Phil: Trans., Vol. IX., 
page 186. 

Table V. gives the first nine roots of 'Io(x)=G, J,(x)=0, ■■ ■ JU^) = ^- 
The table is taken from Eayleigh's Sound, Vol. I., page 274, and is due to 
Professor J. Bourget, Ann. de I'Ecole Normale, T. III., 1866, page 82. 

Table VI., the table of Bessel's Functions, gives the values of the Beasel's 
Functions Jg (x) and J, (x) for the argument x from a; ^ to a; :^ 15. It is 
taken from Eayleigh's Sound, Vol. I., page 265, and from Lommel's Bessel'sche 
Functionen. 
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APPENDIX. 

TABLE I. — Surface Zonai, Harmonics. 



f 


Pi (cose) 


Pi {cose) 


Ps{oose) 


Pi {COS 6) 


P5(cose) 


P6(cose) 


Pi (cos ^ 


0= 


1.0000 


1.0000- 


1.0000 


l.'OOGO 


1.0000 


l.OOOO 


1.0000 


1 


.•ms 


.9995 


.9991 


.9985 


.9977 


.9967 


.99,55 


• 2 


.9994 


.9982 


,9963 


.9939 


.9909 


.9872 


.9829 


3 


.9986 


.9959 


.9918 


.9863 


.9795 


.9713 


.%17 


4 


.9976 


.9927 


.9854 


.9758 


.9638 


.9495 


.9329 


5 


,9962 


9S86 


.9773 


.9623 


.9437 


.9316 


.8961 


6 


.994,'; 


^9836 


.9674 


.9459 


.9194 


.8881 


.8522 


7 


,9925 


.9777 


.9557 


.9267 


.8911 


.8476 


.7986 


8 


.9903 


.9709 


.9423 


.9048 


.8589 


.8053 


.7448 


9 


.9877 


.9633 


.9273 


.8803 


.8232 


.7571 


, .6831 


10 


.9S4S 


.9548 


.9106 


,8532 


.7840 


.7045 


.6164 


11 


.9816 


.945+ 


.8923 


,8238 


.7417 


.6483 


..5461 


12 


.9781 


.9352 


.8724 


.7920 


.6966 


.5892 


.4732 


13 


.9744 


.9241 


.3511 


.7582 


.6489 


.5373 


.3940 


14 


.9703 


.9122 




.7224 


.5990 


.4635 


. .3219 


IS 


.9659 


.8995 


.8042 


.6847 


.5471 


.3982 ' 


,2454 


16 


.9613 




.7787 


.6454 


.4937 


.3322 


.1699 


17 


.9563 


^8718 


.7519 


.6046 


.4391 


.2660 


.0961 


IE 


.9511 


.8568 


.7240 


.5624 


.3836 


.2002 


.0289 


19 


.9455 


.8410 


.6950 


.5192 


.3276 


,1347 


—.0443 


20 


,9397 


.8245 


.6649 


■ .4750 


.2715 


.0719 


-.1072 


21 


-9336 


.8074 


.6338 


.4300 


.2156 


,0107 


—,1662 


22 


.9272 


.7895 


.6019 


,3845 


,1602 


— ,0481 


—.2201 


23 


.9205 


.7710 


.5692 


.3386 


.1057 


—,1038 


-,268'1 


24 


,9135 


.7518 


.5357 


,2926 


,0525 


—.1.5.59 


-.3095 


25 


.9063 


.7321 


.5016 


.2465 


.0009 


—.2053 


—.3463 


26 




.7117 


.4670 


.2007 


—,0489 


—.2478 


-.3717 


27 


.8910 


.6908 


.4319 


,1553 


—,0964 


—.2869 


-.3931 




.8829 


.6694 


.3964 


,1105 


—,1415 


-.3211 


—.4052 


29 


.8746 


.6474 


,3607 


.0665 


— , 1839 


-^.3503 


—.4114 


30 


.8660 


.r,250 


.3248 


.0234 


—,2233 


-.3740 


—.4101 


31 


.8572 


.6021 


.2887 


—.0185 


—,2595 


—.3924 


— ,4022 


32 


.8480 


.5788 


.2527 


-,0591 


-,2923 


—.4052 


-,.3876 


33 


.S3S7 


.5551 


.2167 


—.0982 


—..1216 


—,4136 


-„?670 


34 


.8290 


.5310 


.1809 


—.1357 


—3473 




-,.^409 


35 


.8192 


.5065 


.1454 


-.1714 


-.3691 


-.4115 


-,3096 


36 


.8090 


■ .4818 


.1102 


—.2052 


-.3871 


-.4031 


-,2738 


37 


.7986 


.4567 


.0755 


—.2370 


—,4011 


—,3898 


—,2343 


38 


.7880 


.4314 


.0413 


-.2666 


—,4113 


—,3719 


-,1918 


39 


.7771 . 


.4059 


.0077 




—.4174 


-,3497 


-.1469 


40 * 


.7660 


.3S02 


-.0252 


—.3190 


—.4197 


—,3334 


-.1003 


41 


.7547 


.3544 


-.0574 


-.3416 


—,4181 


—,2938 


—,0534 


.42 


.7431 


.3284 


—,0887 


—.3616 


—,4128 


—.2611 


—,0065 


43 


.7314 


.3023 


—,1191 


-,3791 


-,4038 


— 2255 


.0,398 


44 


.7193 


.2752 


—,1485 


—,3940 


—.3914 


-.1878 


,0846 


45= 


.7071 


.2500 


— ,1768 


—,4062 


—.3757 


-.1485 


.1270 
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TABLE I. — Surface Zonal Hakmonics, 



. 


P,(<iose) 


/■.(cose) 


Pa (cos P) 


P,{cOBe) 


Pa (COB e) 


P((cose) 


P,(cose) 


45° 


.7071 


.2500 


—.1768 


— .-wea 


—.3757 


—.1485 


.1270 


46 


.6947 


.2238 


-.20f0 


-.4158 


—.3568 


—.1079 


..1666 


47 


.6820 


.1977 


—.2300 


—.4252 


—.3350 


—.0645 


.2054 


48 


.6691 


.1716 


—.2547 


—.4270 


—.3105 


—.0251 


.2349 


49 


.6561 


,1456 


—.2781 


—.4286 


-.2336 


.0161 


.2627 


50 


.6428 


.1198 


—.3002 


-.4275 


-,2545 


,0563 


.2854 


51 


.6293 


.0941 


— ,3209 


-.4239 


-.2235 


.0954 


.3031 


52 


.6157 


.0686 


—.3401 


-.4178 


-.1910 


.1326 


.3153 


53 


.6018' 


.0433 


—.3578 


— ,4093 


—.1571 


,]fi77 


.3221 


54 


.5878 


.0182 


-.3740 


-.3984 


— .J223 


.2002 


.3234 


55 


.5736 


—.0065 


—,3886 


—.3852 


—,0868 


.2297 


, .3191 


56 


.5592 


—.0310 


—,4016 


-.3698 


—.0510 


.2559 


.3095 


57 


.5446 


-.0551 


—.4131 


-.3524 


—.0150 


.2787 


.2949 


53 


.5299 


-.0788 


—.4229 


—.3331 


,0206 


.2976 


.2752 


59 


.5150 


—.1021 


—.4310 


—.3119 


.0557 


.3125 


.2.511 


60 


..5000 


-.12.50 


—.4375 


-.2391 


.0898 


.3232 


.2231 


61 


.4843 


—.1474 


—.4423 


—.2647 


!l229 


. .3298 


.1916 


62 


.4695 


—.1694 


-.4455 


-.2390 


,1545 


,3321 


. .1571 


63 


.4540 


-.1908 


-.4471 


-.2121 


.1844 


.3302 


.1203 


64 


.4384 


—.2117 


—.4470 


— 1841 


,2123 


.3240 


.0818 


65 


.4226 


—.2321 


-.4452 


-,1552 


.2381 


,3138 


.0422 


66 


.4067 


— ,2518 


—.4419 


—.12.56 


.2615' 


.2996 


.0021 


67 


.3907 


—.2710 


-.4370 


—.0955 


.2824' 


.2819 


—.0375 


68 


.3746 


—.2896 


-.4305 


-.0650 


,3005 


.2605 


—.0763 




.3,584 


—.3074 


—.4225 


—.0344 


,3158 


.2361 


-.1135 


70 


.3420 


-.3245 


-,4130 


.0038 


.3281 


,2089 


— ,1485 


71 


.3256 


-.3410 


-.4021 


.0267 


.3373 . 


.1786 


—.1811 


72 


.3090 


-..^568 


— 3S9S 


.0568 


,3434 


.1472 


-.2099 


73 


,2924 


—.3718 


—.3761 


.0864 


.3463 


.1144 


—.2347 


74 


.2756 


-.3860 


—.3611 


.1153 


,3461 


.0795 


—.2559 


75 


.25SS 


—.3995 


—.3449 


.1434 


,.1427 


.0431 


-.2730 


76 


.2419 


—.4112 


-.3275 


.1705 


.3362 


.0076 


—.2848 


77 


,22.50 


-.4241 


-.3090 


.1964 


.3267 


-.0284 


-.2919 


78 


.2079 


—.4352 


—,2894 


.2211 


.3143 


-.0644 


-.2943 


79 


.1908 


—.4454 


—,2688 


.2443 


,2990 


— ,0989 


-.2913 


80 


.1736 


-.4548 


—.2474 


.2659 


.2810 


-.1321 


—.2835 


SI 


.1564 


—.4633 


—.2251 


.2859 


.2606 


—.1635 


—.2709 


82 


.1392 


—.4709 


—.2020 


.3040 


.2378 


—.1926 


— 2536 


83 


.1219 


-.4777 


-,1783 


.3203 


.2129 


-.2193 


-.2321 


S4 


.1045 


—,4836 


— .1.539 


.3345 


.1861 


-.2431 


-.2067 


85 


.0872 


-.4886 


—.1291 


.3468 


.1577 


—.2638 


— 1779 


86 


.0698 


—.4927 


—.1038 


.3569 


.1278 


-.2811 


—.1460 


87 


.0523 


—.4959 


-.0781 


.3648 


.09© 


—.2947 


— 1-U7 


88 


.0349 


-.4982 


-.0.522 


.3704 


.0651 


—.3045 


—.0735 




.0175 


—.4995 


—.0262 


.3739 


.0327 


—,3105 


—.0381 


90° 


.0000 


-.,5000 


.0000 


■ .3750 


.0000 


-.3125 


,0000 
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ai*pbndix. 
-Surface Zonal Habmoxics. 



- 


?.(«) 


P*<») 


-P. (a:) 


FA^) 


p,m 


PoW 


ooooo 




0.00 


0.0000 


—.5000 


0.0000 


0.3750 


0.0000 


—.3125 




.01 


.0100 


—.4998 


-.0150 


.3746 


.0187 


—3118 


—.0219 




.02 


.0200 


—.4994 


—.0300 


.3735 


.0374 


-.3099 


-.0436 




m 


.0300 


— .498G 


—.0449 


.3716 


.0560 


—.3006 


—.0651 




.04 


.0400 


—.4976 


—.0598 


.3690 


.0744 


—.3021 


—.0862 




.05 


.0500 


—.4962 


—.0747 


.3657 


.0927 


—.2962 


—.1069 




.06 


.0600 


—.4946 


—.0895 


.3616 


.1106 


—.2391 


—.1270 




.07 


,0700 


—.4926 


—.1041 


.3567 


.1283 


-.2808 


—.1464 






.0800 


-.4904 


—.1187 


. .3512 


.1455 


-.2713 


—.1651 




.09 


.0900 


--4S7S 


-.1332 


.3449 


.1624 


-.2606 


-.1828 




.10 


.1000 


—.4850 


—.1475 


.3379 


.1783 


—.2488 


—.1995 




.11 


.1100 


—.4818 


—.1617 


.3303 


.1947 


—.2360 


-.2151 




.12 


.1200 


—.4784 


—.1757 


.3219 


.2101 


—.2220 


-.2295 




.13 


.1300 


^.4746 


-.1895 


.3129 


.2248 


—.2071 


—.2427 




.14 


.1400 


—.4706 


—.2031 


.3032 


.2389 


-.1913 


—.2545 




.15 


.1500 


—.4662 


—.2166 


.2928 


.2523 


—.1746 


—.2649 




.16 


.1600 


■ —.4616 


-.2298 


.2819 


.26.50 


—.1572 


—.2738 




.17 


.1700 


-.4566 


—.2427 


.2703 


.2769 


-.1389 


-.2812 




.18 


.1800 


—.4514 


-.2554 


.2581 


.2380 


— 1201 


—.2870 




.19 


.1900 


—.4458 


—.2679 


.24.W 


.2982 


—.1006 


—.2911 




.20 


.2000 


—.4400 


-.2800 


.2320 


.3075 


-.0806 


-.2935 




.21 


.2100 


—.4338 


—.2918 


.2181 


.3159 


—.0601 


—.2943 




.22 


.2200 


-.4274 


—.3034 


,2037 


.3234 


—0394 


—.2933 




.23 


.2300 


—.4206 


—.3146 


.1839 


.3299 


-.0183 . 


-.2906 




.24 


.2400 


—.4136 


—.3254 


.1735 


.33.'!3 


.0029 


—.2861 




,25 


.2500 


—.4062 


—.3359 


.1577 


.3397 


.0243 


—.2799 




.26 


.2600 


—.3986 


—.3461 


.1415 


.3431 


.04,S6 


-.2720 




.27 


.2700 


—.3906 


—.3558 


.1249 


.34.53 


.0669 


-.2625 




.28 


.2800 


-.3824 


-.3651 


.1079 


.3465 


.0879 


—.2512 




.29 


.2'X)0_ 


-r.3738 


-.3740 


.0905 


,3465 


,1087 


—.2384 




.30 


.3000 


. —.3650 


—.3825 


.0729 


.34,54 


.1292 


-.2241 




.31 


.3100 


-.3558 


— .390.S 


.0550 


.3431 


.1492 


—.2082 




.32 


.3200 


—.3464 


-.3981 


.0369 


.3397 


.1686 


—.1910 




.33 


.3300 


—.3366 


—.4052 


.0185 


.3351 


.1873 


—.1724 




.34 


.3400 


— ,3266 


— ,4117 


—,0000 


.3294 


.2053 


-.1527 




.35 


.3,500 


-.3162 


—.4178 


—.0137 


.3225 


.2225 


—.1318 




.36 


.3600 


—.3056 


—.4234 


—.0375 


.3144 


.2388 


— .109S 




.37 


.3700 


—.2946 


—.4284 


—.0564 


.3051 


.2540 


-.0870 




.38 


.3800 


-.2834 


-.4323 


—.0753 


.2948 


.2681 


—.0635 




.39 


.3900 


-.2718 


-.4367 


—.0942 


.2833 


.2810 


—.0393 




.40 


.4000 


—.2600 


—.4400 


—.1130 


.2706 


.2926 


—.0146 




.41 


.4100 


—.2478 


-.4427 


-.1317 


.2569 


.3029 


.0104 




.42 


.4200 


—.2354 


—.4448 


-.1504 


.2421 


.3118 


.0356 




.43 


.4300 


—.2226 


—.4462 


—.1688 


.2263 


.3191 


.0608 




.44 


.4400 


—.2096 


-.-4470 


-.1870 


.2095 


.3249 


.0859 




.45 


.4500 


— ,1962 


—.4472 


-.2050 


.1917 


-3290 


,1106" 




.46 


.4600 


—.1826 


—.4467 


—.2226 


.1730 


.3314 


.1348 




.47 


.4700 


—.1686 


-.44.54 


—.2399 


.1,534 


.,3321 


.1584 




.48 


.4800 


—.1544 


—.4435 


-.2,568 


.1330 


.3310 


.1811 






.4900 


—.1398 


—.4409 


— ,2732 


.1118 


.3280 


.2027 




.50 


.5000 


—.1250 


—.4375 


—.2891 


.0898 


.3232 


.2231 
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appendix. 
'.. — Surface Zonal Hakmonics. 



' 


P,{x) 


A<i) 


-PsW 


Fi(x) 


I',(.x) 


P^l^) 


PA^) 


.50 


.5000 


—.1250 


-.4375 


—.2891 


.0898 


.3232 


.2231 


.51 


.5100 


—.1098 


—.4334 


—.3044 


!0673 


.3166 


.2422 


.52 


.5200 


—.0944 


—.4285 


—.3191 


.0441 




.2596 


.53 


.5300 


-.0786 


-.4228 


—.3332 


.0204 


.2975 


.2753 


.54 


.5400 


—.0626 


-.4163 


-.3465 


—.0037 


.2851 


.2891 


.55 


.5500 


—.0462 


—.4091 


—.3590 


—.0282 


.2708 


.3007 


.56 


.5600 


-.0296 


—.4010 


-.3707 


—.0529 


.2546 


.3102 


.57 


.5700 


—.0126 


-.3920 


-.3815 


—.0779 


.2366 


.3172 


.58 


.5800 


.0046 


—.3822 


-.3914 


—.1028 


.2168 


.3217 


.59 


.5900 


.0222 


—.3716 


—.4002 


—.1278 


.1953 


.3235 


,60 


.6000 


.0400 


—.3600 


-.4080 


—.1526 


.1721 


.3226 


.61 


.6100 


.0582 


—.3475 


—.4146 


—.1772 


.1473 


.3188 


.62 


.6200 


.0766 


—,3342 


-.4200 


-.2014 


.1211 


.3121 


.63 


.6300 


,0954 


—.3199 


—.4242 


-.2251 


.0935 


.3023 


.64 


.6400 


.1144- 


—.3046 


—.4270 


—.2482 


.0646 


.2895 


.65 


.6500 


.1338 


—.2884 


-.4284 


—.2705 


.0347 


.2737 


.66 


.6600 


.1534 


-.2713 


—.4284 


—.2919 


.0038 


.2543 


.67 


.6700 


.1734 


—.2531 


—.4268 


—.3122 


—.0278 


.2329 


.68 


.6800 


.1936 


—.2339 


—.4236 


—.3313 


—.0601 


.2081 


.69 


.6900 


.2142 


—.2137 


-.4187 


-.3490 


-.0926 


.1805 


.70 


.7000 


.2350 


—.1925 


—.4121 


-.3652 


—.1253 


.1502 


.71 


.7100 


.2562 


—.1702 


—.4036 


—.3796 


-.1573 


.1173 


.72 


.7200 


.2776 


—.1469 


-.3933 


—.3922 


-.1899 


.0822 


.7.1 


■ .7300 


.2994 


—.1225 


—.3810 


—.4026 


—.2214 


.0450 


.74 


.7400 


.3214 


— .0%9 


—.3666 


-.4107 


-.2518 


.0061 


.75 


.7500 


.3438 


—.0703 


—.3501 


—.4164 


-.2303 


-.0342 


.76 


.7600 


.3664 


—.0426 


—.3314 


—.4193 


-.3081 


—.0754 


.77 


.7700 


.3894 


—.0137 


—.3104 


-.4193 


-.3333 


—.1171 


.78 


.7800 


.4126 


.0164 


—.2871 


-.4162 


—.3559 


—.1,588 


.79 


.7900 


.4362 


.0476 


-.2613 


—.4097 


—3756 


—.1999 


.80 


.8000 


.4600 


.0800 


—.2330 


—.3995 


—.3918 


—.2397 


.81 


.8100 


.4842 


.1136 


—.2021 


—.3855 


—.4041 


-.2774 


.82 


.8200 


.5086 


.1484 


-.1685 


—.3674 


—,4119 


—.3124 


.83 


.8300 


.5334 


.1845 


-,1321 


—.3449 


—.4147 


-.3437 


.84 


,S400 


.5584 


.2218, 


—.0928 


—.3177 


—.4120 


—.3703 


.85 


,8500 


.5838 


.2603 


-.0506 


-.2857 


—.4030 


—.3913 


,86 


.8600 


.6094 


.3001 


—.0053 


—.2484 


—.3872 


-.4055 


.87 


.8700 


,6354 


.3413 


.0431 


—.2056 


—.3638 


—.4116 


1 .88 


.8800 


.6616 


.3337 


.0947 


-,1570 


-..3,322 


-.4083 


,S9 


.8900 


.6882 


.4274 


.14% 


—.1023 


-.2916 


-.3942 


.90 


.9000 


.7150 


.4725 


.2079 


-.0411 


—.2412 


—.3678 


.91 


.9100 


.7422 


.5189 


.2698 


.0268 


-.1802 


—.3274 


.92 


.9200 


.7696 


.5667 


.3352 


.1017 


—.1077 


-.2713 


.93 


.9300 


.7974 


,6159 


.4044 


.1342 


—.0229 


— .ig?."; 


.'H 


.9400 


.8254 


.6665 


.4773 


.2744 


.0751 


-.1040 


.95 


.9500 


.8538 


.7184 


.,'5.541 


.3727 


.1875 


.0112 


■96 


.9600 


.8824 


.7718 


.6349 


.4796 


.3151 


.1506 


.97 


.9700 


.9114 


.8267 


.7198 


.5954 


.4,590 


.3165 


.98 


.9800 


.9406 


.8830 


.8089 


.7204 


.6204 


.5115 


.99 


.9900 


.9702 


.9407 


.9022 


.8552 


.8003 


.7334 


1.00 


1.0000 


1.0000 


1.0000 


1.0000 


l.OOOO 


1.0000 


1.0000 
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TABLE III. — Hypebbolic Functions. 



. 


,. 


.- 


sink a; 


..... 


gd^ 


0.00 


1.0000 


l.OOOO 


0.0000 


1.0000 


0?0000 


.01 


1.0100 


0.9900 


.0100 


1,0000 


0,5729 


.02 


1.0202 


.9802 


.0200 


1.0002 


1,14,58 


.03 


1.0305 


.9704 


.0300 


1,0004 


1,7186 


.04 


1.0408 


.9608 


.0400 


1.0008 


2.2912 


.0.? 


1.0S13 


.9512 


.0.500 


1,0012 


2.8636 


.06 


1.0618 


.9418 


.0600 


1,0018 


3.4357 


.07 


1.0725 


.9324 


.0701 


1.0025 


4.0074 


.OS 


1.0833 


,9231 


.0801 


1.0032 


4.5788 


.09 


1.0942 


.9139 


.0901 


1,0040 


5.1497 


.10 


1.1052 


.9048 


.1002 


1.0050 


5.720 


,11 


1.1163 


.8958 


.1102 


1.0061 


6.290 


.12 


1.1275 




.1203 


1.0072 


6.859 


.13 


1.13SS 


!8781 


.1304 


1.0085 


7,428 


.14 


1.1503 


.8694 


.1405 


1.0098 


7,995 


.LS 


1.1618 


,8607 


.1506 


1.0113 


8.562 


,16 


1.1735 


.8521 


.1607 


1.0128 


9.128 


.17 


1.1853 


.8437 


.1708 


1.0145 


9.694 


.18 


1.1972 


.8353 


.1810 


!.0162 


10.258 


.19 


1.2092 


.8270 


.1911 


I.OISI 


10.821 


.20 


1.2214 


.8187 


,2013 


1.0201 


11.384 


.21 


1,2337 


.8106 


,2115 


1.0221 


11.94S 


.22 


1,2461 


.8025 


.2218 


1.0243 


12.505 


.23 


1.2586 


.7945 


.2320 


1.0266 


n,063 


.24 


1,2712 


.7866 


.2423 


1.0289 


13.621 


.25 


1.2840 


.7788 


.2526 


1.0314 


14.177 


.26 


1.2y69 


.7711 


,2629 


1.0340 


14,732 


.27 


1.3100 


.7634 


,2733 


1.0367 


15. 28,^ 


.28 


1.3231 


.7558 


,2837 


1.0395 


1.S.S37 


.29 


1.3364 


.7483 


.2941 


1.0423 


16.388 


,30 


1.3499 


.7408 


.3045 


1.0453 


16.937 


.31 


1.3634 


.7334 


.3150 


1.0484 


17,484 


.32 


1.3771 


.7261 


.3255 


1,0516 


18,030 


.33 


1.3910 


.7189 


.3360 


1,0549 


18.573 


,34 


1.4049 


.7118 


.3466 


1,0584 


19,116 


.35 


1.4191 


.7047 


.3572 


1.0619 


19,6,56 


.36 


1.4333 


,6977 


.3678 


1,0655 


20,195 


.37 


1.4477 


.6907 


.3785 


1.0692 


20,732 


.38 


1,4623 


.6839 


.3892 


1,073! 


21,267 


.3} 


1,4770 


.6771 


.4000 


1,0770 


21,800 


.10 


1,4918 


.6703 


.4108 


1 ,0811 


22,331 


.41 


1,5068 


.6636 


.4216 


1,08.52 


22,8,59 


.42 


1,5220 


.6570 


.4325 


1,0895 


23.386 


.43 


1,5373 


.6,505 


.4434 


1,0939 


,2,3,911 


.44 


1.5527 


.6440 


.4543 


1,0984 


24,434 


.45 


1,5683 


.6376 


.46,';3 


!, 10,30 


24,955 


.46 


l.,^841 


.6313 


.4764 


1,1077 


25.473 


.47 


1.6000 


.6250 


.4875 


1,]125 


25,989 


.48 


1.6161 


.6188 


.4986 


1,1174 


26.503 


. .49 


1.6323 


.6126 


.5098 ■ 


1,1225 


27.015 


0.50 


. 1.6487 


0.6065 


0..521I 


1,1276 


27^524 
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. 


.^ 


e-^ 


sillllK 


coslia: 


Sdx 


o.so 


1.6487 


0.6065 


0.S211 


1.1276 


27°,524 


.5! 


]-r/,i3 


.6005 


.5324 


1.1329 


28.031 


.52 


1,6820 


.,5945 


.5438 


1.138,5 


28.535- . 


.53 


I,69S9 




.5552 


1.1438 


29.037 


.54 


1,7160 


,5827 


.5666 


1.1494 


29.537 


.55 


1.7333 


,5770 


,5782 


1.1551 


30.034 


.56 


1.7507 


,5712 


.SS97 


1.1609 


30.529 


.57 


1.7683 


,5655 


.6014 


1.1669 


31,021 


,58 


1.7860 


,5599 


.6131 


1,1730 


31.511 


.,59 


1,3040 


,5543 


,6248 


1.1792 


31,998 


.60 


1,8221 


.5488 


.6367 


1.I85S 


32,483 


.61 


1.8404 


,5433 


,6485 


1,1919 


32,965 


.62 


1,8589 


,5379 


,6605 


1,1984 


33.444 


.63 


1,8776 


.5326 


.6725 


1.2051 


33.921 


.64 


1.8965 


.5273 


.6846 


1.2119 


34.395 


.65 


1,9155 


,5220 


.6%7 


1,2188 


34.867 


.66 


1,9348 


.5169 


.7090 


1.2258 


35.336 


,67 


1,^542 


.5117 


,7213 


1.2,330 


35,802 


.68 


1,9739 


.5066 


,7336 


1.2402 


36,265 


.69 


1.9937 


.5016 


,7461 


1.2476 


36.726 


,70 


2,0138 


.4966 


.7586 


1.2552 


37.183 


.71 


2,0340 


,4916 


,7712 


1.2628 


37.638 


.72 


2,0544 


,4867 


.7838 


1.2706 


38,091 


.73 


2,0751 


,4819 


,7966 


1.2785 


38,540 


.74 


2,0959 


,4771 


.8094 


1.2865 


38,987 


.75 


2.1170 


,4724 


.8223 


1.2947 


39,431 


!76 


2,1383 


,4677 


,8353 


1.3030 


39,872 


.77 


2,1598 


,4630 


.8484 


1.3114 


40,310 


.73 


2.131.S 


,4584 


.861.5 


1.3199 


40.746 


.79 


2.2034 


,4538 


.8748 


1.32S6 


41.179 


.80 


2.225S 


.4493 


.8881 


1.3374 


41.608 


.SI 


2.2479 


.4449 


,9015 


1.3464 


42,035 


,82 


2.2705 


.4404 


.91.50 


1.35,55 


42.460 


.S3 


2.2933 


.4360 


,9286 


1.3647 


42,881 


,84 


2.3i64 


.4317 


,9423 


1,3740 


43.299 


.85 


2,3396 


,4274 


.9561 


1.3835 


43,715 


,86 


2,3632 


,4232 


.9700 


1:39.12 


44,128 


.87 


2,3S69 


.4190 


.9840 


1.4029 


44,537 




2.4i09 


.4148 


.9981 


1,4128 


44.944 


.89 


2.4351 


.4107 


1,0123 


1.4229 


45.348 


.90 


2.45% 


.4066 


1,0265 


1,4331 


45.750 


.91 


-2. 4843 


.4025 


1,0409 


1,4434 


46,148 


.92 


2.5093 


,3985 


1,05,54 


1,4539 


46.544 


.93 


2.5345 


.3946 


1,0700 


1.4645 


46,936 


.94 


2,5600 


.3906 


1,0347 


1.4753 


47,326 


.95 


2.5857 


.3867 


],0995 


1.4862 


47,713 


,96 


2.6117 


.3829 


1,1144 


1.4973 


48,097 


,97 


2.6379 


.3791 


1,1294 


1,5085 


48,478 


,98 


2.6645 


.3753 


1,1446 


1,5199 


48,857 


,99 


2.6912 


.3716 


1,1598 


1.5314 


^9,232 


1.00 


2.7183 


0.3679 


1,1752 


1,5431 


49^605 
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